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1 INTRODUCTION

The plates of elliptical cross-sections are frequently used as structural components and their vi-
bration characteristics are important for practical design. The propagation of waves in thermoe-
lastic material has many applications in various fields of science and technology, namely, atomic
physics, industrial engineering, thermal power plants, submarine structures, pressure vessel, aero-
space, chemical pipes, and metallurgy. The importance of thermal stresses in causing structural
damages and changes in functioning of the structure is well recognized whenever thermal stress
environments are involved.

A method, for solving wave propagation in doubly connected arbitrary and polygonal cross-
sectional plates and to find out the phase velocities in different modes of vibrations namely longi-
tudinal, torsional and flexural, by constructing frequency equations was devised by Nagaya
(1981a; 981b; 1983a; 1983b; 1983c). He formulated the Fourier expansion collocation method for
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this purpose, the same method is adopted in this problem. The generalized theory of thermo elas-
ticity was developed by Lord and Shulman (1967) involving one relaxation time for isotropic ho-
mogeneous media, which is called the first generalization to the coupled theory of elasticity.
These equations determine the finite speeds of propagation of heat and displacement distribu-
tions, the corresponding equations for an isotropic case were obtained by Dhaliwal and Sherief
(1980). The second generalization to the coupled theory of elasticity is what is known as the theo-
ry of thermo elasticity, with two relaxation times or the theory of temperature-dependent ther-
moelectricity. A generalization of this inequality was proposed by Green and Laws (1972). Green
and Lindsay (1972) obtained an explicit version of the constitutive equations. This theory con-
tains two constants that act as relaxation times and modify not only the heat equations, but also
all the equations of the coupled theory. The classical Fourier’s law of heat conduction is not vio-
lated if the medium under consideration has a center of symmetry. Erbay and Suhubi (1986)
studied the longitudinal wave propagation in a generalized thermoplastic infinite cylinder and
obtained the dispersion relation for a constant surface temperature of the cylinder.

Sharma and Pathania (2005) investigated the generalized wave propagation in circumferential
curved plates. Asymptotic of wave motion in transversely isotropic plates was analyzed by Shar-
ma and Kumar (2012). Tso and Hansen (1995) have studied the wave propagation through cylin-
der/plate junctions. Heyliger and Ramirez (2000) analyzed the free vibration characteristics of
laminated circular piezoelectric plates and disc by using a discrete-layer model of the weak form
of the equations of periodic motion. Thermal deflection of an inverse thermo elastic problem in a
thin isotropic circular plate was presented by Gaikward and Deshmukh (2005). Verma and
Hasebe (2001) investigated the wave propagation in plates of general anisotropic media in gener-
alized thermo elasticity. Later, Verma (2002) has presented the propagation of waves in layered
anisotropic media in generalized thermo elasticity in an arbitrary layered plate. The free vibration
of non-homogeneous transversely isotropic magneto-electro-elastic plates was studied by Chen et
al. [19]. Kumar and Partap (2007) presented the free vibration of microstretch thermoelastic plate
with one relaxation time. Ponnusamy and Selvamani (2012) have studied the dispersion analysis
of generalized magneto-thermo elastic waves in a transversely isotropic cylindrical panel using the
wave propagation approach. Later, Selvamani (2012) performed mathematical modeling and
analysis for damping of generalized thermoelastic waves in a homogeneous isotropic plate.

In this paper, the in-plane vibration of heat conducting thermo elastic elliptical cross-sectional
plate of homogeneous isotropic material is studied. The solutions to the equations of motion for
an isotropic medium is obtained by using the two dimensional theory of elasticity. To satisfy the
boundary conditions, the Fourier expansion collocation method is performed to the equations of
the boundary conditions and the frequency equations are obtained for longitudinal and flexural
(symmetric and antisymmetric) modes of vibrations. The computed non-dimensional frequency,
velocity and quality factor are plotted in dispersion curves for longitudinal and flexural (symmet-
ric and antisymmetric) modes of vibrations.

2 FORMULATION OF THE PROBLEM

We consider a homogeneous, isotropic, thermally conducting elastic plate of elliptical cross -
sections with uniform temperature 7T, in the undisturbed state initially. The system displace-
Latin American Journal of Solids and Structures 11 (2014) 2589-2606
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ments and stresses are defined in polar coordinates r» and 6 in an arbitrary point inside the plate
and denote the displacements u_ in the direction of r and wu, in the tangential direction 6.
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Figure 1: Geometry of ring-shaped elliptical plate.

The two dimensional stress equations of motion, and strain —displacement relations and heat con-
duction equation in the absence of body force for a linearly elastic medium are

-1 -1
UTT,T +r Or90 +r (UW‘ - g(iﬁ) = pur,tl
T, t T71006,6 + 27"71‘%0 = Py (1)
K,DCV (T,rr + T_lT,r + r_QTGH> = pCVT,t + p’rT:tt + 6TO [ur,rt + r_l(ur,t + u@.ﬂt)]

and

o :)\(err + e%) +2pe,,. — ﬁ(T + nft)
Ty :/\(err +690)+2M399 —ﬁ(T—i—nT_t) (2)
Urﬁ = Q'uerﬁ

where o, , 0y, 0, are the stress components, ¢_, ¢, ¢, are the strain components, T' is the

temperature change about the equilibrium temperature 7j,, p is the mass density, ¢, is the spe-
cific heat capacity, § is a coupling factor that couples the heat conduction and elastic field equa-
tions, K is the thermal conductivity , 5, 7 is the thermal relaxation times, ¢ is the time, A and
v are Lame’ constants.

The strain ¢; related to the displacements are given by
_ _ 1 _ -1
Crp = Upyy €gg =T (Ur + “9.9>> Cg = Up, — T (“0 - “r,e) (3)

in which u_ and u, are the displacement components along radial and circumferential directions,
respectively. The comma in the subscripts denotes the partial differentiation with respect to the
variables.

Substituting Eqs. (3) and (2) in Eq. (1), the following displacement equations of motions are ob-
tained
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(/\ + 2u)<umr + r’luy.,r — r’Qur> + ,ur’2ur,90 + ! </\ + /‘)“0,7-6 + 2 (/\ + Bp)uw — ﬁ(T + 77T,t) = Py

N

N(“e,m- + 7"71“0,7- -, ) o (/\ + 2#)“9,99 o ()‘ + 3#)%,9 +rt (/\ + ﬂ)“mf) - *5(T + T, )9 = Py (4)
Kpcu (Trr + rilT:‘r + riZT,f)H) = P T+ pTT,tf, + ﬁj—;) ur,tr + Tﬁl(u‘r,f, + uﬁ,t(i)]

vt

3 SOLUTIONS OF THE PROBLEM

Eq. (4) is a coupled partial differential equation with two displacements and heat conduction
components. To uncouple Eq.(4), we follow Mirsky (1964) by assuming the vibration and dis-
placements along the axial direction z equal to zero. Hence assuming the solutions of Eq. (4) in
the form

050) = 3, ({60, + 7700 )+ (B 7 )

n=0

02 = 35,10 = )+ (00 i ) ®
n=0

T(T,@,Z,t) = ()\ + 2,u/ﬁa2 ) i £, (Tn + En )em

where ¢, =12 for n=0, ¢ =1 for n>1, i= \/——1, w is the frequency, (bn(r,ﬂ),
Y, (r,ﬁ) , T, (r,@) , O, (rﬂ) 0, (r,H) and T (7”79) are the displacement potentials.

Introducing the dimensionless quantities such as 7, = tM/a, T = r/a, 012 = ()\ + 2,u)/p7
o = cla/K, = w2a2/cl2 , & = TOaHQ/(pQCUclK), €y = 0127/<CUK), and e, = cln/a and using
Eq. (5) in Eq. (4), we obtain

(AV* + BV? +C)¢ =0 (6)
where
A=1, B=P(1+eg)+eg - 2a +g), c=P(s, —ia0) (7)
and
(V2 +(240)22 =¢) w, =0 (8)

where V? = 0?/02% + 27! 8/8:1: + 272 82/892

The parameters defined in Eq. (7) namely, & couples the equations corresponding to the elas-
tic wave propagation and the heat conduction which is called the coupling factor; the coefficient
€,, which is introduced by the theory of generalized thermo elasticity, may render the governing
system of equations hyperbolic. The parameter e, is the coefficient of the term indicating the
difference between empirical and thermodynamic temperatures. Solving the partial differential
equation (6), the solutions for symmetric mode is obtained as
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2
¢, = Y [A,J, (a,az) + B,Y, (a,az)]cosnf (9.a)
i=1
T = Zdi [AmJn (aiax) +B,Y, (aiax)}cos no (9.b)

i=1

and the solution for the antisymmetric mode %n is obtained by replacing cosnf by sinnf in Egs.
(9a) and (9b), we get

AinJ, (ozl.ax) + EmYn (ozfa:z:)}sin no (10.a)

5 =Y

=1

~.

_ 2 — —_
Ty =Y d, {AmJn (evaz) + Bind, (oziaa:)}sin né (10.b)
i=1

where J, is the Bessel function of first kind of order n and Y, is the Bessel function of second
kind of order n. Solving Eq. (8), we obtain
Y, = {Aann <a3a:17) +B,Y, (aSam)]sin nf (11.a)

for symmetric mode, and for the antisymmetric mode ;n is obtained from Eq. (11a) by replacing
sinnf by cosnf.

in = [ZSan (a3a3v> + E;szn (a3am)]cos nf (11.b)

where (a3a)2 = (2 + X)QQ —¢2If (aia)Q < 0 (i =1,2,3), then the Bessel functions J, and Y, are
replaced by the modified Bessel function I, and K, respectively .

4 BOUNDARY CONDITIONS AND FREQUENCY EQUATIONS

In this problem, the vibration of thick arbitrary cross-sectional plate is considered. Since the
boundary is irregular in shape, it is difficult to satisfy the boundary conditions along both outer
and inner surface of the plate directly. Hence, the Fourier expansion collocation method is applied
to satisfy the boundary conditions. For the plate, the normal stress U;,l,, shearing stress afw and
thermal field 7" along the inner surface of the plate is equal to zero. Similarly, normal stress o

shearing stress o and thermal field 7 along the outer surface of the plate is equal to zero.

ay
Thus, the boundary conditions along the outer boundary of the plate are

(0, ), = (azy>i =(T). =0 (12)

and for the inner boundary, the boundary conditions are
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(U;m” )i = (o--;y )1‘, = (T' )7', =0 (13)

where z is the coordinate normal to the boundary and y is the coordinate tangential to the
boundary, o, , Ujm are the normal stresses, Oy a;y are the shearing stresses, T, T are the
thermal fields and ( )Z is the value at the i —th segment of the outer and inner boundary re-
spectively. Since the cross-section of the plate is irregular, it is difficult to find the transformed
expression of the stresses in the thick arbitrary cross-sectional plates because the coordinate z
and y are vary with the anglef. Therefore, the inner and outer boundary of the thick arbitrary
cross-sections is divided into small segments such that the variations of the stresses are assumed
to be constant. Assuming the angle v, between the normal to the segment and the reference axis

to be constant, the transformed expressions for the stresses are followed by Nagaya (1983b) as

a;m = )\(uw + ril(ur + Uy )) + 2,u[um 0082(9 — %’) + r’l(ur + uH’(;)SinQ(O — %.)
+ 0.5(7’_1<u9 — uw)—ueﬂ,)sin2(6 — fyl.)] —ﬁ(T —1—771})
.= r’1<u€ﬁ +uT)sin2(9 — 'yi) Jr(r*l(uw(,—uﬂ)wL u97r)sin2(9 -, )]

04y = Hu,

s

Substituting Eqgs. (9)-(11)in Egs. (12) and (13), the boundary conditions are transformed as fol-

lows:

(8,0), +[_fm]_ 0T _ g
(%), +[va ] ot _ -
(5), +[3] on, _ g
for the inner surface and
(5., +(52) e = 0
[(Sw ), + (51@,)']@%9@ — 0 -

for the outer surface, where

. ~1 ~2 ~3 ~4 ([~ ~2 ~3 ~4 ~5 ~6
Sy = 0~5[60A10 + e0By, + eodyy + 60320] + Z[Q"Am + enBy, + endy, + enBy, + endy, + e"BSn]

f
n=1

, ~1
SfL'y = 05[f0A + fOBl() + f[)AQ() + fO 2()] + Z[anln + anln + anzn + fn 2n + f7LA3!L + fn Jn] (173‘)

n=1

~2 ~3 ~2 X (~1
S, =0. 5[90A + 904y + 904y + gOAZO] + Z[gnA + anln + gnAZn + gnB2n + an + qn 3n]
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NE

5 (eOAIO + €5 By, + gy + ¢)B ) +

Tr

1 2 3 4 5 6
(enAln + enBln + enAQn + enBZn + enASn + enB?)n)

n

Sxy = 0'5(folA10 + JBQBHJ + f03A20 + f04B20) +

0ol

(frzAln + J(;?Bl + f 2n + frngQn + f 3n + f;z B?m) (17b)

Il
—

NIER

1 2 3 4 1 2 3 4 5 6
S, = 0’5(90/110 + 958y + 95y + 90320) + (gnAln + 9,8y, + 934, + 9,8y, + 9,45, + gnB3n)

n=1
i a3 ad__ 00 (al 22 23 24 b 26
Sz = 0.5|e0A20 + eoBeo | + Z enAin + enBin + enA2n + enBon + en Asn + en B3n
n=1
i 23 a4 0 (] 22 23 PN ab 26
Szy = 0.5 f0A20 +fOBZO +Z anln +an1n +an2n +anZ'n +an3n +an3n (183)
1
N N 21 a2 ~3 a4 ab 26

WEE

St =0.5 goAQO + 90320 + gnAln + gnBln + gnAZn + gnBQn + gn,A?)n + gnBSn

3
Il
—

— -3— -4— X (-1— -2— -3— -4— -5— -6 —
Sz = 0.5|e0A20 + eoBao | + Z enAin + enBin + enA2n + enBon + en Asn + en B3n

<
—_

— —3— —4— —1— -3— —4— —6—
Sy 0.5[f0A20 + fOB20] [f,LAln + f,LBm + f,Am + f,Bon + f"A3n + f,LBsn] (18.b)
=1
—4— *© (-1— -2 — —-3— —4— —5—
Si =05 gOAzu + goB2o Z[ Gy Ain + g, Bin + g, A2n + g, Ban + g, Asn + gann
N
The coefficients for e, — g, are given in the Appendix A.
Performing the Fourier series expansion to Egs. (12) and (13) along the boundary, the bound-

ary conditions along the inner and outer surfaces are expanded in the form of double Fourier se-

ries. When a plate is symmetric about more than one axis, the boundary conditions, in the case of

symmetric mode can be written in the form of a matrix as given below:

Eoo

Eno
~1
Fio

Fno

Goo

Gno
1
B

1
EN(J

1
)

1
Fl\l 0

1
GDD

1
GN 0

~2
Eno

Evo
~2
Fio

Fno
~2
Goo

Gno
2
Egy

2
ENU
2
o
2
F:‘VD
2
GOO

2
Ghvo

~3
Enn

Evo
~3
Fio
~3
Fno
~3
Goo
~3
Gno
3
B

3
EN(J

3
o

3
F:V(J

3
GDO

3
Gxo

~4
Eno

NU
4
o

4
EV 0

4
GOO

4
Gro

Eo

En
~1
Fu

Fn

Go

Gni
1
EI(J
1
Ey,
1
I

1
F:V 1

1
GDO

1
GN 1

Eon

Enn
~1
Fin

F NN

Gon

~1
Gnv

1
Bon
1
Eyy
1
Fiy
1
Fyy
1
Go

1
Gy

~2
Em

Ev1
~2
Fiy

Fvl
G(n
~2

Gn1

2
El 0

2
EN]

2
i

2
F:V 1

2
GOD

2
Gy

~2
Eon

~2
EnN

~2
Fiy
~2

Fyn

~2
Gon

~2
Gy
2
Egy
2
Exy
2
By
2
Fyn
2
Goy

2
GNN

Em

Evl
~3
Fny
~3
Fn

~3
Goi

~3
G
3
Ejy
3
Ey,
3
L
3
Fyy
3
Go

3
GNI

Eoz\

Ew
~3
Fiy

Fyy
~3
Gon

~3
Gy

3
EUN

3
ENN

3
Fy

3
Fyw

3
GO N

3
Giy

~4
Em

~4
En

PV

Fn
~4

Fyi

~4
G01

~4
G
4
Ey,
1
Ey,
4
N

4
EV 1

4
GOO

4
Gwi

~4
Em\

~4
Eny
~4
Fin

~4
Fyn
~4
Gon

~4
Gnn
4
E(J N
4
Eny

4
By

4
Fyy

4
GO N

4
GNI

~5

Eru

~5
En

~5

Fu

~5
Fni
~5

Gol

~5
Gni
5
Ey,
5
Eyy
5
n
5
Fyy
5
Goo

5
G

E[)J\

~5
Enn

~5

Fin

~5
F NN
Gon
~5

Gnn

5
E(J N

5
ENN

5
Fiy

-
5

Fyy
5

GO N

-
5
GNI

~6
En
~6
En
~6
Fu
~6
Fn
~6
Gol
~6
Gn1
6
Ey,

6
ENl

6
i

6
F:‘V 1

6
GOO

6
GNI

~6

Eon

~6
Enn
~6
Fin

F NN
~6
Gon

~6
Gn

6
E(JN

6
ENN

6
Ay

6
F:\/N

6
Gon

6
Gz'\“]‘\i

=0

(19)
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where

Similarly, the matrix for the antisymmetric mode

Eo

=3
Eno
=3

Foo

where

Latin American Journal of Solids and Structures 11 (2014) 2589-2606

Eo

=4
Gno

.
E
—1
Eno
—4
Foo
Fio
—4
Go

—4
Gno

=1

Eu

=1
Es\"l
=1
Foi

Ein

=1

Enn

=1
Fox

~1
Emn

~1

an

~1
Gmn

Ei

mn

Fi

mn

En

=2
En

=2
Fo

(2,7);
(2./7)
(2./7)

= (22/7)
- {22,/
= (25n/7r

Ein

=2

Enn

=2
Fon

=<2

Fxy

G
=2
GNJV
—2
Ein
—2
Enn
—2
Fon
Fn
—2
G

—2
Gv

=3
Eu

=3
En
=3
Fo

=3
Fn

G

=3
G

—3
En

M~ r7-
— =

~.

~.

M~ *M~ i

Il
—
=

i

=3

Enn

=3
Fon

=3

Fan

Giv

=3
GNN

—3
Ein

1

1

0;
J o

Lo, |

(e (R0 )cosmoao

0
ff;(?zi,e)smmede
:10 .
A
ng;(Ri,e)cosmeda
:10 .
1 0
ZfefL(Ri,H)costdH
:19971
fff(Ri,H)siandQ
:10

R 9 cos mbdo

is obtained as

En

=1
En

Fo

=1
Fn

G

=4
G

4
En

Eiv

=4

Enn

Fox

=4

Fry

Giv
=4
GnNN
4
En

—4

Enn

F(JN

Fyn
—4
Giv

—4
Gy

En

Fo

=5
Fyi

=5

G

=5

Gn
Ell

=5

Enn

=5
Fon

Fnv

=5

G

=5

GNN
Elv

—5
Enn
s

Fon

Fnn
—5
Giv

—5
Gnv

Eu

=6
En
=6
Fo

=6
Fy
G
=6
Gn
—6
En

—6
En
—6

Fou

—6
Fy
—6

Gu

—6
Gn

Eiv

=6

Enn

=6
Fon

=6

Fy

Gy

=6
GNN

—6
Eiv

(20.a)

(20.b)

=0 (21)
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Emn = (28 /7r>

M~
\’?D

fm (}A?,z',@)sin mbdo

i=1 97 .
— 0,
Foon (2€n/7r)i f }i(Rl, )cosm0d9 (22.a)
i=1
. L
Gun = (26,/7)3 [ 9, (Ris0|sinmoas
i=1 0,
19 .
E'mn = (25"/7r>2 L(Ri,e)sinmede
i=1 0,
0,
Fom = (2, /w)i f £, (R.,0)cos modo (22.b)
le (91971 |
Gmn = (Qen/w) gi (Ri,ﬁ)sin moido
=1y

i—

and where j =1,2,3,4,5 and 6, I is the number of segments, ﬁz is the coordinate r at the inner
boundary, R, is the coordinate r at the outer boundary and N is the number of truncation of
the Fourier series. For the nontrivial solution of the system of equations given in Egs. (19) and
(21), the determinant of the coefficient matrix must vanish and these determinants give the fre-
quencies of symmetric and antisymmetric modes of vibrations respectively.

4.1 Elliptic cross-sectional plate

The geometry of elliptic cross-sectional ring shaped plate is shown in Figure 1.The geometrical
relations of an elliptic ring shaped plate given by Nagaya (1981b) are used for numerical calcula-
tion and are given below:

Rl./bl = (ay/b, )/ co? 0+ (ay b, ] sin? 0 12

v, = w2 — tan | (b, a, )Q/tanej . for 6] < nf2 (33.2)
v = 7/2, 0, =72
v, = /2 + tan™"|(b, /a, )2/“5&119:”, for 6 > /2
for the outer surface and
~ 5 1/2
Ri/bl = (al/bl)/ cos? 0 + (a, /by ) sin® ¢
v, = /2 — tan | (b /o, )2/tan9: . for 6 <2 (23.0)
v, =72, 0 = 7/2
v, = /2 + tan”" | (b /ay )2/‘tan9:‘ Sfor 07 > 7f2
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for the inner surface, where a, and a, are the length of inner and outer semi major axis, and b
and b, are the length of semi minor axis of an elliptic cross-section. Also 0 = (Hl +6_ )/ 2 and

R, is the coordinate r at the i —th boundary, <, is the angle between the reference axis and the

3
normal to the segment. For in-plane vibration problem, there exist two types of vibrations; one of
which is generated mainly by flexural motion and the other by longitudinal motion.

In the present problem, there are three kinds of basic independent modes of wave propagation
have been considered, namely, the longitudinal and two flexural (symmetric and antisymmetric)

modes.

5 NUMERICAL ANALYSIS

The numerical analysis of the frequency equation is carried out for heat conducting thermo elastic
elliptic cross-sectional plates. The material properties of copper at 42 K are taken approximately
as Poisson ratio v =0.3, density p =8.96x10° kg/m3, the Young’s modulus E =2.139:10"! N/mg,
A =8.20410" kg/m+s®, p =4.20.10" kg/m+s*, ¢, =9.1:107 m*/K+s’, and K = 113107 kg'm/K-s’.
The thermal parameters such o', ¢, &,, and g, are chosen by the following arguments are given
by Erbay and Suhubi (1986).

In the numAerical calculation, the angle #is taken as an independent variable and the coordi-
nate R, and R; are at the ¢ —thsegment of the boundary is expressed in terms of §. Substitut-
ing R,, R; and the angle ~,, between the referepce vaxis‘ an_(% th_QI normal_ito the ¢ —th boundary
line, the integrations of the Fourier coefficients e, , f', g/, en, f,, and g, can be expressed in
terms of the angle 6. Using these coefficients in to equations (20) and (22), the frequencies are
obtained for heat conducting thermo elastic elliptical cross-sectional plate.

5.1 Longitudinal mode

The geometrical relations for the elliptic cross-sections given in Eq. (23) are used directly for the
numerical calculations, and three kinds of basic independent modes of wave propagation are stud-
ied. In case of the longitudinal mode of elliptical cross-section, the cross-section vibrates along
the axis of the cylinder, so that the vibration and displacements in the cross-section is symmet-
rical about both major and minor axes. Hence, the frequency equation is obtained by choosing
both terms of n and m as 0,2,4,6,... in Eq. (19) for the numerical calculations. Since the bound-
ary of the elliptical cross-sections is irregular in shape, it is difficult to satisfy the boundary condi-
tions along the curved surface, and hence Fourier expansion collocation method is applied. In this
method, the curved surface, in the range § = 0 and 6 = 7 is divided into 20 segments, such that
the distance between any two segments is negligible and the integrations is performed for each
segment numerically by using the Gauss five point formula .The non-dimensional frequencies are
computed for 0 < 2 < 1.2, using the secant method.

5.2 Flexural mode

In the case of flexural mode of elliptical cross-section, the vibration and displacements are anti-
symmetrical about the major axis and symmetrical about the minor axis. Hence, the frequency
equations are obtained from Eq. (21) by choosing n,m = 1,3,5,.... Two kinds of flexural (symmet-
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ric and antisymmetric) modes are considered. The computed non-dimensional frequencies are
presented in the form of dispersion curves.

5.3 Quality factor

The ratio of the total elastic energy and the energy loss in one cycle of a material is defined as
the quality factor. In engineering and physics, the quality factor of a material is a dimensionless
parameter that compares the time constant for decay of an oscillating physical structure’s ampli-
tude to its oscillation period. Equivalently, it compares the frequency at which a structure oscil-
lates to the rate at which it dissipates its energy. The quality factor is defined as

_1
2

w

QF %

where V' and @ represents the phase velocity and attenuation coefficient, respectively.

5.4 Dispersion curve

The variation of non-dimensional frequency versus dimensinonless wave number of longitudinal
modes of thermo-elastic circular cross sectional plate with and without thermal field for the two
values of aspect ratio a, / b = a, / b, = 0.5,1.5 is shown in Figures 2 and 3 respectively. From Fig-
ure 2, it is observed that the dispersion linearly increase with respect to the wave number. For
without thermal field, the relation between the wave number and frequency in both the cases of
aspect ratios are alike, but for the thermal inclusion the behavior is oscillating throughout the full
range of wave number. Figures 4 and 5 shows the dispersion characteristic of flexural (symmetric)
modes of elliptic cross-sectional plate with and without thermal field. It shows that, the disper-
sion is common for both the plate with and without thermal inclusion, where the higher aspect
ratio attains higher frequency compared with lower aspect ratio.

1.2
1 ====-31/bl=a2/b2=15
—""‘
= al/bl=a2/b2=0.5 —”-‘
0.8 al/bl=a2/b2=0.5 e
- e
EX -~
(= ‘r’
< -
z T
e
0.2 1 g
-
J"
"
0 T r T
0 0.2 0.4 0.6 0.8 1

Wave number
Figure 2: Non-dimensional wave number versus dimensinonless frequency of longitudinal modes of circular cross

sectional plate.
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Figure 3: Non-dimensional wave number versus dimensinonless frequency of longitudinal modes of thermo-elastic

circular cross sectional plate.
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Figure 4: Non-dimensional wave number versus dimensinonless frequency of flexural symmetric modes of

elliptical cross sectional plate.
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Figure 5: Non-dimensional wave number versus dimensinonless frequency of flexural symmetric modes of

thermo-elastic elliptical cross sectional plate.
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Figure 6: Non-dimensional wave number versus dimensinonless frequency of flexural anti symmetric modes of

elliptical cross sectional plate.
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Figure 7: Non-dimensional wave number versus dimensinonless frequency of flexural anti symmetric modes of

thermo-elastic elliptical cross sectional plate.

A graph is drawn between non-dimensional wave number versus dimensionless frequency of flex-
ural (antisymmetric) modes of elliptic cross-sectional plate with and without thermal environment
are shown in Figures 6 and 7 respectively. In both figures, it is observed that as the wave number
increases, the non-dimensional frequencies also increases, also it could be inferred that, the disper-
sion characteristic are prominent only in lower orders with negligible variations in higher rang.
From the figures, it is observed that the non-dimensionless frequency increases with respect to its
wave number. It is also observed that, the cross over points between the modes of different aspect
ratios of longitudinal and flexural symmetric and antisymmetric modes represents the transporta-
tion of energy between the two different vibration medium.

The variation of velocity versus dimensionless frequency of a flexural symmetric modes of el-
liptic cross-sectional plate with and without thermal environment are shown in Figures 8 and 9,
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respectively. From the Figures 8 and 9, it is observed that, for the increasing values of the aspect
ratio modes are merges and oscilating through entire range of frequency. The merging of thermal
modes and oscillation of point between the vibrational modes shows that, there is an energy
transportation between the modes of vibrations by the effect of aspect ratio and anisotropic of the
material.

Figures 10 and 11 reveals that the variation of quality factor with the dimensionless frequency
for the flexural symmetric modes with and without thermal signal. The quality factor is quite
high at lower range of frequency and starts to decay with increasing frequency. The quality factor
profile are dispersive in trend for flexural symmetrical modes with thermal signal than in flexural
symmetrical modes without thermal signal and experience oscillation in the wave number range
0.2 <|¢] < 0.6 for flexural symmetric thermal modes of vibration. The cross over points between

the vibration modes represents the transfer of energy between the thermal modes.
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Figure 8: Variation of velocity versus dimensinonless frequency of flexural symmetric modes of elliptical cross

sectional plate.
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Figure 9: Variation of velocity versus dimensinonless frequency of flexural symmetric modes of thermo-elastic
elliptical cross sectional plate.
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Figure 10: Variation of quality factor versus dimensinonless frequency of flexural symmetric modes of elliptical

cross sectional plate.
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Figure 11: Variation of quality factor versus dimensinonless frequency of flexural symmetric modes of thermo-

elastic elliptical cross sectional plate.

6 CONCLUSIONS

In this paper, the wave propagation in a heat conducting thermo elastic plate of elliptical shaped
is analyzed by satisfying the boundary conditions on the irregular boundary using the Fourier
expansion collocation method and the frequency equation for the longitudinal and flexural (sym-
metric and antisymmetric) modes of vibrations are obtained. The computed dimensionless fre-
quency, velocity and quality factor are plotted in graphs for longitudinal and flexural (symmetric
and antisymmetric) modes with and without thermal signals. From the graphical representation,
the effect of thermal energy with thermal relaxation times and the anisotropy of the material on
the various considered wave characteristics are more significant and dominant in the flexural
modes of elliptical cross sectional plate.
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Appendix A
The expressions €, Nk; used in Egs. (20) and (22) are given as follows:
el = 2{n(n - l)Jn(aLax) + (,a2) ], (o 0z }cos 2(0 — v,)cosnb
x2{(aia)2 +[>\+QCOS2(9—77 } (1+iQ€3)}J (oz a:r)cosn@ (A.1)
+ Qn{(n - 1)J, (ax) — (azx), , (oax }sm nfsin2(6 —v,), =12
el = Q{n(n —1)J, (agaz) — (a3ax)Jn+1(O43ax)}cos nf cos2(0 — ;) (A2)
—|—2{ [n(n — 1) — (azaz)*}J, (azaz) + (ocgax)JnH(%ax)}sin nfsin2(0 — ;) '
el = 2{n(n - 1Y (ayax) — (a3ax)Yn+1(a3ar)}cos nf  cos2(0 — ;) (A3)
+2{ [n(n — 1) — (ayaz)*]Y, (azaz) + (agax)YnH(aga:c)}sin nfsin2(0 — ;) '
e = Z{n(n -1y, (ai_ax) + (qyax)Y, (oaz }COS2 (6 — ;) cosnb
- 2 {(ozl.a)2 + {)\ + 2cos?(0 — )} + )\d (1 + Qe )} (a ax)cosn@ (A4)
+ 2n{(n = 1Y, (,ar) — (qax)Y,, (o az) }bln nfsin2(0 —v,), =56
= 2{ [n(n — 1) — (qaz)*}J, (oaz) + (aia:z:).]nﬂ(aia:c)}cos nfsin2(6 — ~,) (A5)
+ Zn{ (azx)J, ,  (oar) — (n —1)J, (aiasc)}sin nhcos2(0 —~,),i = 1,2 '
= Qn{ (n —1)J, (azaz) — (a3ax)Jn+1(a3ax)}cos nfsin2(6 — ~,) (A.6)
—{2(a3ax)<]n+1(a3ax) —[(agaz)* —2n(n —1)}J, (agam)}sin nb cos2(6 — ;) .
= Qn{ (n = 1)Y, (azax) — (a3aI)Yn+1(a3aI)}cos nfsin2(6 — ,) (AT)
{2(a3aa:)Yn+1(a3aI) —[(egaz)* — 2n(n — 1)]Y, (agax)}sin nf cos2(6 — ;) .
= 2{ [n(n — 1) — (q;az)*]Y, (;az) + (aiax)YnH(aiax)}cos nfsin2(6 — ;) (A8)
+ 2n{ (ar)Y, . (ax) — (n — 1Y, (aiaa:)}sin nfcos2(0 —~,),i = 5,6 .
ko o=d, {ncos(n — 160 + v, )Jn (aiax) - (aiax)JnH (aiax>cos(6 - *yi)cosne},i =12 (A.9)
k=00, k! =0.0 (A.10)
K =d, {ncos(n —10 4, )Yw (aiax) - (al.ax)YnH (OéiaJJ)COS(Q - ’yi)cosm?},i =56 (A.11)
en = 2{ n(n —1)J, (« ;0 azr) + (aiax)JnH(aiaa:)}cos 2(0 — ,;)sinnd
- {(ozla)2 —&—[A—I— 0082(9—'yi)}—I—di(l—i—iQES)}Jn<aiaz)cosn0 (A.12)
- Qn{ - 1)J, (o,az) — (aiax)JnH(aiaa:)}cos nfsin2(0 —,),i = 1,2
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-3
en = Q{n(n - 1)J, (ogaz) — (agaz)J”H(%aa:)}sin nd cos2(0 — ;)

—2{ [n(n —1) — (ozl.a:r)Z}J" (agaz) + (a3a1:)Jn+1(oz3aI)}cos nfsin2(0 — ;)

en = 2{n(n - 1Y (ogaz) — (azaz)Y,

n+1

—2{ [n(n — 1) — (q;az)*]Y, (azaz) + (zaz)Y,

n+1

(azaz) } sinnf  cos2(f —v,)
(aya) } cosnfsin2(6 — ;)

en = 2{n(n = 1Y, (,ax) + (,az)Y, 4

— 2? {(aia)2 + [X +2cos?(0 — 77)] +d, (1 + Qe )}Yn (aiax>cosn9
— Zn{(n - 1Y, (o,az) — (aia:c)}ﬁlﬂ(aiax)}cos nfsin2(0 — ,),i = 5,6

(o, az) } cos2(0 — ~,)sinnf

fn = 2{ [n(n — 1) — (q;az)*}J, (ov,az) + (aiam)JnH(aiam)}sin nfsin2(6 — ;)
- Qn{ (az)J, 4 (oyaz) — (n — 1)Jn(ozia$)}cos nhcos2( —v,),i = 1,2

n+1

o =20y (n—=1)J, (ajar) — (agam)J"H(oza,am)}sin ndsin2(0 — v,)

13

+{2(a3am)JnH(a3am) —[(azaz)* — 2n(n — 1)]Jn(a3ax)}cos nf cos2(6 — v,)

fn = Qn{ (n = 1Y, (azaz) — (azaz)Y,

+{2(oz3am)Yn+1(oz3ax) —[(azaz)® —2n(n — 1))V, (oz3a:1:)}cos nf cos2(6 — ;)

(agaz) } sinnfsin2(6 — ;)

%; =d, {ncos(n =10+, )Jn (aiax) + (ozz.a:zt)J

n+1

(ozz.a:zt)cos(e — ’yi)sinnﬁ},i =12

-3 —4
kn == 0-0, kn, = 0.0

%iz = di{ncos(n —10 + ’77‘,)Yn (aiax) + (aiax)Y

41 (aiax)cos(ﬁ — *yi)sinne},z' =56
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