
2094 

 

Abstract 

The use of thin-walled composite beams in Engineering has at-
tracted great interest in recent years. Composite beams and other 
structural elements tend to have thin walls due to the high strength 
of the material. Other important aspect is that, even without reach-
ing large strains and without overcoming the elastic limit of the 
material, such as beams present geometric nonlinear behavior due 
to their high slenderness, leading to large displacements and rota-
tions. In this paper, a three-dimensional frame finite element for 
geometric nonlinear analysis of thin-walled laminated composite 
beams is presented. The finite element uses the Total Lagrangian 
formulation in order to allow the treatment of large displacements, 
but with moderated rotations. The constitutive matrix of the lami-
nated beams is evaluated through a suitable thin-walled beam the-
ory. In this theory, the effects of the couplings for several layups are 
considered, but the effects of the warping and transverse shear are 
neglected. Comparisons with numerical experiments demonstrate 
the very good accuracy of the proposed finite element. 
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1 INTRODUCTION 

The use of thin-walled laminated composite beams in Aeronautical, Mechanical, Naval and Civil 
Engineering has attracted great interest in recent years due to several advantages of fiber reinforced 
composite materials, such as high specific strength and stiffness, high corrosion resistance, good 
thermal insulation, excellent damping properties and fatigue resistance. Other important character-
istic is that, even without reaching large strains and without overcoming the elastic limit of the 
material, such beams present geometric nonlinear behavior due to high slenderness, leading to 
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large displacements and rotations. Obviously, the analysis and design of these beams require the use 
of appropriated theoretical and computational tools. 
 In laminated composites, each ply presents orthotropic behavior, where the fiber direction is 
stronger and stiffer than the orthogonal directions. On the other hand, laminated composites can 
present anisotropic behavior, due to the presence of plies with different orientations, leading to cou-
plings between forces and strains that are not present in isotropic beam case. 
 A more natural option to the structural analysis of thin-walled laminated composite beams is the 
use of shell or solid finite elements, in which orthotropic materials with different orientations in each 
ply and effects due to transverse shear deformation and warping can readily be defined. In addition, 
these elements provide directly stresses in each ply. However, the computational cost and the mesh 
and geometry generation processes of this approach are prohibitive, except for small structures. Such 
issues increase significantly when geometric nonlinear effects are considered. 
 Therefore, the development of three-dimensional frame finite element for geometric nonlinear anal-
ysis of thin-walled laminated composite beams is an attractive task, due to low mesh and geometry 
generation as well as low computational cost. Several studies addressing this issue have been developed 
in recent years and Total and Updated Lagrangian approaches are usually used.  
 Bhaskar and Librescu (1995) proposed a finite element based on Total Lagragian theory taking 
into account the effects due to transverse shear deformation and warping to analyze thin-walled 
anisotropic beams with closed and open sections. In the same way, Vo and Lee (2009a) proposed a 
three-dimensional frame finite element based on Von Kármán strain tensor to analyze laminated box 
beams. The effects of the composite layup and couplings were assessed. After, the authors enhanced 
such finite element to consider transverse shear deformation effects (Vo and Lee, 2010a). Cardoso et 
al. (2009); Omidvar and Ghorbanpoor (1996) proposed a three-dimensional frame finite element based 
on Updated Lagrangian theory to analyze thin-walled laminated beams including warping effects. In 
these works, the authors analyzed only beams with open-section. 
 In this paper, a three-dimensional frame finite element for geometric nonlinear analysis of thin-
walled laminated composite beams is presented. The finite element uses the Total Lagrangian formu-
lation in order to allow the treatment of large displacements, but with moderated rotations. In this 
formulation, the constitutive matrix of the laminated beams is evaluated through the Kollar and 
Pluzsik (2002) theory. In this theory, the effects of the couplings for several layups are considered, 
but the effects of the warping and transverse shear are neglected. 
 Numerical applications are accomplished in order to verify the performance of the proposed ele-
ment formulation. Verification is carried out through shell three-dimensional finite element models 
developed in the ABAQUS (Simulia, 2012) commercial software and numerical simulations found in 
the literature. A very good agreement was obtained between the results of the proposed finite element 
and computational results available in the literature, as well as the results of shell models analyzed 
using ABAQUS. 
 

2 BEAM THEORY 

The performance of the proposed finite element depends on careful evaluation of constitutive relation 
of the laminated beam. Such relation is not easily obtained due to geometry and layup of each segment 
of the cross-section. 
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 Considering arbitrary layup and arbitrary cross-section, and neglecting the effects due to trans-
verse shear deformation and to warping, the constitutive relation for thin-walled laminated composite 
beams can be given by (Kollar and Pluzsik, 2002): 
 

11 12 13 14

21 22 23 24

31 32 33 34

41 42 43 44

x x

y y
v v v

z z

N C C C C

M C C C C

M C C C C

T C C C C

ε

κ

κ

β

                          = ⇒ =                              

Cσ ε  (1) 

 
where xN  is the axial force, yM  and zM  are the bending moments about y  and z  axes, respectively, 
T  is the torque, xε  is the normal strain in the x  direction, yκ  and zκ  are the beam curvatures 
about y  and z  axes, respectively, β  is the rate of change of twist angle along x  direction (Figure 
1), vC  is the constitutive matrix of the beam, which coefficients represent the beam section properties. 

 

 

Figure 1: Beam forces and global coordinate system. 

 
For a isotropic beam with doubly symmetric cross-section, the relationships in Equation (1) based on 
Euler-Bernoulli-Navier and Saint Venant theories are uncoupled ( 11C EA= , 

22 yC EI= , 33 zC EI= , 

44C GJ= ): 
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 (2) 

 
 Several approaches are presented in the literature to obtain and to improve on fidelity (close to 
reality) of standard or classical vC  matrix in Equation (1). Two important examples are the Timo-
shenko’s and Vlasov’s theories (Volovoi et al., 2001). The latter theory is important for beams with 
open cross-section and it leads to a 5x5 vC  matrix (Lee and Lee, 2004; Vo and Lee, 2007). The former 
theory leads to a 6x6 vC  matrix (Vo and Lee, 2010a). If both improvements are considered, the vC  
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matrix becomes 7x7 (Sheikh and Thomsen, 2008). In addition, it can be found in literature 8x8 (Vo 
and Lee, 2008; Vo and Lee, 2009a) and 9x9 (Salim and Davalos, 2005; Vo and Lee, 2011) vC  matrices 
to assess box and open cross-section beams. 
 It is important to note that formulation and boundary conditions of the problem become more 
difficult as much as the improvements of the theory (approach) to obtained constitutive beam matrix. 
In addition, the computational efforts are increased, due to great number of degrees of freedom. 
 Cesnik and Hodges (1997) developed a two-dimensional finite element model, implemented in 
VABS (Variational Asymptotical Beam Sectional Analysis) software, for predict laminated beam 
section properties. Such approach is based on the called method VAM (Variational Asymptotical 
Method). This method splits the three-dimensional model in two ones: a two-dimensional one over 
the cross-section and another along length. 
 In order to assess the several effects, especially due to shear deformation and warping, Volovoi et 
al. (2001) analyzed many thin-walled laminated beam theories. According to Volovoi et al. (2001), in 
many practical cases a vC  4x4 matrix well formulated leads to good results mainly for closed cross-
section. Using a more refined theory for this case, the gain is small. According to Volovoi et al. (2001), 
the effects due to shear deformation and warping are not important for beams with closed cross-
section. Pluzsik and Kollar (2002) presented the same conclusion using shell element. 
 There are many approaches to assess thin-walled composite beams considering open and closed 
sections. Since the focus of this work is closed sections and based on the results and conclusions of 
Volovoi et al. (2001); Pluzsik and Kollar (2002), the approach proposed by Kollar and Pluzsik (2002) 
is used to predict the constitutive matrix. 

 
2.1 Kollar and Pluzsik theory 

Kollar and Pluzsik (2002) proposed a general theory to analyze thin-walled laminated beams and 
presented analytical expressions for constitutive matrix vC  for open and closed sections. Considering 
a closed section, the beam’s wall consists of N  flat segments each one may be made of several layers 
of composite materials with arbitrary layup (Figure 2). 
 As indicated in Figure 3, the following coordinate system are employed: x y z  global coordinate 
system with origin at the mechanical centroid (point C ); x y z  global coordinate system with origin 
at an arbitrary chosen point (point O ); i i ix s r  local coordinate system for the -th segment with 
origin at the center of reference plane of the -th segment (point ic ). The ix  axes is parallel to the 
x  coordinate, the is  axes is along the segment and ir  is normal to the segment. 
 According to Classical Laminated Theory (CLT) the strain-stress relationship in the i -th segment 
may be given by (Jones, 1999; Reddy, 2004): 
 

 (3) 
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Figure 2: Segments of the cross-section. Figure 3: Coordinate systems. 

 
The displacements of the centroidal axes are the axial displacement u , the transverse displacements 
v and w  in the y  and z  directions, respectively, and rotation of the cross-section ψ  (twist angle). 
Considering the convention of positive internal forces as showed in Figure 1, the relationships between 
these displacements and strains at the global system x y z  are:  
 

2 2

2 2

d d d d
; ; ;

d dd d
x y z

u w v

x xx x

ψ
ε κ κ β= = − = =  (4) 

 
In the global system x y z  these relationships become: 
 

2 2

2 2

d d d d
; ; ;

d dd d
x y z

u w v

x xx x

ψ
ε κ κ β= = − = =  (5) 

 
Where xε , 

yκ , zκ  and β  are the axial strain, curvatures and twist rate of the longitudinal axes 
passing through the origin of the coordinate system x y z , respectively; u , w , v  and ψ  are the 
displacements of the x  axis. 

 
2.2 Closed cross-section 

When a closed section beam is cut lengthwise, the cut edges are subjected to relative displacements 
as shown in Figure 4. These displacements are prevented in the original beam by means of generalized 
forces 1X , 2X , 3X  and 4X . The transverse forces 3X  and 4X  along cut edges are generally neglected 
(Kollar and Pluzsik, 2002). The shear force 1X  and bending moment 2X  correspond to xsN  and sM  
in Equation (3), respectively. These terms do not change along cut edges. 
 Compatibility equations along the edges must be used to predict 1X  and 2X  (Kollar and Pluzsik, 
2002): 
 

left right

left right

o o

u u
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Figure 4: Cut of the closed section beam. Figure 5: Rotation in cut beam. 

 

where ow  is the displacement of the wall perpendicular to the segment’s reference surface (Figure 5). 

 The first compatibility equation can be express as: 
 

 2 d 0o
xsA sβ γ− + =∫�  (7) 

 
where A  is the enclosed area of the cross-section defined by middle surface and o

xsγ  is the shear strain 
of the segment at its plane. 
 The second compatibility equation can be written by using the definition 2 2o

s w sκ = −∂ ∂ . In 
this case, the second relationship in Equation (6) becomes: 
 

 d 0s sκ =∫�  (8) 

 
 In order to analyze thin-walled closed section composite beams, Kollar and Pluzsik (2002) define 
the following five steps that must be done: 
1. The strains in each segment of the beam cross-section are related to the axial strain, curvatures 

and twist of the longitudinal beam axis through kinematic hypothesis and plate theory. 
2. The forces 1X  and 2X  in each segment of the beam cross-section are expressed in terms of strains 

in the segments. 
3. The resultant axial force, bending moments and torque acting at the longitudinal axis of the beam 

are determined from the segment forces. 
4. 1X  and 2X  are determined from compatibility equations. 
5. The constitutive matrix vC  is established by relating the resultant axial force, bending moments 

and torque to the axial strain, curvatures and angle of twist of the longitudinal beam axis. 
 After all the steps have been done in conjunctions with compatibility equations, the constitutive 
matrix can be written as (Kollar and Pluzsik, 2002): 
 

( )1 1

1

N
t t

v i i i
i

C − −

=

= +∑ R R LF Lω  (9) 
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where, 
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The coefficient 11ia  is computed by: 
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The matrixes F  and L  are respectively given by: 
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 The matrix iR  can be written through the relationship between the strains of the axis of the i -
th segment: 
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(15) 
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where iz  and iy  are the origin coordinates of the x s r  local system for the i -th segment (Figure 6). 
The angle iα  is the angle between the s  and y  axes (Figure 6). The superscript c  refers to the 
longitudinal axis passing through middle of the average surface of the segment ( 0s =  and 0r = ). 
The first of these equations is written according to Euler-Benoulli-Navier hypothesis. The quantities 
c
siκ  and c

riκ  are the curvatures of the i -th segment in the x r  and x s  plane, respectively (Figure 7). 
The last equation is written considering that the angle of twist of the wall segment is equal to the 
angle of twist of the beam ( c

iβ β= ). 
 Kollar and Pluzsik (2002) and Mororó (2013) present the detailed formulation. In this work, the 
axis orientations are the same ones adopted by Mororó (2013). 

 

 

Figure 6: Coordinates of point ic  and segment orientation (angle α ). 

 

 

Figure 7: Axis curvatures in the i -th segment. 

 
The previous formulation was focused on closed cross-section. Nonetheless, it is worth to em-phasize 
that for open cross-section, the forces   and   are neglected. Then, from Equation (9) the constitutive 
matrix for this case is given by (Kollar and Pluzsik, 2002): 
 

( )1

1

N
t

v i i i
i

−

=

=∑C R Rω  (16) 
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3 FINITE ELEMENT FORMULATION 

The element formulation is based on the Bernoulli-Euler-Navier bending hypothesis and the Saint 
Venant’s torsion hypothesis. As shallow arch approach is used, the geometric nonlinearity is consid-
ering only in the axial strain: 
 

2 2
, , ,

, ,

, ,

1 1

2 2
x x x x

xy y x

xz z x

u v w

u v

u w

ε

γ

γ

= + +

= +

= +

 (17) 

 
where u , v  and w  are the local displacements of a generic point P  of the cross-section (Figure 8). 
They can be written as: 

 

, ,c c x c x

c x

c x

u u yv zw

v v z

w w y

θ

θ

= − −

= −

= +

 (18) 

 
where cu , cv  and cw  are the displacement components of the centroid of the cross-section and xθ  is 
the rotation about the x  axis. 

 

 

Figure 8: Displacement of generic point P  on the cross-section. 

 

Substitution of Equation (18) in Equation (17) yields: 
 

, , , ,

,

,

x m z y c x x x c x x x

xy x x

xz x x

y z yw zv

z

y

ε ε κ κ θ θ

γ θ

γ θ

= − + + −

= −

=

 (19) 

 
where 
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y c xx

z c xx
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w

v
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κ

κ
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 (20) 

 
In this element, the nonlinearity is only considered in membrane part mε  (shallow arch), as considered 
by MacGuire et al. (2000). Then, the two last terms (

, ,c x x xyw θ  and 
, ,c x x xzv θ ) of the axial strain defined 

in Equation (19) will be neglected. In the following, the subscript c  

 

will be dropped to simplify the 
notation, since only displacements of centroid appear in Equation (20). 
 Using the Principle of Virtual Work (PVW), the internal virtual work ( Uδ ) is given by: 
 

( )dx x xy xy xz xz

V

U Vδ σ δε τ δγ τ δγ= + +∫  (21) 

 
Using Equation (19): 
 

( )  , , d dx m x z x y xy x x xz x x

L A

U y z z y A xδ σ δε σ δκ σ δκ τ δθ τ δθ= − + − +∫ ∫  (22) 

 
where A  and L  are cross-section area and element length, respectively. 
 Noting that only the last term in mε  varies with respect to A  and assuming an average normal 
stress so that x xN Aσ =  (MacGuire et al., 2000; Battini and Pacoste, 2002; Battini, 2002), the first 
term of Equation (22) becomes: 
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d d d
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p

x m x x x x x x

L A L

I
A x N u v w x

A
σ δε δ θ
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where pI  is the polar moment of inertia of the cross-section: 
 

( )2 2 dp

A

I y z A= +∫  (24) 

 
 Integration of the second and third terms in the Equation (22) over the cross-section leads to 
bending moments about z  and y  axes, respectively: 
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z x
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y x

A

M y A

M z A

σ

σ

= −
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∫

∫
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 Finally, the integration over the cross-section of the last two terms in the Equation (22) leads to: 
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where the portions ( )1α −  and α  of the total torsion moment T  are resisted by mean of the stresses 

xyτ  and xzτ , respectively. For Saint Venat’s pure torsion, 1 2α =  (MacGuire et al., 2000). 
 Therefore, Equation (22) becomes: 
 

( ), dx m y y z z x x

L

U N M M T xδ δε δκ δκ δθ= + + +∫  (27) 

 
From PVW, the internal virtual work can be written as: 
 

dt t
v v

L

xδ δ= ∫d g ε σ  (28) 

 
where g  and δd  are internal nodal force vector and virtual nodal displacement vector, respectively; 

vδε  and vσ  are the virtual generalized strain vector and the generalized stress vector, respectively. 
 The generalized beam strains are written in terms of degrees of freedom of element by: 
 

v

vδ δ

=

=

Bd

B d

ε

ε

 (29) 

 
where { },

t

v m y z x xε κ κ β θ= =ε , B  is the displacement-strain matrix and B  is the matrix 
that relates the variation of the strains to variation of the displacements. The next steps of the for-
mulation are devoted to the determination of B  and B  matrices. 
 In order to avoid membrane locking due to unbalanced of the axial and transverse terms, the 
average membrane strain (Crisfield, 1991; Battini and Pacoste, 2002; Battini, 2002) is used for mε : 
 

2 2 2
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0
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d
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L

p
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I
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  = + + +    
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Solving the above integral, the average membrane strain can be expressed as: 
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where 1u  and 2u  are the element nodal displacements at the nodes 1 and 2, respectively. 
 After discretization, the displacements in the element are interpolated from nodal displacements 
(nodal degrees of freedom). Let m  be the degree of the higher-order derivative in PVW equation, the 
interpolation function must have 1mC −  continuity for adjacent elements. Therefore, function with 

0C  continuity can be used to interpolate the axial displacement and the twist angle and the transverse 
displacements require the use of functions with 1C  continuity: 
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where d  is the vector of nodal displacements, iN  are the linear Lagrange polynomials and iH  func-
tions are the Hermite (cubic) polynomials: 
 Using Equation (32), the average membrane strain can be written in matrix form as: 
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where 

, ,

0

, ,

0

, ,

0

d

d

d

L

t t
Lv v v bv x bv x

L

t t
Lw w w bw x bw x

L

t t
L x x

x

x

xθ θ θ θ θ

= ⇒ =

= ⇒ =

= ⇒ =

∫

∫

∫

B d A A B B

B d A A B B

B d A A B B

 (34) 

 
 The bending curvatures yκ  and zκ  and twist rate 

,x xθ  are the same ones used in traditional linear 
three-dimensional frame element (MacGuire et al., 2000). Then, from Equations (20), (32) and (33), 
the nonlinear B  matrix is given by: 
 

0

, ,

, ,

, ,

1

2
0

0

0

m L

bw xx bw xx

bv xx bv xx

x xθ θ

                     = = +                         

B B B

B B
B
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 (35) 

 
The membrane strain variation mδε  is obtained from Equation (33): 
 

( ) ( )0 0

1

2
m L L L

m m

δε δ δ δ δ

δε δ

= + + = +

=

B d B d B d B B d

B d

 (36) 

 
Using Equations (20) and (32) it can show that: 
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Using Equations (28) and (29), the element internal force vector (g ) is given by: 
 

 dt
v

L

x= ∫g B σ  (38) 

 
The use of quadratically convergent Newton-Rapshon method to solve the nonlinear equilibrium 
equations requires the computation of the tangent stiffness matrix. The tangent stiffness matrix ( TK ) 
is obtained by differentiation of the internal force vector with respect to the nodal displacements: 
 

  d d
t

t v
T v E G

L L

x x
∂∂ ∂

= = + = +
∂ ∂ ∂∫ ∫
g B

K B K K
d d d

σ

σ  (39) 

 
where EK  is the elastic stiffness matrix and GK  is the geometric (or initial stress) stiffness matrix. 

 Remembering that v v v= Cσ ε  and using the second relationship in Equation (29), the elastic 
stiffness matrix can be expressed as: 
 

 dt
E v

L

x= ∫K B C B  (40) 

 
Using Equations (33), (34), (34) and (37), the term ∂ ∂B d  can be written as: 

 

( )0

0

0

L

L t t t
v w v wθ θ

 ∂ 
 ∂  ∂∂ ∂ = ⇒ = + + = + + = ∂ ∂ ∂ 
 
  

B

d
BB

d A d A d A A A A A
d d d

 (41) 

 
Therefore, the geometric stiffness matrix is given by: 
 

 dt
G x

L

N x= ∫K A  (42) 

 
It is important to note that, differently from the standard beam elements, the normal force xN  cannot 
be taken out of the above integral, since this force is not constant along the present element, even 
though the membrane strains are constant due to the use of Equation (30). This difference occurs due 
to the coupling terms in vC  matrix ( 11C , 12C , 13C , 14C ) that are generally not zero for laminated 
beams. Thus: 
 

11 12 13 14x x y zN C C C Cε κ κ β= + + +  (43) 
 
According to Equation (32), the curvatures ( yκ  and zκ ) depend linearly on x , while xε  and β  are 
constant along element length. Therefore, the normal force can have a linear variation along the 
element. On the other hand, for isotropic and homogeneous beams the matrix vC  is diagonal 
( 11C EA= , 12 13 14 0C C C= = = ) and the axial force is constant, simplifying the computation of the 
geometric stiffness matrix. 
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3.1 Linear analysis 

Internal force vector and stiffness matrix of the linear element can be easily obtained from the non-
linear formulation. For small displacements, the strain field can be written as: 
 

,

, ,

, ,

x x

xy y x

xz z x

u

u v

u w

ε

γ

γ

=

= +

= +

 (44) 

 
Therefore, the displacement-strain matrix B  (Equation (35)) does not depend on nodal displacement. 
Thus, 
 

0

,

,

,

bw xx

bv xx

xθ

 
 
 
 =  
 
 
  

B

B
B

B

B

 (45) 

 
 Hence, the internal force vector is given by: 
 

 dt
v

L

x= ∫g B σ  (46) 

 
and the stiffness matrix simplifies to: 
 

 dt
v

L

x= ∫K B C B  (47) 

 
Mororó et al. (2012) used this linear element to analyze thin-walled laminated I and box beams. 
 
3.2 Buckling 

The linearized buckling analysis consists in solving the generalized eigenproblem defined by (Cook et 
al., 2002): 
 

( )Gλ+ =K K 0φ  (48) 
 
where K  is global linear stiffness matrix assembled through element stiffness matrices, GK  is global 
geometric stiffness matrix assembled through element geometric stiffness matrices for the reference 
load, λ  are the eigenvalues associated with the buckling load factors and φ  are eigenvectors (buckling 
modes). 

 
3.3 Natural frequencies and modes 

As the linearized buckling analysis, the frequency analysis consists in solving the generalized 
eigenproblem defined by (Cook et al., 2002): 
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( )2ω+ =K M 0φ  (49) 

 
where K  is global linear stiffness matrix as mentioned above, M  is global mass matrix, obtained 
using element-by-element assembly, which corresponds to the standard element mass matrix (Mac-
Guire et al., 2000). In this case, 2ω  are the eigenvalues, ω  are natural frequencies and φ  are eigen-
vectors (vibration modes). 

 

4 NUMERICAL EXAMPLES 

Numerical applications of the proposed finite element (TL) to analyze thin-walled laminated compo-
site beams were carried-out and the computed results are compared with results from the literature 
and results obtained using shell elements from ABAQUS (Simulia, 2012). Geometrically nonlinear 
problems are solved numerically using the Load Control Method or the Displacement Control Method, 
both with Newton-Raphson iterations (Crisfield, 1991). 
 
4.1 Cantilever box beam with transverse load 

This example is concerned with the nonlinear analysis of the cantilever laminated box beam subjected 
to a transverse force considered by Stemple and Lee (1989); Vo and Lee (2009b); Vo and Lee (2010b);  
Vanegas and Patiño (2013). 
 The load F =1.78 kN is applied in 10 equal increments. The composite layup of each segment of 
the cross-section and its dimensions are shown in Figure 9. Each segment of the cross-section has 
eight plies, each one with a thickness of 0.032 cm. Composite layups of the webs are constant, but 
layups of the flange can change with θ . The material properties are presented in Table 1. 

 

 

Figure 9: Geometry and composite layup of box beam. 

 

1E (GPa) 2E (GPa) 12G (GPa) 12ν  

146.78 10.3 6.2 0.28 

Table 1: Material properties (Stemple and Lee, 1989). 
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The beam length is 2.54 m, which was discretized with 8 and 16 TL elements. The shell finite element 
model in ABAQUS was built with quadratic thick-shell elements based on Reisner-Mindlin theory, 
with 8 nodes and reduced integration (S8R). This mesh has 7140 elements. The loading of the shell 
model was applied in two points on the cross-section of the free-end. A rigid device of isotropic 
material with 1 mm in the longitudinal direction and Young’s modulus equals to 20000 GPa was 
introduced in the loaded section to enforce the plane section hypothesis. 
 The displacements v  and w  and rotation of the cross-section ψ  at free-end were computed for 

o90θ =  and o45θ = . The results obtained with TL element and that from the literature for F =
1.78 kN are presented in Table 2. It can be noted that TL solutions are more flexible than the other 
solutions and do not present lateral displacement v . 

 

Literature 
o45θ =  o90θ =  

w  (cm) v  (cm) ψ  (rad) w  (cm) v  (cm) ψ  (rad) 

Vanegas and Patiño (2013) 58.80 0.91 0.045 59.12 0.03 0.00 

Vo and Lee (2010b) 55.00 1.20 0.072 59.12 0.03 0.00 

Vo and Lee (2009b) 51.30 1.00 0.065 52.90 0.01 0.00 

Stemple and Lee (1989) 48.50 1.35 0.090 53.40 0.06 0.00 

TL: 8 elements 61.08 0.00 0.124 61.91 0.00 0.00 

TL: 16 elements 61.10 0.00 0.124 65.97 0.00 0.00 

Table 2: Free-end displacement for F = 1.78 kN. 

 

The equilibrium paths obtained using shell (S8R) and beam (TL) elements for o45θ =  are depicted 
in Figure 10 and Table 3. It is interesting to note that the shell solution is even more flexible than 
TL solution. The difference is more pronounced for load factors greater than 0.7 when the shell model 
loses stiffness due to a local buckling near the fixed-end. It can be noted that the TL results show 
better agreement with the shell solution than previous results. However, it is important to note that 
the use of beam elements is not recommended for the load level used for this example in the literature, 
due to the inability of these elements to represent local buckling effects. 

 

     

Figure 10: Displacement of free-end for o45θ = .  
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Load Factor 
Shell model TL: 16 elements 

u  (m) w  (m) u  (%) w  (%) 

0.1 -9.0303E-04 -6.1986E-02 -2.36 -1.44 

0.2 -3.6120E-03 -1.2394E-01 -2.35 -1.41 

0.3 -8.1269E-03 -1.8582E-01 -2.35 -1.37 

0.4 -1.4452E-02 -2.4765E-01 -2.38 -1.32 

0.5 -2.2670E-02 -3.1000E-01 -2.76 -1.46 

0.6 -3.3642E-02 -3.7764E-01 -5.64 -2.93 

0.7 -4.7735E-02 -4.4960E-01 -9.49* -4.88* 

0.8 -6.4871E-02 -5.2346E-01 -13.01* -6.63* 

0.9 -8.4938E-02 -5.9789E-01 -15.91 -8.04* 

1.0 -1.0779E-01 -6.7203E-01 -18.20* -9.09* 

(*) Local Buckling 

Table 3: Displacements for o45θ =  and F = 1.78 kN. 

 

The equilibrium paths obtained using shell (S8R) and beam (TL) elements for o90θ =  are depicted 
in Figure 11. The Load Control Method with automatic increment was used in the ABAQUS solution. 
It can be noted a very good agreement between the two solutions until a load factor about 0.6. After 
such load level, the beam presents local buckling, as shown in Figure 12. 

 

 

Figure 11: Displacement of free-end: 090θ = . 

 

 
Figure 12: Detail of the local buckling. 
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Once again, both solutions are compared in Table 4 for constant load increments. The divergence 
between the shell and beam results for large load factors is due to the influence of local buckling on 
the solution. This example shows that great care should be taken when choosing benchmark problems 
for comparison of finite elements for analysis of thin-walled laminated beams. 
 

Load Factor 
Shell model TL: 16 elements 

u  (m) w  (m) u  (%) w  (%) 

0.1 -1.0404E-03 -6.6426E-02 -1.19 -0.69 

0.2 -4.1555E-03 -1.3272E-01 -1.05 -0.59 

0.3 -9.3274E-03 -1.9873E-01 -0.81 -0.42 

0.4 -1.6529E-02 -2.6436E-01 -0.49 -0.18 

0.5 -2.5746E-02 -3.2967E-01 -0.18 -0.05 

0.6 -3.7651E-02 -3.9861E-01 -1.71 -0.70 

0.7 -5.3101E-02 -4.7326E-01 -5.14* -2.43* 

0.8 -7.1905E-02 -5.5010E-01 -8.40* -4.06* 

0.9 -9.3786E-02 -6.2710E-01 -11.22* -5.32* 

1.0 -1.1844E-02 -7.0304E-01 -13.21* -6.17* 

(*) Local Buckling 

Table 4: Displacement for o90θ =  and F = 1.78 kN. 

 
4.2 Stability analysis of cantilever composite tube 

This example deals with the buckling of the cantilever composite tube shown in Figure 13. The tube 
has mean radius R = 60 mm and length L = 6 m. The tube has six plies made of prepreg car-
bon/epoxy AS4/3501-6, each one with thickness equal to 1 mm. Two different stacking sequences 
were considered: one symmetric cross-ply layup and another non-symmetric angle-ply layup, as pre-
sented in Table 5. The material properties are given in Table 6. 

 

 
Figure 13: Geometry of cantilever tube. 

 

Models Layup 

L1 [0/90/0/0/90/0] 

L2 [0/90/-45/0/90/-45] 

Table 5: Data of models. 
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1E (GPa) 2E (GPa) 3E (GPa) 12G (GPa) 13G (GPa) 23G (GPa) 12ν  13ν  23ν   

147.0 10.3 10.3 7.0 7.0 3.7 0.27 0.27 0.54 

Table 6: Material properties (Daniel and Ishai, 2006). 

 

A convergence study was carried-out for the first three buckling loads. The relative difference between 
shell and beam results is shown in Figure 14 for both layups. The shell model has 4816 elements 
(S8R). The convergence is faster for the first two buckling modes, which are bending modes with the 
same buckling load (Figure 15). However, it can be noted that the use of TL elements lead to very 
good results even for coarse meshes. 
 

 

Figure 14: Convergence study. 

 

 

Figure 15: Buckling modes for Lamination L2. 
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Table 7 shows the computed results using 4816 shell elements (S8R) and 10 beam elements (TL). It 
can be noted that the proposed element yields very good results, for both layups, with a much lower 
computational cost than the use of shell elements. 

 

Modes 
Shell (N) TL (N) Difference (%) 

L1 L2 L1 L2 L1 L2 

1 2.8322E+04 1.6530E+04 2.8443E+04 1.6538E+04 0.43 0.05 

2 2.8322E+04 1.6530E+04 2.8443E+04 1.6538E+04 0.43 0.05 

3 2.4763E+05 1.4728E+05 2.5600E+05 1.4886E+05 3.38 1.07 

Table 7: First three buckling loads. 
 
Finally, in order to analyze TL performance on post-buckling behavior, the tube was subjected to 
axial compression load F =  28.322 kN (buckling load to first and second modes) and three different 
values for the transverse load P  (10 N, 50 N and 100 N). The equilibrium paths are shown in Figure 
16. The Displacement Control method was used and a total displacement at the free-end equal to 1.2 
m ( 0.2w L = ) was applied in 50 equal increments. As expected, the transverse displacements increase 
with the value of the transverse load applied to the structure. 

 
4.3 Cantilever composite tube subject to transverse load 

A cantilever composite tube subject to a transverse load 210P EI L=  (26.8671 kN) is considered in 
this section. The equivalent bending stiffness EI  was obtained using the classical expression of the 
Mechanics of Materials for beam displacements with the transverse displacements computed by a 
shell finite element model (Mororó, 2013). This example has same geometry and material properties 
of the previous one but now the symmetric angle-ply layup [+45/-45/+45/+45/-45/+45] is used. 
 The tube was discretized with 8 TL elements and the obtained results were compared with a shell 
finite element model developed in ABAQUS. In this model, the reference load was applied at two 
points on the cross-section at the free-end. To avoid local effects, a rigid ring similar to the used in 
Example 1 was placed at the loaded section. 
 The equilibrium paths shown in Figure 17 were computed using the Displacement Control method 
by controlling the vertical displacement at the free-end until 1.8 m ( 0.3w L = ) using 30 equal incre-
ments. It can be noted that the results are in very good agreement, but when displacement increases 
past 0.2w L = , the difference between the solutions starts to grow. However, displacements of this 
magnitude are precluded by most design codes, showing that the performance of the proposed element 
is satisfactory for design purposes. It is important to note that no local buckling occurred in this 
example. 
 
4.4 Natural frequencies of a cantilever box beam 

This example presents the natural frequency analysis of a cantilever box beam with composite layup 
[06/456] (each ply has 1/6 mm) shown in Figure 18. The box beam has length equal to 5 m and the 
cross-section dimensions were extracted from Kollar and Pluzsik (2002) (b = 50 mm, d = 70 mm and 
h = 2 mm). The material properties are shown in Table 8.  
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Figure 16: Transverse displacement of free-end of beam. Figure 17: Displacements of free-end of beam. 

 

1E (MPa) 2E (MPa) 12G (MPa) 12ν  Density (kg/m3) 

148000 9650 4550 0.3 1500 

Table 8: Material properties T300/CFRP (Kollar and Pluzsik, 2002). 
 
As in previous examples, the proposed finite element solution is compared with the results of a shell 
finite element model developed in ABAQUS. The shell model has 14000 elements (S8R) and 3D beam 
finite element model has 10 TL elements. The finite element mesh of the shell model is depicted in 
Figure 19. 
 

 
 

Figure 18: Box beam cross-section. Figure 19: Detail of the mesh with shell elements (S8R) of the 

box beam. 
 
The first three natural frequencies were computed and the comparison with shell results is shown in 
Table 9. The beam and shell results are in very good agreement, since the difference is smaller than 
1%. However, it is important to note that the computational cost of the beam model is only a small 
fraction of the cost of the shell model. Figure 20 shows the third vibration mode obtained using the 
shell model, which corresponds to the lateral bending of the box beam. 
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Mode Shell (Hz) TL (Hz) Difference (%) 

1 3.523 3.537 0.39 

2 4.5167 4.530 0.30 

3 21.944 22.165 1.00 

Table 9: Percent difference for the first three natural frequencies. 

  

 

Figure 20: Third vibration mode of the box beam (lateral bending). 

 

5 CONCLUSIONS 

This work presented a three-dimensional frame finite element for nonlinear analysis of thin-walled 
laminated composite beams. This element uses the Total Lagrangian formulation in order to allow 
the treatment of large displacements and moderate rotations.  

 The relation between generalized strains and stress is evaluated using a well-known theory of thin-
walled beams with arbitrary layups (Kollar and Pluzsik, 2002), resulting in a fully coupled 4x4 cross-
section stiffness matrix. Since the warping is neglected, this approach is particularly suited to the 
analysis of laminated beams with closed cross-sections. 

 Several numerical applications were carried-out to evaluate the performance of the proposed ele-
ment. The results showed that the displacements, buckling loads and natural frequencies computed 
by the proposed beam element, for all considered layups, are in very good agreement with the results 
computed using shell elements. Therefore, this element is an excellent analysis tool for laminate com-
posite beams, since it simplifies the mesh generation and leads to a much lower cost than the use of 
shell elements, which is the standard approach to the analysis of laminated structures with arbitrary 
layups. 
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