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Abstract 

Use of Tuned Mass Dampers (TMDs) to reduce the wind-induced 

torsional response of structures has been investigated in the litera-

ture by assuming that the wind excitations can be approximated 

by harmonic forces or white noise random processes; however, 

such an assumption is not realistic. Further, wind load effects are 

correlated. This study is focused on the effectiveness of different 

linear/nonlinear TMDs configurations to reduce the wind induced 

response.  For the analyses, the structure is modeled as a multi-

degree of freedom system under correlated wind load effects.  The 

results show that the selection of optimum dampers is affected by 

the consideration of the correlated wind load effects.  
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1 INTRODUCTION 

The use of passive energy dissipation devices to reduce peak responses of structures has been inves-

tigated, and their performance for wind and earthquake induced responses are considered to be sat-

isfactory and promising (Housner et al., 1997). One of the passive energy dissipation systems is the 

tuned mass damper (TMD) which is used to control the response of tall buildings or slender struc-

tures subjected to wind or earthquake excitations. A TMD consists of a mass which is connected to 

the structure through a spring and a dashpot (i.e., damper) in parallel. The TMD is activated by 

the wind or earthquake induced structural motion; the kinetic energy is transmitted from the struc-

ture to the TMD and is dissipated by the damper. The main objective of using the TMD is to re-

duce the structural responses to satisfy criteria for serviceability or ultimate limit states. A highest 

reduction of the structural peak response could be achieved by tuning or selecting the parameters of 

the TMD such as the frequency ratio and damping ratio. The selection of the optimum parameters 
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of the TMD has been carried out as earlier as the 1950s by Den Hartog (1956) considering 

undamped systems. Warburton (1982) developed equations for evaluating the optimum parameters 

of the TMD considering the main structure as an undamped SDOF system for various combinations 

of response and excitation. Warburton and Ayorinde (1980) studied the effect of the damping of the 

structure on the optimum parameters of the TMD and showed that it is possible to represent a 

complex mechanical system by means of an equivalent SDOF system if its natural frequencies are 

well separated. In all the above-mentioned studies, the harmonic or white noise excitations are used 

to define the selection of the optimum parameters of the TMD, even though they may not ade-

quately represent the characteristics of the strong wind or large earthquake induced excitations. 

More recently, the use of multiple TMDs to reduce the peak responses of structures, that are 

sensitive to torsional effects, has been reported by Jangid and Data (1997), Pansare and Jangid 

(2003), Li and Qu (2006), Bakre and Jangid (2007) , and Wang et al. (2009). The excitations con-

sidered in these studies do not differ from those mentioned previously. For instance, Jangid and 

Data (1997), Bakre and Jangid (2007), and Wang et al. (2009) used an exciting force represented by 

band limited white-noise; Pansare and Jangid (2003) and Li and Qu (2006) analysed structures 

subjected to external harmonic excitations. The damping mechanism of the TMDs (i.e. dashpot) 

was modeled as linear or viscous in most of these studies. The assumption of viscous damping sim-

plifies the analysis, even though it may not be realistic due to friction or the properties of the fluid 

used in the dashpot, which are temperature dependent. A state space linear mathematical model 

has been proposed by Mattei and Ricciardelli (2002), where a detail treatment of the wind loading 

is carried out; unfortunately, no guidelines on the applicability to practical problems of the pro-

posed model is given. 

Attention has also been paid to the use of nonlinear TMDs, such as the use of power law and 

dry-friction damping mechanisms which occur commonly in practice, to suppress the structural 

response. For example, the use of the power law damping mechanism has been studied by Terenzi 

(1999), Vickery et al. (2001) and Rüdinger (2007a, 2007b); whereas Ricciardelli and Vickery (1999) 

explored the use of tuned vibrations absorbers with dry friction damping and linear stiffness.  

The main objective of the present study is to assess the effectiveness of different TMDs configu-

rations with linear and nonlinear damping mechanisms (i.e. viscous damping and power law damp-

ing mechanism) with different location on a structure to reduce the wind induced torsional respons-

es. The assessment is focused on parametric investigations by considering possible combinations of 

parameters and locations of the TMDs. Rather than using the harmonic or white noise excitations 

to represent the wind loading, a more realistic characterization of the wind excitations that is based 

on the power spectral density (PSD) function of the fluctuating wind forces is considered. Time 

history analyses were carried out to evaluate the structural peak response under the simulated wind 

loading that is characterized by the adopted PSD function. 

 
2 MODEL, PEAK RESPONSES AND OPTIMUM TMD SYSTEM 

2.1 TMD-structure system and equation of motion 

Consider a structure that is modeled as a two-degree-of-freedom system (lateral displacement Y and 

rotational displacement θ) with mass Ms, and mass moment of inertia Is. The structure is shown in 
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Figure 1a. The lateral and torsional stiffness of the structure are denoted by Ks and Kθ, respective-

ly; the damping coefficients of the structure for the lateral and rotational directions are represented 

by Cs and Cθ, respectively.   

The equation of motion of the structure under wind loading can be expressed as 
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where FY(t) and M(t) represent, respectively, the total horizontal force and the torsional moment 

due to fluctuating wind loading that will be discussed in the next section; a dot on a symbol de-

notes its temporal derivative (i.e., velocity); and a double-dot on a symbol denotes second temporal 

derivative (i.e., acceleration). 

Now consider that the structure is fitted with three TMDs as illustrated in Figure 1b. The use 

of three TMDs, especially the two that are away from the center of mass, is aimed at reducing peak 

torsional structural responses, while all three TMDs can be used to reduce the lateral response of 

the structure. The TMDs are connected to the structure by linear/nonlinear dashpots and linear 

elastic springs; the nonlinear damping form considered in this study is power law. The TMDs are 

characterized by the mass ratio µ representing the ratio of the mass of the TMDs to the mass of the 

main structure, and by the frequency ratio rf  defined as the ratio of the frequency of the TMD to 

the frequency of the vibration mode of the main structure whose response is to be reduced. The 

stiffness of the TMD can be readily calculated if the above mentioned ratios and the properties of 

the main structure are known. 

 

           

Figure 1: Structure without and with TMDs: a) Structure without TMDs, b) Structure with TMDs. 

 

The equation of motion of the TMD-structure system shown in Figure 1b can be expressed in ma-

trix form as  
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where 
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in which mi, ki and yi , i = 1,2,3, are the mass, stiffness and displacement of the i-th mass damper 

(see Figure 1b); and FDi(v), i = 1,2,3, represents damping force of the i-th mass damper that de-

pend on the velocity, v,. 

As mentioned above, the two functional forms of damping force considered in this study are the 

viscous case and the power law damping mechanism. For simplicity and practical considerations, it 

is considered that the same type of damper is to be installed in a structure. This implies that the 

functional form for FDi(v), i = 1,2,3, are the same as FD(v).  

 

vCvF LD =)(  (3) 

 



2524   A. Pozos-Estrada and H.P. Hong / Sensitivity Analysis of the Effectiveness of Tuned Mass Dampers to Reduce the Wind-induced Responses 

Latin American Journal of Solids and Structures 12 (2015) 2520-2538 

 

if the viscous damping mechanism is considered, and  

 

( ) β
= vvsignCvF PLD )(  (4) 

 

if the power law damping mechanism is considered. In Eqs. (3) and (4), CL is a viscous damping 

coefficient; CPL is a power law viscous damping coefficient; •  denotes the absolute value of its ar-

gument; β is a model parameter within the range 0.5 to 2 (Soong and Costantinou, 1994), a value of 

2 is selected for the parametric analysis.  

It is noteworthy that if one or two rather than three TMDs are considered, Eq. (2) can be re-

duced accordingly and used to describe the motion of the system. 

 
2.2 Wind Loading and Analysis Procedure 

Wind speed is often represented by a mean wind component and a fluctuating wind component. 

The fluctuating component varies in time, is stochastic and characterized by its PSD function. The 

well-known PSD functions for the turbulent wind speed include the ones given by Kolgomorov, von 

Karman, Davenport, Harris, Kaimal (Simiu and Scanlan, 1996). The forces or pressures induced by 

wind can be viewed as the sum of the mean wind force and the fluctuating wind force which is di-

rectly proportional to the fluctuating wind speed, if the quadratic term of the fluctuating wind 

speed is ignored. In this study, it is considered that the PSD function of the normalized fluctuating 

wind force, S(f ), can be expressed as 
 

( )

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 ≤≤
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where fL and fU are upper and lower bounds of f, α is an exponent that depends on the direction of 

the wind velocity, f is frequency in Hz, and A is a normalization constant such that the integration 

of the PSD function equals one. The adoption of this PSD function is justified since boundary layer 

wind tunnel test results (Pozos-Estrada et al., 2011) indicate that such a PSD function provides 

sufficient accurate characterization of the fluctuating wind force in the inertial subrange, which is of 

interest in the present study. It is noted that the value of f that most of the structures are sensitive 

to, especially tall buildings, falls within 0.05 to 0.5 (Hz). 

Since structural geometric shapes vary and wind pressure acting on the structures are not nec-

essarily symmetric, the spatially distributed wind pressure could induce both along wind vibration 

and torsional responses around the vertical axis. To simplify the parametric study, it is considered 

that the overall wind force acting on the structural model considered can be modeled as two uncor-

related horizontal along wind loads. These loads are proportional to F1(t) and F2(t), where their 

PSD functions are given by Eq. (5), and are acting at different points as shown in Figure 1a. In 

such a case, the total horizontal force FY(t) and the torsional moment M(t) are given by 

 

)()(1)( 21

2
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and 

( ))()( 2 tcFRtM MFY
ρ×=  (6b) 

 

where c, R and 
YF Mρ  are model parameters. R is the measure of the distance from the torsional 

center to the line of the eccentric force 2 ( )YF McF tρ . It can be shown that 
YF Mρ  represents the corre-

lation coefficient between FY(t) and M(t), and that the ratio of the standard deviation of the M(t), 

σM, to that of FY(t), σF, for the wind loads defined in Eq. (6) is equal to 
YF M Rρ . The latter indi-

cates that the standard-deviation-based load eccentricity eσ (i.e., σM/σF), equals 
YF M Rρ . Use of Eq. 

(6) to model the wind loads is advantageous since it can be employed to match prescribed values of 

σF and eσ by simply setting c equal to σF and R equal to /
YF Meσ ρ . Note that in all cases, M(t) can 

be expressed as 
2 ( )Fe F tσσ ×  or 2 ( )M F tσ × . 

Given the PSD function of the wind force, its time history can be simulated using, for example, 

the spectral representation method (Shinozuka, 1972), although more sophisticated algorithms can 

also be used (Di Paola, 1998). The method consists of using sum of a series of sine functions with 

random phase angles. More specifically, if a stationary stochastic process Z(t) is characterized by its 

(one sided) PSD function SZZ(f), a sample of the stochastic process, z(t), can be expressed as 

 

( ) ( ) ( )∑
=

φ+π∆=
N

i

iiiZZ tfffStz
1

2sin2  (7) 

 

where fi = i×∆f, i = 1, 2, …, N, ∆f = 1/(N∆t), ∆t is the time increment and 
iϕ  is a uniformly dis-

tributed random variable within 0 to 2π. Therefore, by using this simulation approach, samples of 

F1(t) and F2(t) can be simulated if the parameters of the PSD function shown in Eq. (5), α, fL and 

fU are given. The simulated time series are then used in Eq. (6) to evaluate FY(t) and M(t) for given 

values of 
YF Mρ , σF, and eσ. The samples of FY(t) and M(t) can then be used in Eqs. (1) and (2) to 

calculate the response time history of the structure with and without the TMD system using the 

Newmark’s method, and to assess the benefit of using the TMD system. 

However, before providing the detailed analysis procedure to investigate the effectiveness of the 

TMD system, it is noteworthy that most of the existing studies mentioned in the introduction sec-

tion considered that the use of the TMD systems is aimed at controlling the wind induced peak 

translational structural response, Yp. It is known that excessive responses such as the peak rotation-

al velocity, 
pθɺ , and the translational acceleration at a point within the structural footprint, 

prYɺɺ , 

could also affect significantly the building occupants’ comfort (Chen and Robertson, 1972; Irwin, 

1978; Melbourne and Palmer, 1992; Isyumov, 1993; Isyumov, 1995; Pozos-Estrada et al., 2010). 

Therefore, one could also be interested in using the TMD systems to reduce these peak responses. 

Given the time history of the responses of duration Td, a sample of the mentioned peak responses 

can be obtained from 
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where ( )Y t  is the translational displacement; ( )tθɺ  is the rotational velocity; ( )Y tɺɺ  and ( )tθɺɺ  are the 

lateral and rotational accelerations, respectively; and r is the distance from the point of interest 

within the structural footprint to the center of rotation of the main structure. 

The effectiveness of the TMD system to reduce the peak responses can be measured using the 

ratios of the peak responses of the structure without and with a TMD system. These ratios are de-

fined as 

pOpTY YYR /=  (9a) 
 

pOpTR θθθ
ɺɺ

ɺ /=  (9b) 

and 

prOprTY YYR ɺɺɺɺ
ɺɺ /=  (9c) 

 

where the symbols Yp, pθɺ  and 
prYɺɺ  with an additional subscript O denote the (maximum) peak re-

sponses of the structure without a TMD system shown in Figure 1a, while those with an additional 

subscript T denote the (maximum) peak response of the structure with a TMD system shown in 

Figure 1b. 

For a given structure and parameters defining the wind loading (i.e., parameters for Eqs. (6) 

and (7)), based on the above, the analysis procedure to assess the effectiveness of the TMD in sup-

pressing the peak responses can be summarized as follows: 

1) Sample a wind load time history by using the wind load model defined in Eq. (6) for a duration 

greater than Td, such that the useful time of the time history of the responses is equal to Td; 

2) Evaluate the time history of the responses of the structure without and with a TMD system by 

solving, respectively, Eq. (1) and Eq. (2) using Newmark’s method; 

3) Evaluate the peak responses YpO, 
pOθɺ  and 

prOYɺɺ  of the structure without a TMD system and 

YpT, 
pTθɺ and 

prTYɺɺ  of the structure with a TMD system. Evaluate RY, Rθɺ  and 
Y

R ɺɺ , defined in 

Eq. (9), employing the obtained peak responses; 

4) Repeat Steps 1) to 3) n times to generate samples of RY, Rθɺ  and 
Y

R ɺɺ  to evaluate their mean 

values denoted by RYm , 
R

m θɺ  and 
RY

m
ɺɺ . 

The above procedure can also be used to calculate samples and statistics of the responses of the 

structure without or with TMD systems alone by simply solving Eq. (1) or Eq. (2) only in Step 2), 

and ignoring the evaluation of the ratios in Step 4). 

 
2.3 Identification of optimum TMD system 

For a given structure, the optimum TMD system is often defined as the one that minimizes the 

expected response ratio such as mRY. In practice, the design of a TMD starts by setting the value of 

the mass ratio µ, which was defined previously. The value of µ is usually set within 1% to 10% 
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(Warburtun and Ayorinde, 1980). One of the considerations for selecting this parameter is the 

available space to place the TMD. Although the use of an increased mass ratio value helps to fur-

ther reduce the response, it may not be feasible or economic since other structural elements may 

need to be strengthened due to the additional weight of the TMD. Once the value of the mass ratio 

has been selected, other parameters such as frequency ratio rf and damping coefficients of the 

TMDs need to be selected for the TMDs. Several recommendations have been given to determine 

the optimum parameters of the TMD as a function of the mass ratio (Den Hartog, 1956; Tsai and 

Lin, 1983; Fujino and Abe, 1993; Vickery et al., 2001). These recommendations were developed 

based on harmonic excitations and white noise excitations for specific target translational responses 

only. 

In this section, steps for identifying the optimum TMD system for specified mass ratios consid-

ering both translational and rotational responses are outlined. The identification of the optimum 

TMD system only needs to consider a combination of suitable ranges of the damping coefficient C 

(i.e., CL or CPL) of the TMD and rf values. In order to identify the parameters leading to the opti-

mum TMD system, numerical search algorithms can be used (Vanderplaats, 1984; Haupt and 

Haupt, 2004). The use of numerical algorithms for the identification is justified since no closed form 

solution is available for the considered types of TMD system under stochastic wind loads. Since 

only two parameters (C and rf) need to be identified, a simple grid search procedure can be used. 

For a given mass ratio and a structural system approximated by the model shown in Figure 1b, this 

basically involves:  

1) For a selected set of values of rf and C, carry out dynamic analysis to evaluate RYm , 
R

m θɺ  and 

RY
m
ɺɺ  as outlined previously; 

2) Repeat Step 1) for a suitable range of rf and C values, and identify the combination of rf and C, 

denoted by (rfopt, Copt), that leads to the lowest RYm , 
R

m θɺ  and/or 
RY

m
ɺɺ . 

The identified (rfopt, Copt) provides the optimum design for the TMD system. 

 
3 PARAMETRIC STUDIES 

3.1 Structural Characteristics and Peak Responses 

For the analysis, an actual structure is approximated by a two-degree-of-freedom (2DOF) system 

whose characteristics are defined by the generalized properties of the actual structure. For the nu-

merical example, the mass, Ms, and mass moment of inertia, Is, of the generalized system, represent-

ing a 60 story tower, are considered to be equal to 2,519,208 kg and 2,472,771 kg-m2, respectively; 

the natural frequencies of the structure, defined as ωY and ωθ, are equal to 0.753 and 0.959 rad/s. 

The damping ratios ζY and ζθ for the sway and torsional mode are set equal to 1%. The stiffness 

and damping coefficient of the generalized system can be calculated from 2

s s YK M ω= , 

2s s Y sC Mζ ω= , 2

sK Iθ θω= , 2 s sC Iθ θζ ω= .  

By considering that the structure is subjected to the wind loads defined in Eqs. (5) to (7) with 

α = 1.5, σF = 27340, eσ = 0.033 and 
YF Mρ  = 0, the calculated mean of pOY , 

pOθɺ  and 
prOYɺɺ , by using 

the procedure outlined in the previous sections, are shown in Table 1. Note that σF and eσ are cho-
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sen such that the mean of YpO, 
pOθɺ  and 

prOYɺɺ  with a simulation cycle of 30 are equal to 0.292 m, 

4.83x10-3 rad/s (4.8 milli-rad/s) and 0.267 m/s2 (27.2 milli-g), respectively, for Td equal to 10 min. 

The considered values of 
pOθɺ  and 

prOYɺɺ  are associated with the response levels that could affect the 

comfort, health and/or disrupt the daily activities of the building occupants (Mendis et al., 2007; 

Isyumov, 1995), while the value of YpO is selected considering a drift ratio of about 1/667. 

For the analysis the simulation cycle, n, is considered equal to 30, and Td is considered to be 

equal to 10 minutes. To see whether this selected simulation cycle n = 30 is adequate to evaluate 

the peak mean responses, the analysis is repeated with n = 60, and the obtained mean of YpO, 
pOθɺ  

and 
prOYɺɺ  are 0.289 m, 4.83 rad/s and 0.27 m/s2, respectively. Comparison of these results to the 

previous ones suggests that the use of n =30 for evaluating the mean value is adequate. Therefore, 

unless otherwise indicated, n equal to 30 is adopted for the remaining numerical analyses. 
 

YF Mρ   Mean  

YpO (m) pOθɺ  (rad/s) prOYɺɺ  (m/s2) 

0 0.292 
4.82E-03 

5.09E-03 

4.94E-03 

4.87E-03 

4.82E-03 

0.267 

0.25 0.291 0.276 

0.5 0.304 0.282 

0.75 0.291 0.263 

1 0.295 0.268 
 

Table 1:  Statistics of the peak responses of the main structure without TMDs. 

 

To assess the impact of the correlation between the along wind load and the torsional moment on 

the responses, 
YF Mρ  is varied from 0 to 1.0 with an increment of 0.25 while α, σF, and eσ are main-

tained to be the same. The obtained results by repeating the above analysis are also listed in Table 

1. The results show that the mean values of the responses of the structure without dampers are 

sufficiently uniform. This is due to that the values σF and eσ (see Eq. (6)) are not affected by the 

selected 
YF Mρ value.  

 
3.2 Responses with TMDs 

To investigate the effectiveness of using the TMDs to suppress the peak responses of the considered 

structure, three basic TMD-structure systems are studied in the following.  

In the first system, the structure is fitted with three identical TMDs (see Figure 1b) (i.e., the 

dampers have the same mass, stiffness and damping coefficient). The use of identical dampers 

placed at different locations has been used by Pansare and Jangid (2002) to mitigate the response of 

structures under sinusoidal force. This is consistent with the decisions often made in practice in 

reducing cost of manufacturing dampers. Use of this TMD-structure system is aimed at reducing 

both the lateral and torsional responses. The second system considers two dampers, each located at 

each side of the center of rotation of the main structure. The properties of these two dampers are 
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again considered to be the same; use of this system is focused mainly on the mitigation of the tor-

sional response of the main structure, although it is likely to reduce the amplitude of the transla-

tional motion as well. 

Finally, for the third system, only one damper is considered. The damper is to be located such 

that its center of mass coincides with the center of rotation of the main structure.  

For each considered system, numerical analyses are carried out by following the procedure giv-

en above to identify the optimum TMD system. For the analysis, the wind forces are simulated 

according to Eqs. (5) to (7) for the values of α = 1.5, σF = 27340 and eσ = 0.033. Further, the anal-

ysis is first carried out by considering viscous damping mechanisms for the dampers, and then re-

peated by considering the power law damping mechanism for the dampers. Also, the impact of the 

amount of damping of the dampers on the response ratios is assessed. 

 
3.3 TMD-structure System with Dampers with Viscous Damping Mechanism 

By carrying out the analysis for the three considered TMD-structure systems, the obtained mean of 

the response ratios ( RYm , 
R

m θɺ  and 
RY

m ɺɺ
) are shown in Figures 2 to 4 for values of the correlation 

coefficient between FY(t) and M(t), 
YF Mρ , and of frequency ratio rf.   

The results shown in Figure 2 for the first TMD-structure system suggest that the mean re-

sponse ratios are affected by 
YF Mρ  and that maximum reduction of the peak responses (i.e., mini-

mum value of mean response ratios) occurs at different rf values. However, the selection of the op-

timum TMD system is not significantly affected by the 
YF Mρ  value. 

 

 
 

Figure 2: Expected value of the response ratios for the first TMD system as a function 

of the frequency ratio for TMDs with viscous damping: a) RYm ; b) 
R

m θɺ and c) 
RY

m ɺɺ
. 

 

In particular, Figure 2a shows that RYm  is significantly reduced for rf close to 1 and that for certain 

range of rf and some values of 
YF Mρ , RYm  exceeds 1, indicating that the use of dampers increases 

the response of the main structure. Figure 2b shows that the reduction in the peak rotational re-

sponse can be achieved for rf  approximately equal to 1.27 (i.e., ωθ/ωY). In other words, the damp-

ers are tuned to the torsional frequency of the structure. However, the effectiveness of the dampers 

in reducing the acceleration response 
prOYɺɺ (Figure 2c) is somewhat insensitive to the value of rf . 

This can be explained by noting that 
prOYɺɺ  depends on both the translational and rotational acceler-

ations. In all cases, the use of the TMD system effectively reduces the peak responses of the main 

structure.   
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Similar conclusions as above could be drawn based on the results shown in Figure 3 for the se-

cond TMD-structure system, and the reduction in responses for both TMD systems are similar as 

well. Therefore, use of two or three TMDs in reducing the peak responses for the considered struc-

ture is likely to be governed by the feasibility of the construction and installation of the TMDs. 

The results for the third considered TMD-structure system are shown in Figure 4, it can be ob-

served that the reduction in the peak translational displacement and 
prOYɺɺ  is achieved for rf close to 

1. Note that for this case, since there is no reduction of the torsional responses, 
R

m θɺ  equals one for 

all values of rf  and is not shown. 

 

 
 

Figure 3: Expected value of the response ratios for the second TMD system as a function 

of the frequency ratio for TMDs with viscous damping: a) RYm ; b) θɺRm and c) 
YR

m ɺɺ . 

 

 
 

Figure 4: Expected value of the response ratios for the third TMD system as a function 

of the frequency ratio for TMDs with viscous damping: a) RYm  and b) 
YR

m ɺɺ . 

 

3.4 TMD-structure System with Dampers with Power Law Damping Mechanism 

As mentioned earlier, the analysis carried out for TMD-structure systems with dampers with vis-

cous damping mechanism is repeated but considering the power law damping mechanism for the 

dampers. The obtained results are shown in Figures 5 to 7. Comparison of the results shown in 

these figures to those presented in Figures 2 to 4 indicates that the conclusions drawn from the 

latter are equally applicable to the former. 
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Figure 5: Expected value of the response ratios for the first TMD system as a function 

of the frequency ratio for TMDs with power law damping: a) RYm ; b) θɺRm and c) 
YR

m ɺɺ . 

 

 
 

Figure 6: Expected value of the response ratios for the second TMD system as a function 

of the frequency ratio for TMDs with power law damping: a) RYm ; b) θɺRm and c) 
YR

m ɺɺ . 

 

 
 

Figure 7: Expected value of the response ratios for the third TMD system as a function 

of the frequency ratio for TMDs with power law damping: a) RYm  and b) 
YR

m ɺɺ . 

 

Although is not the objective of the present study, a comparison of the effectiveness of the TMD-

structure system with viscous and power law damping mechanisms indicates that the use of either 

one or the other is effective to reduce the structural response. 

 
3.5 Effect of the Damping Coefficient of the Damper 

The results presented in Figures 2 to 7 are obtained by considering the optimum damping coeffi-

cient of the damper(s). To illustrate the effect of the damping coefficient on the effectiveness of the 

TMDs in mitigating the structural response, an analysis is carried out in this section considering the 
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above mentioned three TMD-structure systems but varying the damper’s damping coefficient. For 

the analysis, the frequency ratio rf is selected equal to those identified optimum frequency ratios 

rfopt based on the results presented in Figures 2 to 7. 

The results from the analyses for the systems shown in Figure 2 to 7 are presented in Figures 8 

to 13, respectively.  The results show that the mean response ratios ( RYm ,
R

m θɺ  and 
RY

m ɺɺ
) vary with 

the ratio CL/Cs or CPL/Cs, and depend on the considered damping mechanism. In general for the 

dampers with the power law damping mechanism, the mean response ratio decreases as CPL/Cs, 

increases. However, for the dampers with viscous damping mechanisms, the mean response ratio 

decreases initially as CL/Cs increases, and a slight increase in the mean response ratio can be ob-

served as CL/Cs increases further (i.e., right side of the figures). This implies that a significant fur-

ther increase in CL/Cs is not effective in reducing the peak responses. 

 

 
 

Figure 8: Expected value of the response ratios for the first TMD system as a function 

of the ratio CL/Cs for TMDs with viscous damping: a) RYm ; b) 
R

m θɺ
 and c) 

RY
m ɺɺ

. 

 

 

 
 

Figure 9: Expected value of the response ratios for the second TMD system as a function 

of the ratio CL/Cs for TMDs with viscous damping: a) RYm ; b) 
R

m θɺ
 and c) 

RY
m ɺɺ

. 

 

 

  
 

Figure 10: Expected value of the response ratios for the third TMD system as a function 

of the ratio CL/Cs for TMDs with viscous damping: a) RYm and b) 
RY

m ɺɺ
. 
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Figure 11: Expected value of the response ratios for the first TMD system as a function 

of the ratio CL/Cs for TMDs with power law damping: a) RYm ; b) 
R

m θɺ
 and c) 

RY
m ɺɺ

. 

 

 
 

Figure 12: Expected value of the response ratios for for the second TMD system as a function 

of the ratio CL/Cs for TMDs with power law damping: a) RYm ; b) 
R

m θɺ
 and c) 

RY
m ɺɺ

. 

 

   
 

Figure 13: Expected value of the response ratios for the third TMD system as a function 

of the ratio CL/Cs for TMDs with power law damping: a) RYm and b) 
RY

m ɺɺ
. 

 

It is interest to note that at rfopt, the dampers are effective for a considerable range of CL or CPL 

values.  

 
3.6 Identified Optimum TMD System 

The optimum parameters of the TMD systems for the considered structure are shown in Table 2. 

The results suggest that rfopt can be considered to be independent of 
YF Mρ  for the dampers with 

viscous damping mechanism and that the maximum reduction of the structural response is achieved 

when the dampers are tuned to the vibration frequency of the mode whose response is to be re-

duced. Table 2 also shows the results of the optimum parameters of TMD systems with power law 
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damping mechanism. Similar to the case with viscous damping, rfopt for the dampers with power law 

damping mechanism could be considered to be independent of 
YF Mρ . 

 Further parametric study considering different dynamic characteristics of the main structure as 

shown in Table 2 was also carried out and the identified optimum TMD systems for the TMDs 

with viscous and power law damping mechanism are summarized in Table 3. It shows that, in gen-

eral, the optimum tuning frequency of the dampers is equal to the vibration frequency of the mode 

of the structure whose response is to be reduced (i.e., rfopt = 1). This is the case for TMDs with 

viscous or power law damping mechanism. It is noted that values of rfopt  equal to ωθ/ωY indicate 

that the frequency of the TMDs is to be tuned to the frequency of the torsional mode of the struc-

ture (i.e., ωθ). Table 3 also shows that in most of the cases, the ratio CLopt/Cs is smaller than 

CPLopt/Cs, this is because the TMDs with power law damping mechanism help the structure to at-

tain the maximum reduction at higher values of CPL as indicated previously. Moreover, inspection 

of Table 3 indicates that the ratios CLopt/Cs and CPLopt/Cs are more dependent on the type of re-

sponse considered than rfopt. 

 

 

Response ρFYM 

Linear damping mechanism Power law damping mechanism 

System 1 System 2 System 3 System 1 System 2 System 3 

rfopt CLopt/Cs rfopt CLopt/Cs rfopt CLopt/Cs rfopt CPLopt/Cs rfopt CPLopt/Cs rfopt CPLopt/Cs 

RYm  

 

0 1 0.055 1 0.055 1 0.055 1 0.095 1 0.095 1 0.095 

0.25 1 0.045 1 0.045 1 0.055 1 0.095 1 0.095 1 0.095 

0.5 1 0.055 1 0.045 1 0.065 1 0.095 1 0.095 1 0.095 

0.75 1 0.045 1 0.045 1 0.045 1 0.095 1 0.095 1 0.095 

1 1 0.045 1 0.035 1 0.045 1 0.095 1 0.095 1 0.095 

θɺRm  

 

0 1.27 0.070 1.27 0.070 - - 1.25 0.119 1.27 0.121 - - 

0.25 1.27 0.070 1.27 0.057 - - 1.25 0.119 1.25 0.119 - - 

0.5 1.27 0.070 1.27 0.057 - - 1.25 0.119 1.25 0.119 - - 

0.75 1.27 0.057 1.27 0.070 - - 1.25 0.119 1.2 0.114 - - 

1 1.27 0.057 1.27 0.057 - - 1.27 0.121 1.27 0.121 - - 

YR
m ɺɺ  

 

0 1.27 0.083 1.27 0.070 1 0.045 1 0.095 1 0.095 1 0.095 

0.25 1.27 0.070 1.27 0.083 1 0.045 1.25 0.119 1 0.095 1 0.095 

0.5 1.27 0.070 1.27 0.070 1 0.065 1 0.095 1.25 0.119 1 0.095 

0.75 1.27 0.083 1.27 0.083 1 0.045 1.25 0.119 1 0.095 1 0.095 

1 1.27 0.121 1.27 0.083 1 0.055 1 0.095 1 0.095 1 0.095 
 

Table 2: Optimum values of the TMD system for the structure considered. 
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Structure 
Linear damping mechanism Power law damping mechanism 

System 1 System 2 System 3 System 1 System 2 System 3 

No. 
ωs 

(rad/s) 
ωθ/ωs rfopt CLopt/Cs rfopt CLopt/Cs rfopt CLopt/Cs rfopt 

CPLopt/Cs 

(m/s)-1 
rfopt 

CPLopt/Cs 

(m/s)-1 
rfopt 

CPLopt/Cs 

(m/s)-1 

1 0.787 0.25 1 0.05 1 0.04 1 0.04 1 0.11 1 0.12 1 0.03 

2 0.787 0.5 1 0.05 1 0.05 1 0.03 0.98 0.11 1 0.14 1 0.03 

3 0.787 0.75 1 0.05 1 0.05 1 0.03 1 0.09 1 0.14 1 0.03 

4 0.787 1 1 0.05 1 0.04 1 0.02 1 0.11 1 0.13 1 0.03 

5 0.787 1.27 1 0.05 1 0.04 1 0.02 1 0.11 1 0.14 1 0.04 

6 0.787 1.5 1 0.05 1 0.06 1 0.03 1 0.13 1 0.09 1 0.03 

7 0.787 1.75 1 0.04 1 0.05 1 0.03 1 0.14 1 0.12 1 0.03 

8 0.787 2 1 0.04 1 0.06 1 0.02 1 0.14 1 0.11 1 0.03 

9 1 0.25 1 0.04 1 0.05 1 0.03 1 0.15 1 0.15 1 0.06 

10 1 0.5 1 0.05 1 0.05 1 0.03 1 0.15 0.5 0.05 1 0.08 

11 1 0.75 1 0.05 1 0.05 1 0.03 1 0.15 1 0.15 1 0.05 

12 1 1 1 0.06 1 0.06 1 0.03 1 0.15 1 0.15 1 0.05 

13 1 1.25 1 0.06 0.95 0.05 1 0.03 1 0.15 1 0.15 1 0.05 

14 1 1.5 1 0.04 1 0.05 1 0.03 1 0.15 1 0.15 1 0.04 

15 1 1.75 1 0.05 1 0.05 1 0.03 1 0.15 1 0.15 1 0.040 

16 1 2 1 0.05 1 0.04 1 0.03 1 0.15 1 0.15 1 0.040 
 

Table 3a: Optimum values of the TMD system to reduce RYm  considering 

different damping mechanisms and configurations. 

 
Structure Linear damping mechanism Power law damping mechanism 

 System 1 System 2 System 1 System 2 

No. 
ωs 

(rad/s) 
ωθ/ωs rfopt CLopt/Cs rfopt CLopt/Cs rfopt 

CPLopt/Cs 

(m/s)-1 
rfopt 

CPLopt/Cs 

(m/s)-1 

1 0.787 0.25 0.25 0.013 0.25 0.01 0.25 0.038 0.25 0.038 

2 0.787 0.5 0.5 0.025 0.5 0.035 0.5 0.075 0.5 0.075 

3 0.787 0.75 0.75 0.03 0.75 0.045 0.75 0.113 0.75 0.113 

4 0.787 1 1 0.05 1 0.06 1 0.05 1 0.050 

5 0.787 1.27 1.25 0.063 1.25 0.088 1.25 0.188 1.27 0.191 

6 0.787 1.5 1.5 0.075 1.45 0.102 1.45 0.218 1.5 0.225 

7 0.787 1.75 1.725 0.086 1.725 0.104 1.725 0.259 1.725 0.259 

8 0.787 2 1.95 0.098 1.95 0.098 2.01 0.302 1.95 0.293 

9 1 0.25 0.75 0.008 0.7 0.007 0.7 0.007 0.7 0.007 

10 1 0.5 0.5 0.025 0.5 0.03 0.5 0.075 1.05 0.158 

11 1 0.75 0.75 0.04 0.75 0.038 0.75 0.113 0.75 0.113 

12 1 1 1 0.06 1 0.06 1 0.06 1 0.100 

13 1 1.25 1.25 0.063 1.25 0.075 1.2 0.18 1.2 0.180 

14 1 1.5 1.5 0.09 1.5 0.09 1.5 0.225 1.5 0.225 

15 1 1.75 1.75 0.105 1.725 0.121 1.725 0.259 1.725 0.259 

16 1 2 1.975 0.099 1.98 0.06 1.95 0.293 1.9 0.285 
 

Table 3b: Optimum values of the TMD system to reduce 
θɺRm  

considering different damping mechanisms and configurations. 
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Structure Linear damping mechanism Power law damping mechanism 

 System 1 System 2 System 3 System 1 System 2 System 3 

No

. 
ωs  

(rad/s) 
ωθ/ωs rfopt CLopt/Cs rfopt CLopt/Cs rfopt CLopt/Cs rfopt 

CPLopt/Cs 

(m/s)
-1 

rfopt 
CPLopt/Cs 

(m/s)
-1 

rfopt 
CPLopt/Cs 

(m/s)
-1 

1 0.787 0.25 1 0.05 1 0.04 1 0.04 1 0.15 1 0.12 1 0.03 

2 0.787 0.5 0.5 0.02 0.5 0.03 1 0.03 0.5 0.075 0.5 0.075 1 0.02 

3 0.787 0.75 0.75 0.045 0.75 0.06 1 0.03 0.75 0.113 0.75 0.113 1 0.02 

4 0.787 1 1 0.05 1 0.06 1 0.01 1 0.14 1 0.11 1 0.01 

5 0.787 1.27 1 0.08 1.2 0.12 1 0.02 1.25 0.188 1.2 0.18 1 0.02 

6 0.787 1.5 1 0.06 1.05 0.158 1 0.03 1.5 0.225 1 0.15 1 0.04 

7 0.787 1.75 1 0.04 1 0.06 1 0.03 1 0.15 1 0.12 1 0.04 

8 0.787 2 1 0.07 1 0.07 1 0.02 1 0.15 1 0.15 1 0.02 

9 1 0.25 1 0.05 1 0.06 1 0.03 1 0.15 1 0.15 1 0.04 

10 1 0.5 0.5 0.025 0.5 0.025 1 0.02 0.5 0.075 0.5 0.075 1 0.04 

11 1 0.75 0.75 0.038 0.75 0.053 1 0.02 0.75 0.113 0.775 0.116 1 0.03 

12 1 1 1 0.05 1 0.06 1 0.01 1 0.10 1 0.12 1 0.01 

13 1 1.25 1.25 0.088 1.25 0.10 1 0.02 1 0.15 1.05 0.158 1 0.05 

14 1 1.5 1.5 0.09 1 0.08 1 0.03 1 0.15 1 0.15 1 0.03 

15 1 1.75 1 0.05 1 0.06 1 0.03 1 0.15 1 0.15 1 0.050 

16 1 2 1 0.05 1 0.06 1 0.03 1 0.15 1 0.15 1 0.030 
 

Table 3c: Optimum values of the TMD system to reduce 
YR

m ɺɺ   

considering different damping mechanisms and configurations. 

 
4 CONCLUSIONS 

The analysis of structures with TMDs to reduce the wind induced peak response is carried out. For 

the analysis the wind loading is simulated based on commonly used power spectral density of wind 

load. The analysis results show that the peak responses can be reduced with the use of TMDs with 

linear and nonlinear damping mechanisms. More specifically, it is concluded that: 

1)   The mean response ratios are affected by the correlation coefficient between the total horizontal 

force and the torsional moment; however, the selection of the optimum TMD system is not sig-

nificantly affected by it. 

2)  The use of two or three TMDs in reducing the peak responses (in particular the torsional re-

sponse) for the considered structures is likely to be governed by the feasibility of the construc-

tion and installation of the TMDs. 

3)  In general, for the dampers with the power law damping mechanism, the mean response ratio 

decreases as the ratio between the damping coefficient whit power law mechanism to the damp-

ing coefficient of the main structure increases. 

4) The use of TMDs with viscous damping mechanism is not effective for large values of the coeffi-

cient of viscous damping.  
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5)  In general the optimum tuning frequency of the dampers is equal to the vibration frequency of 

the mode of the structure whose response is to be reduced. 

6)  The ratios of the optimum coefficient of viscous damping to the coefficient of damping of the 

main structure and the optimum coefficient of power law damping to the coefficient of damping 

of the main structure are more dependent on the type of response considered compare to the op-

timum frequency ratio. 
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