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Abstract 

This paper presents an approach to a constitutive model for 

anisotropic quasi-brittle materials, developed in the frame-

work of rate independent softening plasticity, involving a 

yield criterion in which an anisotropic friction tensor is 

involved. It turns out to be useful for materials character-

ized by ultimate behaviour which varies according to the 

direction, such as composite materials, anisotropic rocks, 

textiles, masonry. A geometrical representation of the limit 

domain in the case of plane stress, together with the results 

of laboratory tests is presented and discussed. 
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1 INTRODUCTION 

The intrinsic structure of a wide range of structural, geological and industrial materials, such as 

composites, masonry, wood, textiles and several types of rocks and clays, is the major cause of their 

anisotropic behaviour. The material response to the same stress state is strongly linked to the sam-

pling orientation with respect to the principal stress axes. The position and the orientation of the 

clay particles, for example, define a sort of material geometry on which the stress geometry depends 

(Dialer, 1993). Similar considerations can be applied to a Representative Volume Element in order 

to describe the macroscopical behaviour of an equivalent anisotropic orientation of the fibers in a 

composite, the disposition of the bed and head joints in a masonry wall medium resulting from an 

homogenization technique (Aboudi, 1991; Nemat Nasser, 1993). Moreover, anisotropic friction plays 

an important role in the formation of wrinkles and folds in textiles (Pabst et al., 2009). Some of the 

research efforts made in recent years to achieve a better understanding of constitutive behaviour of 

quasi-brittle materials have been developed in the framework of plasticity (Pietruszczak and Niu, 

1992). Constitutive models developed in this last field for concrete (Feenstra and De Borst, 1996; 

Wang et al., 2014) have been successfully applied to masonry structures. Unfortunately the postu-
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lates by Drucker (1951; 1988); Hill (1958) providing the framework for establishing the material 

stability have in recent times come under very strong challenge in relation to their validity for 

geomaterials. With this word are often termed the materials, such as soils, rocks, concrete and ma-

sonry, which exhibit frictional behaviour. The use of non-associated flow rules has been proposed as 

a way of accomodating such class of materials that, while experiencing dilation during shearing, 

nonetheless remain stable (Salençon, 1975; Famiyesin, 2001). 

 In computational plasticity the normality condition is assumed due to the numerical convenience 

and to the more developed theory (Simo and Taylor, 1985). Those who adopt the standard model 

argue about the inadmissibility of non-associated flow from thermodynamic point of view (Runesson 

and Sture, 1989). 

 Recently the theoretical and numerical problems about the variational formulation of non-

associated law has been developed (Collins and Houlsby, 1997), although the complexity of the 

problem welcomes more studies in the future. 

 Most contributions towards establishing a rational failure theory of quasi brittle materials exhib-

iting a strong anisotropic behaviour are phenomenological: experimental results are interpreted on 

the basis of a criterion which is assumed to be suitable for the observed mode of failure. Differences 

between formulae are mainly due to different failure hypotheses. Because of the difficulty of devel-

oping representative tests, both in number and in type, few attempts have been made to obtain a 

complete experimental failure domain (Zhou et al., 2012). 

 Theoretical approaches proposed in recent years involve elegant mathematical formulations 

(Pietruszczak et al., 1988; Zmitrowicz, 2006), but often need sophisticated laboratory tests to de-

termine material parameters for the identification of the failure domain (Babu et al., 2006). 

 A thorough discussion on failure criteria, together with an extended list of references, can be 

found in the papers by Duveau et al. (1998) for geotechnical materials, in the paper by Anthoine 

(1992) for masonry and in the paper by Zmitrowicz (2006) for a large class of materials (composites, 

cork, crystals, wood, polymers, ceramics and layer-lattice materials).  

 The theory proposed in this paper, whose general framework is outlined in section 2, provides a 

failure criterion for quasi brittle materials in which the existence of an anisotropic friction tensor is 

postulated (Frunzio et al., 2000). 

 The yield condition, based on the Mohr-Coulomb relation, involves six material parameters. For 

the identification of the domain thus determined the only classical shear box test is needed, since 

the principal friction coefficients can be obtained by performing the same test according to the three 

principal friction directions, if those are easily known by examining the material structure. 

 A geometrical representation of the failure domain is provided in section 3 in the case of plane 

stress. It is shown that the agreement between the theory and experiments is reasonably good, alt-

hough a direct comparison cannot be performed since the friction data are not available in litera-

ture. Experimental tests arranged for the identification of the criterion and performed on masonry 

samples are considered and discussed in this paper. 

 

2 THE CONSTITUTIVE MODEL 

Reference is made to an anisotropic inelastic body with softening constitutive law, defined over a 

domain  on which loads 0t  and displacement 0u  are assigned respectively on the parts u  
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and t  of the boundary , while body forces 0b  are assigned in  as in Figure 1. The govern-

ing relations are developed with the assumptions that strains and displacements are small. 

 The static and kinematic fields are referred to a Cartesian co-ordinate system: 
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Figure 1: Inelastic body. 

 

 With the above assumptions, the compatibility conditions for the body  give: 
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where   represents the small strain tensor. The equilibrium conditions for the body  give: 
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where   represents the Cauchy stress tensor and n  is the outward normal. The constitutive 

problem for the body  is governed by the following relations: 
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where   is the strain energy density function corresponding to an elastic behaviour for the body 

. If a linear elastic behaviour is assumed,   is a quadratic function of  ; the displacement u  is 

considered as the sum of an elastic part eu  and an inelastic part iu . The behaviour of the body is 

defined in two conjugate spaces of generalized variables: the set of internal kinematic variables   

and the conjugate set of statical internal variables s  define the inelastic behaviour, while the 

elastic behaviour is defined by the kinematic variables eu  and static variables  . The plastic 

multipliers are expressed by λ . 
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 The tractions t  and the static internal variables   are given as derivatives of a free energy 

function density e( , )uψ  , non convex to reproduce softening. The yield function f( , ) s  is a differ-

ent function from the plastic potential g( , ) s . This corresponds to the assumption of 

nonassociated plasticity, that is a generalized nonstandard material. The problem to be solved is 

to find the equilibrium configurations of the body  under the assigned loads. 

 

3 THE YIELD FUNCTION 

As yield function can be considered that one proposed by the authors for anisotropic frictional 

materials (Frunzio et al., 2000). The criterion considers a quasi-brittle material in which the ad-

missible stress states are those given by the classical Mohr-Coulomb relation: 

 

 cf( , ) =  tg ( ) 0n n  s n  (4) 

 

in which, if n  is a plane with normal n  (Figure 2): 

   is the total shear stress on the plane n  and the symbol  is the Euclidean norm; 

 cn is the material cohesion relative to the plane with normal n  given by: 

 

 cn nC  (5) 

 

 n  is the normal stress on n ; 

 tg ( )n  is the friction coefficient on n . It is supposed varying according to the following law: 

 

 tg ( )n Mn  (6) 

 

 

2 n 

1 

3 

 

Figure 2: Principal friction and cohesion planes. 

 

 In (5) and (6) the existence of a cohesion tensor C  and a friction tensor M  has been postulat-

ed. As shown in the following, three principal friction axes, coinciding with the principal ortho-

tropic axes, can be recognized in an orthotropic material such as brick masonry. With reference to 

the principal friction frame the tensors C  and M  can be expressed as: 
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where: 

 tg ii
 is the friction coefficient [ 1,  2,  3]i ; 

 i  is the friction angle [ 1,  2,  3]i ; 

 ci  is the material cohesion [ 1,  2,  3]i . 

 In order to obtain the relation (4) in the principal friction frame, the stress tensor T  is given 

by: 
 

 TT Q SQ  

 

with S  diagonal stress tensor in the principal stress frame and Q  orthogonal tensor governing the 

reference frame change, from the principal friction frame to the principal stress one. The limit 

condition in (4) becomes: 
 

 f ( ) 0I n n Tn Tn n MnCn  (8) 

 

 The set K  of admissible stress states according to (4) is convex (Piccolroaz and Bigoni, 2009), 

since every convex combination 3T  of two admissible stress states 1T  and 2T  is an element of K : 
 

 3 1 2 1 2K convex   = (1 )   K     ,      , K, [0, 1] T T T T T  (9) 

 

 The set K is convex if and only if every convex combination 3T  of two admissible stress states 

1T  and 2T  is an element of K . 

 So that: 
 

 1 1 1K  ( ) ( )n n n Tn n MnT I T Cn  (10) 

 2 2 2K  ( ) ( )n n n T n n MnT I T Cn  (11) 

 
multiplying (10) and (11) respectively for  and (1 ) the above relations can be written: 

 

 1 1( ) ( )n n Tn Tn n MnI Cn  (12) 

 2 2(1 ) ( ) (1 ) [(1 ) ]n n T n T n n MnI Cn  (13) 

 

summing (12) and (13), the following inequality can be written: 

 

 1 2 1 2( )(1 ) ( )(1 )  [ (1 ) ]I n n Tn I n n T n Tn n T n n MnCn  (14) 

 

from the triangle inequality of normed vector spaces and the linearity of operators 1T  and 2T  

follows: 



700          A. Gesualdo and M. Monaco / Constitutive behaviour of quasi-brittle materials with anisotropic friction 

 

Latin American Journal of Solids and Structures 12 (2015) 695-710 

 

1 2 1 2 3( )(1 ) ( )(1 )  ( )[ (1 ) ] ( )I n n Tn I n n T n I n n T T n I n n T n  (15) 

 

while the second member of (14) can be written as: 

 

 1 2 3(1 ) ( )T T n n Mn T n n MnCn Cn . (16) 

 

 By (14), (15) and (16) finally one has: 

 

 3 3 3  ( )   KI n n T n n T n n Mn TC  (17) 

 

and so the set K  is convex. 

 Differently from the classical Mohr-Coulomb yield condition, in which an isotropic friction 

tensor is involved, a geometrical representation of the proposed limit domain in the principal 

stress space is somewhat difficult. It must be noted that the problem of convexity of the yield 

domain is a fundamental question. In the cases of non standard materials, where the convexity 

cannot be derived from the postulate by Drucker, a non convex domain requires appropriate load-

ing paths for the solution of the problem while the convexity assures computational advantages 

(Lemaitre and Chaboche, 1990; Maugin, 1992). 

 The proposed yield criterion can be applied also to assess the failure under combined loads for 

more complex engineering problem as shown in (Fraldi et al., 2012), the local collapse of the cavi-

ties in anisotropic rock banks in the sense of the methodology presented in (Nunziante et al., 

2001) and also with a finite element validation (Gesualdo et al., 2001). 

 As plastic potential can be considered a function formally similar to that proposed for the 

yield criterion, where the friction tensor is replaced by a “dilatancy tensor” (Salencon, 1975), of 

the form: 
 

 ( ) ( ) 0g I n n Tn Tn n NmCn  (18) 

 

where the dilatancy tensor is given by: 
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 A numerical solution of the problem is possible, so that a weak formulation allowing the spa-

tial discretization through finite elements, is proposed. Assuming that the compatibility and the 

constitutive laws are locally fulfilled on the body , a weak formulation involves the relations 

(19) and (20). The equilibrium conditions can be expressed by the classical formulation of the 

virtual work: 
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where: 
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 While the constitutive equations are given by: 
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where: 
 

 { , :   ( , ) 0}s s f ss   T  

 

 The above relations can be obtained solving an extremum problem for the functional: 

 

 i( , , ) (  ) d ( , ) ds u s sλ λ   gL  (21) 

 

 The sub-stationariness condition of the functional ( , , )s λL  gives in fact a point ( , , )s λ  that 

satisfies the integral relations in (20). The formulation can be the basis for space discretization by 

means of finite elements, replacing the field variables  , u , s  and  , conjugate in pairs, with 

the interpolations of the corresponding nodal quantities (Bolzon and Corigliano, 1997). 
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where: 
 

 *{ :   0 on }λ λ λ λM . 

 

4 MASONRY AS ANISOTROPIC QUASI-BRITTLE MATERIAL: EXPERIMENTS AND COMPARISONS 

Brick masonry can be considered as an anisotropic material in which the principal material direc-

tions are those of the bed and head joints (Figure 3), and the above considerations can be ap-

plied. To determine the failure criterion for masonry, laboratory tests have been performed in 

order to evaluate the yield states for brick masonry and match the results with literature yield 

domains.  
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Figure 3: Principal material planes in brick masonry. 

 

 Tests arranged on masonry cubes have been performed for the determination of the mechani-

cal parameters above defined. Brick masonry cubes, 15 15 15  cm have been tested by means 

of a shear box. Currently produced clay bricks and a pozzolanic lime mortar have been employed 

to build up the cubes, whose texture is represented in Figure 4(a). 

 

1

1

c
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c

3

c

      

Displacement
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H

 

Figure 4: Masonry specimen (left) and scheme of the test arrangement (right). 

 

 Because of the particular geometry of the specimen, the three principal friction axes have been 

assumed coinciding with the three orthogonal axes of the cube. 

 After one year curing the shear tests have been performed according the three axes of the 

specimen and with different values of the vertical pressure. The vertical load V , constant during 

the test, and the variable horizontal load H  have been measured by means of a load cell, while 

horizontal and vertical displacements have been evaluated through inductive displacement trans-

ducers. 

 The scheme of the Casagrande box is reported in Figure 4(b), while a photograph of a speci-

men after the test is shown in Figure 5. The results of the experimental tests are reported in the 

following: 
 

   
Figure 5: Masonry specimen in the shear box (left) and after the shear test (right). 

n1 

n3 
n2 
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Figure 6: Horizontal load displacement curve (left) and evaluation of material parameters (right) 

for the masonry specimen according to direction 1. 
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Figure 7: Horizontal load displacement curve (left) and evaluation of material parameters (right) 

for the masonry specimen according to direction 2. 
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Figure 8: Horizontal load displacement curve (left) and evaluation of material parameters (right) 

for the masonry specimen according to direction 3. 

 

 As expected, since the texture of the brick masonry, the specimen has shown different behav-

iour according the three test directions. The three values of the friction angle, both with the val-

ues of the material parameter nc , are reported in the following table (Frunzio et al., 1999). 

 

 

 



704          A. Gesualdo and M. Monaco / Constitutive behaviour of quasi-brittle materials with anisotropic friction 

 

Latin American Journal of Solids and Structures 12 (2015) 695-710 

 

Direction of V  

1 

 

2 3 

   

 0.26 1.48 1.23 

nc (N/mm
2
) 0.17 0.99 1.65 

 

Table 1: Values of the material parameters. 
 

 In this case the dilatancy can be obtained as a function of the geometrical parameters 

(Stupkiewicz and Mróz, 2001): 
 

 
Figure 9: Dilatancy as function of bed and head joint dimensions. 

 

where 

i

i

v
i i i

h

and  

 
 A geometrical representation of the failure surface is possible in the case of plane stress. Let 1   

and 2  be the principal non zero stresses, laying in the principal friction plane 1 , 2 , the failure 

domain can be obtained in the space 1 2( , , ) , where  is the angle between the principal 

friction frame and the principal stress one. 

 In this case the tensor Q  becomes: 
 

 

cos sen 0

 sen cos 0

0 0 1

Q  (23) 

 

while the stress tensor is given by: 
 

 
1

2

0 0

0 0

0 0 0

S  (24) 

 

 The limit condition (8) provides, as n  changes, a set of domains whose boundaries are conic 

sections. The intersection gives, for every , the limit domain, represented and discussed in the 

following pictures, that is the set of admissible stress states: it is convex as it can be expected for 

brittle materials (Lin and Bazant, 1986; Jiang and Pietruszczak, 1988). 

iv
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Figure 10: Failure surface sections for different values of  with material 

parameters given in table 1 (experimental data). 

 

 The general statement of the criterion (8) is useful to numerically determine the safe stress 

states, though an exact solution of the minimum problem associated with the determination of 

the envelope boundary involves a complicated non linear equation system. As a result, the follow-

ing pictures are obtained drawing the set of curves corresponding to discrete values of n  (Wolf-

ram, 2003). Figure 10 shows five failure surface sections in the plane 1 2 , corresponding to 

five different values of the angle . 

 The shape of the domain is similar to the experimental ones evaluated by Page (1981 and 

1982) on brick masonry panels (Figure 11), and by several authors on concrete (Figure 12). 

 In particular, in Figure 12(a) are reported the results of biaxial tests performed on two differ-

ent types of low strength concrete by Kupfer et al. (1969), while in Figure 12(b) are reported the 

results of biaxial tests performed on two similar types of high strength concrete by the same au-

thors (squares) and by Andenaes et al. (1977) (triangles). 

 The similarity is strongly evident not only in the biaxial compression range, but in the biaxial 

tension and in the tension-compression range, in which the experimental test performing is some-

what difficult. 

 A direct numerical comparison cannot be performed, since in literature the friction data are 

not available. Nevertheless, a tentative drawing of the proposed domain is shown dashed in both 

the pictures. The values of the material parameters have been evaluated a posteriori and reported 

in Table 2: 
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Figure 11: Experimental results for brick masonry panels subjected to biaxial stress in 1 2( , )  plane. 

 

                        
 (a)  (b) 

Figure 12: Experimental results for low strength concrete (a) and 

high strength concrete (b) subjected to biaxial stress. 

 

Material 1  2  3  c [N/mm
2
] 

Brick masonry 1.2 1.2 1.8 0.6 

Low strength concrete 1.2 1.2 1.8÷1.85 2.5 

High strength concrete 1.2 1.2 1.8 5 
 

Table 2: Values of the material parameters for the literature tests. 
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 Both brick masonry and concrete present transversal isotropic friction properties (Proença and 

Pituba, 2003). The limit domain is reported in Figs. 13-15 for 0  to examine the influence of 

the different material parameters. 
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Figure 13: Variation of the yield domain according the variation of 1  

with 2 1.0 , 3 1.2 , 20.2N/mmc , 0 . 

 

 In the Figs 13 and 14, the influence of the friction coefficient 1  and 3 , respectively, can be 

observed. The domain is in general non-symmetric, with respect to the line bisecting I and IV 

quadrant. In the Figure 13 the progressive symmetrization of the domain without change of 

shape, as the values of 1  approaches the value of 2 , is shown. 

 The perfect symmetry represents an ultimate transversely isotropic behaviour, with symmetry 

axis orthogonal to the stress plane, and 1 2 . 
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Figure 14. Variation of the yield domain  according the variation of 3  

with 1 0.8 , 2 1.0 , 20.2N/mmc , 0 . 

 

 In Figure 14 it can be noted that the domain size, without changing of shape, is strongly in-

creasing with the increase of 3 , which is the friction coefficient on the stress plane. 
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 A similar increase of the limit domain can be observed in Figure 15, where the influence of the 

parameter c  is shown. 
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Figure 15. Influence of c on the variation of the yield domain 

with 1 0.8 , 2 1.0 , 3 1.7 , 0 . 

 

 It appears, by the analysis of the above pictures, that the effect of both the friction coefficient 

3  and the parameter c on the failure domain extent is greater than the influence of the friction 

coefficients 1  and 2 : the out-of-plane material characteristics are taken into account and play 

an important role in the material failure. 

 

5 CONCLUSIONS 

A failure criterion with a relatively simple analytical structure has been presented to model the 

ultimate behaviour of anisotropic quasi-brittle materials in which a variation of the friction coeffi-

cient according the direction can be recognized (composite materials, anisotropic rocks, textiles, 

masonry). The criterion is based on the classical Mohr-Coulomb limit condition in which a fric-

tion tensor is involved. 

 The criterion has easy application, due both to the simple formulation and to the simple la-

boratory tests involved, since the only test required for the material identification is the classical 

shear box test to determine the friction and the cohesion tensors. 

 The only hypothesis of three different material friction angles gives as a result a limit convex 

domain spreading largely in the compression-compression range, and with limited area in the ten-

sion range: this represents typically the behaviour of quasi-brittle materials with limited tensile 

strength. 

In the case of plane stress state presented above, the influence of the transversal friction coeffi-

cient is remarked: the dimensions of the limit domain proposed are strongly influenced by that 

material parameter. 

 Though a detailed analysis of the limit domain in plane stress state has been presented, the 

general statement of the criterion is also useful in the analysis of three-dimensional stress state. 

 An application to the constitutive behaviour of masonry has been presented. The framework of 

plasticity with internal variables provides a coherent description of the softening problem to rep-

resent the behaviour of masonry. 
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