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Abstract 

This study dealt with the dynamic model of composite cylindrical 

sandwich panels with flexible cores and simply supported bounda-

ry conditions under low velocity impacts of multiple large or small 

masses using a new improved higher order sandwich panel theory 

(IHSAPT). In-plane stresses were considered for the core and face 

sheets. Formulation was based on the first order shear defor-

mation theory for the composite face sheets and polynomial de-

scription of the displacement fields in the core that was based on 

the second Frostig's model. Fully dynamic effects of the soft core 

and face-sheets were considered in this investigation. Impacts were 

assumed to occur simultaneously and normally over the top face-

sheet with arbitrarily different masses and initial velocities. The 

contact forces between the panel and impactors were treated as 

the internal forces of the system. In this paper, nonlinear contact 

stiffness was linearized with a newly presented improved analyti-

cal method. Numerical results of the mentioned structures were 

compared with finite element model using ABAQUS code. 
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1 INTRODUCTION 

One of the greatest concerns about composites is their behavior under the impact of foreign bod-

ies. Structural strength is greatly reduced due to impact damage. Such damage is not easily ap-

parent, but its effect on structural strength can be determined. In the past four decades, research 

papers and books have been published on the issue of impact. Especially in recent years, analyti-

cal solutions of low velocity impact have been developed. An analytical solution has been expand-

ed about the impact response of simply supported anisotropic composite cylinder with a modified 

Hertizian law by Matemilola and Stronge (1997).Results of this paper showed that strain slowly 

decreased in the direction which had a relatively large modulus. An overview of the mathematical 
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models for low velocity impact on structures was done by Abrate (2001), in which a procedure 

was presented to determine the type of impact and to select an appropriate model. 

HooFatt and Park (2001) presented an analytical solution for the transient deformation of sand-

wich panels using mass model and Kirchhoff theory. Olsson (2001) proposed an engineering 

method for predicting the impact response and damage in sandwich panels. Impact response of 

laminated composite cylindrical shells was investigated by Krishnamurthy et al. (2001).Important 

results of the mentioned method were as follows:(a) Effect of impactor velocity was more than 

effect of the impactor mass on the contact force of the structure. (b) Impact-induced damage 

tended to increase with higher velocity of impact. (c) Effect of curvature was more significant 

when the curvature was high, and (d) Deflection and time of contact increased with decreasing 

the curvature. 

 
Symbols and Abbreviations 

Nomenclature 

i
E m  

effective elastic modulus of the ith impactor (m=j) and target structure (m=s) 

( )
i

F tc , ( )
i

F t  
impact forces based on the linearized Hertzian and Hertzian contact laws,  

respectively,( i=1,2,…,N) 

 max
i

Fc  maximum impact force corresponding to ith impactor 

h  sandwich structure thickness 

, ,h h hct b  thickness  of the top face sheet, core and bottom face sheet, respectively 

( , , )
i

I i t b cn =  the moments of inertia of the top and bottom face sheets and core 

Ks  shear correction factor 

 , ,U W
ext

K  kinetic, strain and external works energy 

*
,

i i
K Kc c  

coefficients of the Hertzian and linearized Hertzian contact laws, respectively,  

( i=1,2,…,N) 
i

K
cl  

modified contact stiffness, ( i=1,2,…,N) 

i

gK
 impacted surface stiffness at the ith impact location 

i
M I  

mass of the ith impactor 

c
M z  

normal bending moments per unit length of the edge of the core 
s

M
eff  effective mass of the target structure 

, , ,
i i i i

M M M Mxy yx xx yy

 
bending and shear moments per unit length of the edge (i=t,b) 

, , ,

* *
, , , ,

c c c c
M M M Mnxx nxy nyy nyx

c c c c
M M M Mnxz nyz nxz nyz

 

shear and bending moments per unit length of the edge of the core, (n=1,2,3) 

  
n

 
exponent in the Hertzian contact law 

N  number of layers and impactors 
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iN  effective target structure mass to the ith impactor mass ratio 

, ,
i i i

N N N
xxj yyj xyj

 

the in-plane external loads in the longitudinal and transverse direction,  

respectively(i = t, b), (j=1,2) 

, , ,i i i i

xy yx xx yyN N N N

 
in-plane and shear forces per unit length of the edge (i=t, b) 

* *, , ,c c c c

xz yz xz yzN N N N  shear forces per unit length of the edge of the core 

( , )q x y
j i i

 impact forces over the (top or/and bottom) impacted face sheet (j=t, b) 

,
i i

Q Qxz yz  shear forces in the face-sheets per unit edge length 

, ,R R R
jt jb jc

 

principal radii of curvature of middle surface of the top and bottom face sheets 

and the core (j=x, y) 
i

R
 

radius of ith impactor 
c

Rz  normal force per unit length of the edge of the core 

  0 t−  time interval of analysis 

max
i
t  maximum contact time corresponding to ith impactor 

, ,u v w
k k k  unknowns of the in-plane displacements of the core (k=0,1,2,3) 

, ,u v wc c c  displacement components of the core 

0

iu ,
0

iv ,
0

iw  displacement components of the face-sheets, (i = t, b) 

cuɺɺ , cvɺɺ , cwɺɺ  
acceleration components of the core 

0 juɺɺ ,
0 jvɺɺ ,

0 jwɺɺ
 acceleration components of the face-sheets, (j= t, b) 

0
i

V  initial velocity of ith impactor 

i
w

j  
displacement of the ith impactor 

( , )i ix y
 

ith impact location on the impactedface-sheet, ( i=1,2,…,N) 

( ), ( )
2 1
i i

Z t Z t
 

deflections of the impacted surface and ith impactor at ith impact point 

Greek letters 

( )i tα
 

contact indentation for the ith impactor 

δ
 

variational operator 

1

iδ  static displacement of the impacted surface at the ith impact location 

12 21,ν ν  Poisson’s ratio 
i

mν
 

effective Poisson’s ratio of the ith impactor (m=j) and target structure(m=s) 

, ,t b cρ ρ ρ  material densities of the face-sheets and the core 
j

iiσ  normal stress in the face sheets, (i=x,y), j=(t,b) 

c

iiσ  normal stress in the core, (i=x,y,z) 

, ,
j j j

xy xz yzτ τ τ  shear stress in the face sheets, j=(t,b) 

c

xyτ ,
c

xzτ ,
c

yzτ  shear stresses in the core 
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0 0 0 0 0
, , , ,i i i i i

xx xy yy xz xz
ε ε ε ε ε
 

the mid-plane strain components, (i=t,b) 

, ,
c c c

zz xx yyε ε ε
 

normal strains components of the core 

, ,
c c c

xz yz xyγ γ γ
 

shear strains components of the core 

,
1 2
i iω ω  natural frequencies of spring-mass system corresponding to the ith impactor 

fω
 

the lowest natural frequency of the structure 

1φ , 2φ  rotation of the normal section of mid surface along x, y 

nφ  
rotations about the transverse normal to the face sheets 

i i

xx yy,κ κ
 

the curvatures in the x and y-directions, respectively, (i=t, b) 

i

xyκ  the torsion curvature of the face-sheets, (i=t, b) 

 
Analytical and finite element methods were considered for impact response of a laminated compo-

site cylindrical shell by Krishnamurthy et al. (2003).In analytical method, the solution was ob-

tained by means of an alternative numerical procedure incorporating the non-linear Hertz contact 

law. Such method also provided information   as the natural frequencies of impacted shell which 

helped in obtaining appropriate mesh and time step sizes for finite element method.A new equiva-

lent three-degree-of-freedom (TDOF) spring–mass–damper (SMD) model and a new analytical 

procedure about impact were presented by K. Malekzadeh et al. (2006), which predicted the ef-

fect of low velocity impact on sandwich panels with soft/stiff flexible core. Such an analytical 

solution describes the history of the contact force, displacement of the impactor, and displace-

ment of the panel in the transverse direction in terms of material properties, structural mass, 

impactor mass and velocity, and structural damping. Contact force history by impact on compo-

site sandwich plates can be obtained using general-purpose commercial FEM software using the 

spring element by Choi (2006).The advantage of this method is that no coding process is neces-

sary for the development of additional FEM program. Dynamic response of the composite cylin-

drical shells under initial stresses and impulse effects were studied by Khalili et al. (2009). They 

studied the effect of internal pressure on the natural frequencies, and dynamic response of compo-

site shells and compared them with those of the axial force. 

Low velocity impact damage in thick composite cylinders using MT162 progressive damage 

model implemented in LS-Dyna were modeled by Kang et al. (2010). For this finite element 

method ,various impact energies were applied with different impact velocities ,and the results 

including deformation ,damage  progression etc. as a function of impact energy were discussed. 

A review of the previous and current progress of studies on the dynamic response of composite 

sandwich panels which is subjected to low velocity impact was made by G. B. Chai and S. Zhu 

(2011). Also, the effect of factors on the response, classification of response, and failure modes of 

the composite structures subjected to low velocity impact was discussed. Hossini et al. (2011) 

proposed an analytical approach for the contact problem of sandwich panels indented by a flat-

ended cylinder. In this paper, using minimum total potential energy principle and contact law 

was improved. Also, shear extension coupling term was considered in this analysis. The dynamic 
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response of laminated composite cylindrical shell subjected to pure impact numerically was pre-

sented by Firouzabadi et al. (2012). In that paper, the impact of steel ball on cylinder was mod-

eled by ABAQUS software as a point load .They studied the amount of radial deflection and con-

tact force for whole period of contact motion. 

Recently, a higher order model for the analysis of circular composite sandwich panel shells 

subjected to low velocity impact loads was presented by Khalili et al. (2013). In the mentioned 

paper, for the interaction between the impactor and structure, the spring-mass model was ap-

plied. Different higher order shell theories for low velocity impact analysis of circular cylindrical 

shells were evaluated by Davar et al. (2013).In order to investigate contact force history, a new 

two-degree-of-freedom spring-mass model was used. Further, metal volume fraction and fiber-

metal laminate lay-up on the impact velocity were investigated. A comprehensive of past and 

current works published on the dynamic response of fiber-metal laminates subjected to low veloci-

ty impact was fulfilled by Chai (2014).This review included experimental, numerical, and analyti-

cal works on the low velocity impact of fiber-metal laminates. 

Experimental and numerical investigation of lattice-walled cylindrical under impact loading 

were studied by Damghani et al. (2015).The drop hammer setup was used for experimental test 

and the numerical simulations were conducted by Abaqus.Type of results, including collapse, 

force-displacement diagrams, the crushing length and the absorbed energy were investigated. Few 

studies have been conducted about low velocity impact on cylindrical sandwich panels. 

In this paper, impact analysis of the cylindrical composite/metal sandwich structures was ex-

pressed based on the first order shear deformation theory for the face-sheets and second Frostig’s 

model for the core. For such a core, the vertical flexibility of the core must take into account, 

since this flexibility had an effect on stress and displacement fields of the face-sheets and produces 

nonlinear distribution of in-plane and vertical displacements of the core. In mathematical formu-

lation, the Hamilton’s principle was used to derive the governing equations of motion along with 

the appropriate boundary conditions. To predict the impact force and other parameters, the mod-

ified spring-mass system with two degrees of freedom (TDOF model) and nonlinear form of 

Hertz’s contact force model (complete solution model) were used. 

 
2 Formulations of Cylindrical Composite Sandwich Panels 

Consider a cylindrical composite sandwich panel which is composed of two laminated face-sheets. 

Thickness of the top face-sheet, bottom face-sheet, and core is ,h ht b , and ,hc respectively. The 

panel is assumed to have the radius of R and length of L, as shown in Fig. 1.1.Below, indices t 

and b refer to the top and bottom face-sheets of the panel, respectively. The assumptions used in 

the present analysis are followed by those encountered in linear elastic small deformation. u, v, 

and w are displacement components in the axial, tangential, and radial directions, respectively. 

Based on the first shear deformation theory, the displacements u, v, and w of the face-sheets with 

small linear displacements are expressed through the following relations (2004): 
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( , , , ) ( , , ) ( , , )

( , , , ) ( , , ) ( , , )

( , , , ) ( , , )   ;( = , )

i i

i

i xu x z t u x t z x t

v x z t v x t z x t

w x z t w x t i t b

θ θ ψ θ

θ θ ψ θ

θ θ

= +

= +

=

,
i i

x yψ ψ (i = t, b) are the rotation components of the transverse normal along the 

the mid-plane of the top and bottom face

and Y directions and the vertical deflection of the top and bottom face

vertical coordinate of each face-sheet, which is

from the mid-plane of each face-sheet (Figure 1.1). Kinematic equations for the strains of the 

face-sheets are as follows: 
 

0 0

0

0 0

, , 0

2 , ,

2 , 2

i i i i i i i
xx xx i xx i zz

i i i i
x x x i x

i i i i i i
xz xz xz z z z

z z

z i t bθ θ θ θ

ε ε κ ε ε κ ε

γ ε ε κ

γ ε ε γ ε ε

= + = + =

= = + =

= = = =
 

In which: 
 

0 0 0 0 0
0 0 0

0 0 0
0 0

, ,

,

, ,

i i i i i
i i i
xx yy xy

i i i
i i i i
xz x yz

i i i i
i i ix x
xx yy xy

u v w v u

x R R x R

w w v

x R R

x R x R

ε ε ε

ε ψ ε ψ

ψ ψ ψ ψ
κ κ κ

∂ ∂ ∂ ∂
= = + = +

∂ ∂ ∂ ∂

∂ ∂
= + = + −

∂ ∂

∂ ∂ ∂ ∂
= = = +

∂ ∂ ∂ ∂

Figure 1.1: A cylindrical composite sandwich panel along with the panel coordinates and dimensions
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0

0

0

( , , , ) ( , , ) ( , , )

( , , , ) ( , , ) ( , , )

( , , , ) ( , , )   ;( = , )

i i

i

i i

i i

i

i xu x z t u x t z x t

v x z t v x t z x t

w x z t w x t i t b

θ

θ θ ψ θ

θ θ ψ θ

θ θ

= +

= +

=

 (1)

) are the rotation components of the transverse normal along the X and Y axes of 

plane of the top and bottom face-sheets; 0 0,i iu v
, and 0

iw  (i=t,b) are displacements in 

the vertical deflection of the top and bottom face-sheets, respectively; Z

which is shown using (i = t, b) and is measured upward 

sheet (Figure 1.1). Kinematic equations for the strains of the 

0 0

0 0

, , 0

2 , ,

2 , 2

i i i i i i i
xx xx i xx i zz

i i i i
x x x i x

i i i i i i
xz xz xz z z z

z z

z i t b

θθ θθ θθ

θ θ θ θ

θ θ θ

ε ε κ ε ε κ ε

γ ε ε κ

γ ε ε γ ε ε

= + = + =

= = + =

= = = =

 (2)

0 0 0 0 0
0 0 0

0 0 0

, ,

, ,

i i i i i
i i i
xx yy xy

i i i

i i i
i i i i

i i

i i i i
i i ix x
xx yy xy

i i

u v w v u

x R R x R

w w v

x R R

x R x R

θ

θ θ

ε ε ε
θ θ

ε ψ ε ψ
θ

ψ ψ ψ ψ
κ κ κ

θ θ

∂ ∂ ∂ ∂
= = + = +

∂ ∂ ∂ ∂

∂ ∂
= + = + −

∂ ∂

∂ ∂ ∂ ∂
= = = +

∂ ∂ ∂ ∂

 (3)

 

 

ylindrical composite sandwich panel along with the panel coordinates and dimensions. 

 

(1) 

axes of 

) are displacements in X 

Zi is 

) and is measured upward 

sheet (Figure 1.1). Kinematic equations for the strains of the 

(2) 

(3) 

 



     K. Malekzadeh Fard et al. / High Order Impact Analysis of Circular Thick Cylindrical Sandwich Panels Subjected to Multi-mass Impacts      2287 

Latin American Journal of Solids and Structures 12 (2015) 2281-2310 

 

For the displacement fields of the core, the cubic pattern through the core thickness is considered. 

But, for vertical displacement of the core, the field has a quadratic form (2004). 

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2 3
0 1 2 3

2 3
0 1 2 3

2
0 1 2

, , , , , , , , , , ,

, , , (1 ) , , , , , , , ,

, , , , , , , , ,

c c c c
c c c c

c c c c
c c c c

c

c c c
c c c

u x z t u x t z u x t z u x t z u x t

z
v x z t v x t z v x t z v x t z v x t

R

w x z t w x t z w x t z w x t

θ θ θ θ θ

θ θ θ θ θ

θ θ θ θ

 = + + +



= + + + +

 = + +

 (4) 

 

,c c
k ku v  (k=0, 1, 2, 3) are the unknowns of the in-plane displacements of the core, 

c
kw  (k=0, 1, 2) 

are the unknowns of vertical displacement, and 
cR is the curvature radii of the top face-sheet. It is 

assumed that the accelerations and velocities of the core have the same distributions. Kinematic 

relations of the core for a cylindrical sandwich panel that are based on small deformations are: 

 

1
,

(1 )

1
2

(1 )

2

1
2

(1 )

c c
c c c

xx
c c c

c c
c c

x x
c c

c c
c c

xz xz

c c
c c c

z z
c c c

u v w

x z R R R

v u

x z R R

w u

x z

w v v

z R R R z

θθ

θ θ

θ θ

ε ε
θ

γ ε
θ

γ ε

γ ε
θ

 ∂ ∂
= = + 

∂ + ∂ 
∂ ∂

= = +
∂ + ∂

∂ ∂
= = +

∂ ∂

 ∂ ∂
= = − + 

+ ∂ ∂ 

 
(5) 

 

By substituting displacement fields of the core, namely Eq. (4) in Eq. (5), strains of the core can 

be obtained. Compatibility conditions are based on perfect bonding between the core and face-

sheets and the top and bottom face-sheet–core interfaces are: 

 

( ) ( )

( ) ( )

( )

0

0

0

1
1

2

1
1 ; 1 ;

2 2

; 0 ;
2

ki i
c ci i x

ki i c
c ci i ct

i c
c ci cb

u z z u h

h
v z z v h i t k z

h
w z z w i b k z

θ

ψ

ψ


= = + −


  

= = + − = → = =  
 

  
= = = → = = −    

 (6) 

 

Due to compatibility conditions, the number of unknowns of the core is reduced. As a result, un-

knowns are 0 1 0 1 0, , , andc c c c cu u v v w . Therefore, all unknowns for a circular cylindrical composite sand-

wich panel in a general form are fifteen as follows: 

 

{ }0 0 0 0 0 0 0 1 0 1 0, , , , , , , , , , , , , ,t t t t t b b b b b c c c c c
x y x yu v w u v w u u v v wψ ψ ψ ψ  
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2.1  Governing Equation of Motions of the System 

Derivation of the governing equations and boundary conditions is based on the Hamilton's princi-

ple of the minimization of the Lagrangian, as follows: 
 

0 0

[ ] 0

T T

extLdt K U W dtδ δ δ δ= − + =∫ ∫  (7) 

 

where Kδ denotes variation of the kinetic energy, Uδ is variation of the strain energy, and 
extWδ

shows variation of the potential energy due to the applied loads. Boundary conditions in a general 

form of the cylindrical sandwich panel can be derived from Hamilton's principal. Using Hamil-

ton’s principle (Eq.(7)),strain-displacement relation in face-sheets (Eq.(2)) and core (Eq.(5)), 

compatibility condition (Eq.(6)), stresses and stresses result in the face- sheets and core, finally, 

equations of motion for a circular cylindrical sandwich panel can be obtained as follows: 

 

( )

0

, *0
, 2 , , 3 , 2 , 3 , 12 3 2 3 2

* 5 3 5 64 4
2 0 0 1 2 3 03 2 3 4 5 2 3 4

:

2 4 2 4 4

16 2 8 168 412 2 4
( )

t

t
xt c t c c c c

xx x xx x x xx x x x xz
t tc c c c c c c

c c c cc c
c t t t t c c c
xz x

c c c c c c c c c

u

N C
N M M M M M M

R Rh h R h R h h

I I I II I
M I u I I I u

h h h h h h h h h

θ θ
θ θ θ θ θ θ

δ

ψ

+ + + + + + −


− = + + + − − + + − −


ɺɺɺɺ ɺɺ 15

6 5 6 4 6 4 5 64 4
0 04 6 4 5 6 4 6 4 5 6

16 16 16 2 8 2 8 84 4

c

c c c c c c c cc c
b t b tb b t t t

x x

c c c c c c c c c c

u

I I I h I h I h I h I h II I
u u

h h h h h h h h h h
ψ ψ





       
+ − + + + + − + − − −              
       

ɺɺ

ɺɺ ɺɺɺɺ ɺɺ

 

(8) 

( )

0

, *0
, , 2 , 3 , 2 , 3 , 12 3 2 3 2

* 5 3 54 4
2 0 0 0 1 2 3 03 2 3 4 5 2 3

:

2 4 2 4 4

16 2 88 412 2 4
( ) (

b

b
xb b c c c c c

xx x x xx x xx x x x xz
b b c c c c c c c

b c c cc c
c b b b b b c c cx
xz x

bc c c c c c c

u

N C
N M M M M M M

R R h h R h R h h

M I I II I
M C I u I I I u

Rh h h h h h h h

θ θ
θ θ θ θ θ θ

θ

δ

ψ
θ

+ + + − + − −

∂
+ + = + + − − + + − −

∂
ɺɺɺɺ ɺɺ

6
14 5

5 6 6 4 5 6 4 64 4
0 04 5 6 4 6 4 5 6 4 6

16
)

16 16 16 2 8 8 2 84 4

c
c

c c

c c c c c c c cc c
b t b tb b b t t

x x

c c c c c c c c c c

I
u

h

I I I h I h I h I h I h II I
u u

h h h h h h h h h h
ψ ψ

+

       
+ − + + − − + + − +              
       

ɺɺ

ɺɺ ɺɺɺɺ ɺɺ

 

(9) 

( )

0

0
, , , 2 , 3 , 2 , 3 , 22 3 2 3 3

* * 3 4 4
3 1 2 0 0 1 2 33 2 3 2 3 4

:

1 2 4 2 4 2
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Using stress-strain relations in orthotropic face-sheets, the governing equations in terms of the 

displacement field of upper and lower face-sheets as well as the equation related to the core are 

expressed. 

 
3 IMPACT FORCE MODELS 

Consider a circular cylindrical composite sandwich panel(Figure 3.1a) which is subjected to N 

number of strikes of the impactor masses at points with the coordinates (x1 ,y1), (x2 ,y2), and (xn 

,yn). Masses and velocities of the impactors are (��, ��), (��, ��), and (��, ��), respectively. In the 

obtained equations of motion, the contact load ��(j = t, b) is assumed to be represented by series 

expansion as follows: 
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1 0 1

( , , ) [ ( )]sin( )cos( )
N

i
t mn m

m n i

q x t q t x nθ α θ
∞ ∞

= = =

=∑∑∑

Figure 3.1a: A circular cylindrical sandwich panel with laminated face

along with the orthogonal curvilinear coordinates and dimensions of the panel and impactors

 
Fourier coefficients ,  (i=1,2,...,N)i

mnq for concentrated contact loads 

the top face-sheets become: 

 

0

( )
( ) sin( ) 0

2 ( )
( ) sin( )cos( ) 0

i
i c
m m i

i
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mn m i i
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q t x if n

LR

F t
q t x n if n

LR

α
π

α θ
π


= =



 = >

 

L is the length of circular cylindrical panel and

(i=1, 2, 3,….N). The contact force, ( )i
cF t , will be calculated from spring

grees of freedom and complete models. Similarly, for uniform dynamic contact loads 

uted on patches with length 12 iL  and width 22 iL , the applied load is assumed to be only in the 

al direction over a small rectangular area ( 2 12 2i iL L

load is variable and the center of this area can be everywhere on the top face

 

2 1 2 2 1 1

2 1 2 1

2 and ( ) 2

and
2 2

i i
i i i i

i i i i
iL iL

x x l R l
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− = − =
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( , , ) [ ( )]sin( )cos( )i
t mn mq x t q t x nθ α θ  (25) 

 

ircular cylindrical sandwich panel with laminated face-sheets 

with the orthogonal curvilinear coordinates and dimensions of the panel and impactors. 

for concentrated contact loads 	

��
�  located at points ( , )i ix θ of 

( ) sin( ) 0

( ) sin( )cos( ) 0

m

mn m i i

q t x if n
m

a
q t x n if n

π
α

α θ

= =
=

= >

 (26) 

L is the length of circular cylindrical panel and i is the superscript and denotes the “i”th impact 

be calculated from spring-mass model with two de-

grees of freedom and complete models. Similarly, for uniform dynamic contact loads ( )i
cF t  distrib-

2
iL , the applied load is assumed to be only in the radi-

2 12 2i iL L× ). Regarding Figure 3.1b, the area of applied 

load is variable and the center of this area can be everywhere on the top face-sheet as: 

2 1 2 2 1 1

2 1 2 1

2 and ( ) 2

and
2 2

i i
i i i i

i i i i
iL iL

x x l R lψ ψ

ψ ψ
ϕ

− = − =

+ +
= =

 (27) 
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Figure 3.1b: Load applied laterally on a small rectangular area on the top 

or bottom face-sheet of a circular cylindrical sandwich panel. 

 
where xiL and iLϕ  are coordinates indicating the center point of the applied load area. So, the 

constant Fourier coefficients
i
mnq  can be determined as follows: 

 

2 1 2 12

2 1 2 12

( )
( ) [cos( ) cos( )]( ) 0

2 ( )
( ) [cos( ) cos( )](sin( ) sin( )) 0

i
i c
mn m i m i i i

i
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mn m i m i i i
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q t x x if n

m

F t
q t x x n n if n

mn

α α ψ ψ
π

α α ψ ψ
π


= − − =



 = − − >

 (28) 

 

In this paper, it was assumed that the vibration of the projectile can be negligible [6].To predict 

the impact forces, different methods such as finite element code, spring-mass system, and Hertz's 

perfect model could be used. In the modified Hertz's contact law, the contact force,	

��
�, between 

the “i”th impactor and the impacted face-sheet during the impact can be usually approximated 

and calculated according to the non-linear power law of the form in (2006): 

( ) ( )
i i i n
c cF t K α=  (29) 

In Hertzian indentation, n=1.5 in all the impactors (1996). Contact stiffness �

� (i=1, 2… N) can 

be evaluated by the contact stiffness for a half space (1995). Indentation �� is the relative inden-

tation between the impactor and the impacted top face–sheet of the panel which is defined as: 

0 ( , ) ; or/and
i i k

j i iw w x y k t bα = − =  (30) 

where��
�denotes the displacement of the “i”th impactor and��

� is the transverse displacement of 

the impacted surface at the impact location (�� , ��).For an elastic spherical impactor in contact 

with an isotropic elastic half-plane, Timoshenko and Goodier (1951) presented a relation between 

the “i”th contact radius�
����
�
� , applied load	


��
�, (i = 1, 2, . . . N), impactor radius Ri , and E  

Malekzadeh et al., (2006). 
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3
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( ).
( ) 0.909.( )
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i cF t R

R t
E

=  (31) 

In this paper, it was assumed that 1 2 contact2 ( )i i il l R t= = (Eq.29) can be calculated using Eq. (30). Equa-

tion of motion for the “i”th impactor can be written as: 

0( ) 0   ( 0) 0 ,  ( 0)  
i i i i i i
I j j jM w F t w t w t V+ = ⇒ = = = =ɺɺ ɺ  (32) 

Where i
IM  is the mass of the “i”th impactor, 

i
jw  is displacement of the “i”th impactor, and ( )iF t are 

the contact forces between the impactors and the target structure. The impact solution for a cir-

cular sandwich panel with simply supported boundary conditions (SS) at top and bottom face-

sheets is assumed to be in the following form: 
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∑∑  (33) 

 

The above double Fourier series functions can satisfy some boundary conditions for a cylindrical 

circular composite sandwich panel simply supported on all the edges. However, when all edges are 

clamped, only the function������  in the above series expansions must be replaced with	�� ���. 

In Eq. (31),
0
j
mnU ,

0
j
mnV ,

0
j
mnW , j

x m nΨ , j
mnθΨ , c

kmnU , c
kmnV , c

lmnW  are Fourier coefficients that are time-dependent 

unknowns, m and n are the half wave numbers along x and ! directions, respectively, and j = t, 

b, where t and b refer to the top and bottom face-sheets. By substituting stress results of cylindri-

cal circular composite sandwich panel, compatibility conditions, and displacement field in the 

governing equations and then applying the Galerkin method, the governing equations are reduced 

to the following system of coupled ordinary differential equations: 

 

0

0

[ ]{ } [ ]{ } { }

( ) 0   ( 0) 0 ,   ( 0)  

( ) ( ) ( , )

i i i i i i
I j j j

i i i n i i k
c c j i i

M c K c Q

M w F t w t w t V

F t K w w x yα α

+ =

+ = ⇒ = = = =

= ⇒ = −

ɺɺ

ɺɺ ɺ  (34) 

 

Where [M] is the (10 nm) ×(10 mn) square symmetric mass matrix, [K] is (10 nm) ×(10 mn) 

square symmetric stiffness matrix, and {Q} is the (10 nm) ×1 vector of impact forces. These dif-

ferential equations can be solved by Runge-Kutta numerical method using the ODE tools of 
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MATLAB-7.0 software. Another method for calculating impact on cylindrical sandwich panel

modified spring-mass system with two degrees of freedom (TDOF).The spring

any impactor includes two springs and two masses. In this model, impactors are shown by masses 

( 1, 2 , . ., )
i
IM i N= , target structure is given by effective mass 

target structure is demonstrated by springs with stiffness 

of impacted structure at point ( , )i ix y are shown by springs with stiffness

�#
� and

s
effM   are defined as (Swanson, 1992):

1

1

1
 ,    = ( , ) ; or/andi i

g i ii
K w x y j t bδ

δ
= =

Figure 3.2: Linearized

 

In which
i
lδ  and fω  are displacement of the target structure and

structure, respectively. The contact deformation between target structure and the 

is defined as: 

$��
� %

 

Using the Hertz's contact law, the impact force for the 

( )i iF t K

In the present model, the linear form of modified Hertz's law is used.

linearized contact deformation or contact force between 

structure point, the linearized contact stiffness 

*i i i i
c cF K Z t Z t=

Using the governing equations of motion on spring

form (2004), in Eq. (38), and some simplifications, the impact force for the 

tained as: 
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her method for calculating impact on cylindrical sandwich panel

mass system with two degrees of freedom (TDOF).The spring-mass system for 

any impactor includes two springs and two masses. In this model, impactors are shown by masses 

, target structure is given by effective mass 
s
effM , indentation of impactors in the 

target structure is demonstrated by springs with stiffness i
cK (i=1,2,...,N) ,and transverse deflection 

are shown by springs with stiffness�#
�(Figure 3.2). 

1992): 

1 0 ,    = ( , ) ; or/and
j

g i iK w x y j t b= =  (3

 
Linearized spring-mass model (Swanson, 1992). 

are displacement of the target structure and the lowest natural frequency of 

The contact deformation between target structure and the “i”th impactor 

� � % &�
��
� ' &�

��
� (36)

Using the Hertz's contact law, the impact force for the “i”th impactor can be written as (1981):

( ) ini i
cF t K δ=  (37)

the linear form of modified Hertz's law is used. Therefore, to obtain the 

linearized contact deformation or contact force between the “i”th impactor and “i”th impacted 

structure point, the linearized contact stiffness Kc
*Iis used. Then: 

*
2 1[  ( ) - ( )] i i i i

c cF K Z t Z t  (38)

Using the governing equations of motion on spring-mass system in Figure 3.2, Choi's linearized 

), and some simplifications, the impact force for the “i”th impactor is o

her method for calculating impact on cylindrical sandwich panels is 

mass system for 

any impactor includes two springs and two masses. In this model, impactors are shown by masses 

, indentation of impactors in the 

e deflection 

(35) 

the lowest natural frequency of 

“i”th impactor 

(36) 

impactor can be written as (1981): 

(37) 

Therefore, to obtain the 

th impacted 

(38) 

linearized 

impactor is ob-
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(40) 

 

where

s
effi

i
I

M
N

M
= . In Eq. (39), *i

cK (i=1,2,…,N) are unknowns and must be obtained. Using Taylor 

binominal expansion and some mathematical operations, maximum contact time and the corre-

sponding maximum contact force for the “i”th impactor can be written as follows: 
 

2

max *( 1)  

i iN Mi It
i iN Kc

=
+

 (41) 

*

max 0

22
=
3 ( 1) 

i i i
i i I c
c i

N M K
F V

N +
 (42) 

 

Using Eq. (42) and Choi's linearized form (2004), linearized contact stiffness can be obtained as 

follow: 

2( 1) 1 2( 1) 2 1

i* 1 1 1 1 1
c 0

2 2
K ( ) ( ) ( ) ( ) ( )

3 1

n n n ni
i i in n n n n

c Ii

N
V K M

N

− − − −
+ + + + +=

+
 (43) 

By substituting Eq. (43) in Eq. (39), impact forces can be easily calculated. 

 

3.1 Modified Linearized Contact Stiffness  

To obtain the modified contact stiffness ( i
c lk ), Eq. (44), (Yang and Sun, 1981) must be used. There-

fore, in a repeat loop, the contact stiffness for any impactors can be modified. In other words, the 

first guess for maximum impact force, it can be used from Eq. (42): 

1 2( ) ( )
3 3

i ii
cl m ck F k=  (43) 
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The process of obtaining the modified linearized contact stiffness is shown in Figure 3.3. 

 

 

 
 

 
Figure 3.3: Process of modification in the contact stiffness. 

 
4 VALIDATION OF RESULTS AND DISCUSSION 

In this section, the numerical results obtained from the presented formulations and impact force 

models are validated using FE model by ABAQUS code (2008). For modeling the impactor, it is 

assumed that the it is rigid which means that Young`s module is infinite. This assumption has 

been used by many researches: Kistler and Waas (1999) and Tarfaoui et al. (2008). In order to 

model the impact problem by FE methods, it is clear that contact constraints should be used 

between the target structure and impactor. For contact modeling, there are many contact laws 

that can be applied in ABAQUS. Failure is predicted with Tsai-Hill criteria and checked it in our 

program automatically.  
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SC8R elements are used for the face sheets, while solid elements are used for the core. The 

impact analysis in ABQAUS is performed in ABAQUS/Standard software, which uses a central 

difference rule to integrate the equations of motion explicitly. In this study, the face sheets and 

the foam core were meshed using SC8R and C3D8R elements, respectively. 

Here, the clearance between two surfaces (surface of the top face-sheet and surface of the 

impactor) is considered to be zero and Hertz’s contact law is used for over closer between the 

structure and impactor. First, the cylindrical sandwich panel with composite face-sheets and a 

foam core with simply supported boundary conditions that is subjected to a single impact at loca-

tion ( , ) ( / 2, 0)x Lθ = is studied. Mechanical properties of the sandwich panel and the impactor are 

given in Table 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

Table 1: Material and geometrical properties of the circular cylindrical sandwich panel and impactor. 

 
In Figure 4.1 and Figure 4.2, the converged impact force and deflection histories (m=n=25) are 

presented, respectively. As seen in Figure 4.1, the history of the impact force obtained from com-

plete and FE models is close and there is little discrepancy between the results from the two pre-

sented models. Therefore, it can be concluded that the presented formulations and FE model can 

be applied to the analysis of the impact on cylindrical sandwich structures. Figure4.2 demon-

strates that the deflection histories of the top and bottom face-sheets obtained from complete 

model are in good agreement with the FE model by ABAQUS code. Also, Figure 4.2 indicates 

that the deflection of the top face-sheet is higher than that of the bottom face-sheet because of 

the flexibility of the core. Such difference causes the indentation of the core. These studies show 

Impactor Sandwich panel with foam core 

Properties Core Face sheets Properties 

200 E(GPa)  0.00689 131 11E (GPa)  

0.3 v 0.00689 10.34 22E (GPa)  

12.7 Radius (mm) 0.00689 10.34 33E (GPa)  

3 Velocity (m/s) 0.00345 6.895 12G (GPa)  

10 Mass (g) 0.00345 6.895 13G (GPa)  

7960 3
( / )kg mρ  0.00345 6.205 23G (GPa)  

- - 0. 00001 0.22 12ν  

- - 0. 00001 0.49 13ν  

- - 0. 00001 0.49 23ν  

- - 94.195 1627 3
( / )kg mρ  

3 , / 0.88, 10 , 2 ,

layuplamination [0/ 90/ 0/ core/ 0/90/ 0]

t b c c ch h mm h h R h L R= = = = =
 

(Geometrical properties of the panel) 
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that the FE model by ABAQUS can adequately predict the impact force and the deflection histo-

ries and it is obvious that using FE code is really simpler than other theoretical impact force 

models, while its accuracy is also quite good.  

 

 
 

Figure 4.1: Comparing contact force histories obtained from FE and complete models for a circular cylindrical 

sandwich panel subjected to single small mass impact at location ( , ) ( / 2, 0)x Lθ =  at the first impact location. 

 

 

 
 

Figure 4.2: Comparing deflection histories of the top and bottom 

face-sheets obtained from FE and complete models. 
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Deflection variation of the top face-sheet along x

in Figure 4.3. This figure shows that the deflection at the boundary conditions (x=0, 0.6 m) is 

zero and also it can be seen that the maximum deflection of the top face

pact location ( , ) ( / 2,0)x Lθ = .There are a few studies about the single impact and multiple impact 

analyses of cylindrical sandwich panels with analytical formulations or FE modeling using finite 

element software.  

 

 

Figure 4.3: Top face-sheet deflection obtained from complete model

for a circular cylindrical sandwich panel subjected to single impact

 
In this research, the cylindrical sandwich panel subjected to single impact and multiple impacts 

was modeled by ABAQUS code. As seen earlier, properly good results were derived. 

ple, in Figure 4.4 the cylindrical sandwich panel with applied 

FE modeling of the sandwich panel and the impactor is shown in 

4.5b, the 3D contour of the deflection of the impactor and the sandwich panel are presented.

 

 
Figure 4.4: Cylindrical sandwich panel with SS boundary conditions along whole periphery
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sheet along x-axis for cylindrical sandwich panel is presented 

. This figure shows that the deflection at the boundary conditions (x=0, 0.6 m) is 

zero and also it can be seen that the maximum deflection of the top face-sheet occurs at the im-

.There are a few studies about the single impact and multiple impact 

analyses of cylindrical sandwich panels with analytical formulations or FE modeling using finite 

 

sheet deflection obtained from complete model 

circular cylindrical sandwich panel subjected to single impact. 

In this research, the cylindrical sandwich panel subjected to single impact and multiple impacts 

seen earlier, properly good results were derived. As an exam-

panel with applied SS boundary condition is shown. 

FE modeling of the sandwich panel and the impactor is shown in Figure 4.5a and also, in Figure 

contour of the deflection of the impactor and the sandwich panel are presented. 

 

Cylindrical sandwich panel with SS boundary conditions along whole periphery. 
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(a)                                                                           (b) 

 

Figure 4.5:  FE modeling and 3D view deflection of a composite sandwich panel and the impactor. 

 
In Figures 4.6 and 4.7, the dynamic response of a cylindrical sandwich panel subjected to two 

impactors is investigated. It is assumed that the impactors are impacted on the top face-sheet at 

locations
1 1( , ) ( / 4, 0)x Lθ = and

2 2( , ) (3 / 4, 0)x Lθ = . The converged impact force and deflection histories 

(m=n=25) at location (x1=L/4 mm, 
1θ =0) are investigated. As seen in these figures, the con-

verged results obtained from complete solution model are in good agreement with the results from 

FE model by ABAQUS code. Moreover, it can be seen in Figure 4.7 that the deflection of the top 

face-sheet is more than that of the bottom face-sheet and this behavior occurs due to the core 

flexibility. 
 

 
 

Figure 4.6: Comparing contact force histories obtained from FE and complete models 

for a circular cylindrical sandwich panel subjected to multiple small mass impacts. 
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As seen in Figure 4.6, at maximum contact time (tmax =2.7e-4s), maximum impact force at each 

impact location from FE and complete solution models reaches zero; but, the top and bottom 

face-sheet deflections obtained from these models at tmax are not zero. In small mass impacts, 

maximum contact time for impact force history and deflection history are not equal and the im-

pact force is lower than the deflection history. Different views, i.e. the 3D view and side view, of 

the deflection based on m=n=25 are presented in Figure 4.8. As can be seen, the impact force and 

deflections at two impact locations are the same, because the mechanical and geometrical proper-

ties of the two impactors are the same and also the distance of the locations of the two impact 

forces from the midpoint of the sandwich structure is equal. 

 

 
 

Figure 4.7: Comparing deflection histories of the top and bottom face-sheets obtained from FE 

and complete models for a circular cylindrical sandwich panel subjected to multiple small mass impacts. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
a. 3D view. 
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b. Variation of the maximum top deflection.                     c. Side view of the vertical deflection. 
 

Figure 4.8: Different views of maximum deflection for a circular cylindrical composite sandwich 

panel with simply supported boundary conditions subjected to two impactors. 

 
In Figures4.9 and 4.10, the converged impact force from both complete solution and TDOF mod-

els and also the histories of deflection of  the top and bottom face-sheets are presented using three 

models including complete, TDOF (non-coupled), and TDOF models (coupled with the governing 

equations of motion) at location (x1=L/4,
1θ =0), respectively. In this example, the dynamic re-

sponse of a circular cylindrical composite sandwich panel with simply supported boundary condi-

tions subjected to two impactors is investigated. It is assumed that all the impactors are impacted 

on the top face-sheet of the panel at locations (x1=L/4 mm, 
1θ =0) and (x2=3L/4 mm, 

2θ =0). 

Mechanical properties of the sandwich panel are given in Table  and also the geometrical proper-

ties of the panel are the same as those of the previous examples. Mass of the impactors is 3kg, 

while the impact velocity of all the impactors is 3 m/s and their radius is 12.7 mm. 

 

 
 

Figure 4.9: Converged impact force obtained from complete and TDOF models 

for a circular cylindrical composite sandwich panel subjected to two impactors. 
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Figure 4.11 shows a comparison of maximum transverse deflections of two models (complete solu-

tion and TDOF, coupled) at the top and bottom face-sheets through the impact points on the top 

face-sheet of the panel. As demonstrated in this figure, the results from the two mentioned impact 

force models are very accommodation and their difference is negligible. Deflection of the top face-

sheet is higher than that of the bottom face-sheet due to the flexibility of the foam core. Different 

views (3D view and side view) of the deflection based on m=n=9 are presented in Figure 4.12. 

 

 
 

Figure 4.10: The top and bottom face-sheet deflections obtained from complete, TDOF (coupled), and TDOF 

models for circular cylindrical composite sandwich panel subjected to two impactors. 

 

 
Figure 4.11: Variation of the top and bottom face-sheet deflections obtained from complete and TDOF                                

(coupled) models along x-axis for a circular cylindrical sandwich panel subjected to two impactors. 
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Some composite structures in practical applications might be impacted by impactors with differ-

ent masses. Thus, in this section, the dynamic response of a cylindrical circular shell subjected to 

two impactors with masses 1m  and 2m  is studied and the shell properties are given in Table 2, 

except that 
ch (mm ) =24 and Ply Thickness=0.75 are considered. Also, the geometrical properties of 

the sandwich panel are 
cR  =10h and 2 cL R= where h is total thickness of the sandwich panel. 

Index 1 is an impactor with mass m1 that impacts on the top face-sheet at location (x1=L/2, 
1θ

=0) and index 2 is an impactor with mass m2 that impacts on the top face-sheet at location 

(x2=3L/4, 
2θ =0).It is also assumed that the masses of the impactors are (m1,m2)=(m, m), 

(m1,m2)=(2m,3m), and (m1,m2)=(3m,4m) where m=3 kg. 

 
 

 
 

Figure 4.12: Different views of the circular cylindrical composite sandwich panel subjected to two impactors. 

 
 

Impactor    Sandwich panel with foam core    

Properties Core (110WF) 

 

Face sheets 

(LTM45EL-

CF0111Carbon) 

Properties 

207 E(GPa)  0.18 54 11E (GPa)  

0.3 ν  0.18 54 22E (GPa)  

12.7 Radius (mm) 0.18 4.84 33E (GPa)  

3 Velocity (m/s) 0.07 3.16 12G (GPa)  

1.8 Mass (kg) 0.07 1.87 13G (GPa)  

- - 0.07 1.87 23G (GPa)  

- - 0. 286 0.06 12ν  

- - 0. 286 0.313 13ν  

- - 0. 286 0.313 23ν  

- - 110 1511 3
( / )kg mρ  

 - 12.7 - ch (mm)  

 - - 0.264 Ply Thickness (mm) 
 

Table 2: Material properties of the sandwich panel and impactor. 
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Moreover, the radius of impactors is 12.7 mm and their velocity is 30 m/s. Figure 4.13 and Figure 

4.14 show the comparison of the impact force histories at the first impact locations and maximum 

deflections corresponding to maximum contact time of each of the first impactor along x-axis, 

respectively. Results are only obtained by the complete solution model. Figure 4.13 indicates the 

increased contact force for both boundary conditions with the increase of the impactor mass. Al-

so, these figures demonstrate that maximum impact force and contact time for the same impactor 

mass for clamped support boundary conditions (CC) is higher and lower than (SS) boundary 

conditions, respectively. Therefore, by increasing the mass of the impactor from m to 3m, at the 

first impact location, maximum impact force for (SS) and (CC) boundary conditions increases by 

46.42% and 54.83%, respectively. 

 

 
 

Figure 4.13: Variation of the impact force histories at the first impact location with masses 

of impactors for a circular cylindrical sandwich panel with SS and CC boundary conditions. 

 
As seen in Figure 4.14, maximum deflection increases for both boundary conditions with the in-

crease of the impactor masses at the two impact locations. As expected, the deflections under the 

impact locations are maximum. It can be seen in this figure that, for the equal masses of the 

impactors, maximum deflections at the impact locations are not equal, because the flexibility of 

the sandwich panel decreases from x=L/2 to x=3L/4. Also, for the same impactor masses, the 

maximum deflection of the sandwich panel with (SS) boundary conditions is higher than that of 

(CC) boundary conditions because of increasing the stiffness of the sandwich panel with (CC) 

boundary conditions. 
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Figure 4.14: Variation of the maximum top face-sheet deflections with masses 

of impactors at maximum contact time corresponding to the first impactor for a circular 

cylindrical sandwich panel with SS and CC boundary conditions (variation is along x-axis). 

 
5 CONCLUSIONS 

Nowadays, in order to optimum design of structures, engineers usually try to minimize the weight     

and the cost functions and maximize the structural strength function (fitness function) with op-

timum selecting of the design parameters. Using standard optimization programs like the com-

mercial Genetic algorithm softwares, one can optimize the design parameters and extermize the 

fitness functions. The present approach can be linked with the standard optimization programs 

and it can be used in the iteration process of the structural optimization. The proposed approach 

facilitates investigation of the effect of physical and geometrical parameters on the transient re-

sponse of sandwich composite structures subjected to low velocity impact. In this article, at the 

first time impact analysis of the cylindrical composite sandwich structures was studied based on 

an improved higher order sandwich panel theory. In order to predict the impact force and other 

parameters, the new modified  analytical spring-mass system with two degrees of freedom (TDOF 

model) and nonlinear form of Hertz’s contact force model (complete solution model) were used. 

The The validity of a new proposed computational procedure based on improved higher order 

sandwich panel theory (IHSAPT) and two new analytical models representing contact behavior 

between the impactors and the panel springs-masses (SM) and nonlinear complete model has been 

demonstrated by the close agreement between the present computational results and the finite 

element Abaqus results. Therefore, the problem of impact on the sandwich structures has been 

simplified to solve a standard structural response equation of motion for a known single ant multi 

mass impact loading.  The effects of mechanical and geometrical properties of the mentioned 

composite structures and the type of boundary conditions (SSSS and CCCC) on the impact anal-

ysis, are investigated.  
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