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1 INTRODUCTION

The theory of generalized thermoelasticity with one relaxation time was introduced by Lord and
Shulman (1967). In this theory Cattaneo-Maxwell law of heat conduction replaces the conventional
Fourier’s law. The heat equation associated with this theory is a hyperbolic one and hence automat-
ically eliminates the paradox of infinite speeds of propagation inherent in both the uncoupled and
the coupled theories of thermoelasticity. For many problems involving steep heat gradients and
when short time effects are sought this theory is indispensable. Sherief and El-Maghraby (2003,
2005) solved some crack problems for this theory. Sherief and Hamza has obtained the solution of
axisymmetric problems in cylindrical regions in (1994) and in spherical regions in (1996). Sherief
and Ezzat (1994) have obtained the solution in the form of series. Sherief and Dhaliwal (1981) used
asymptotic expansions to obtain the solution of a 1D problem and to find the locations of the wave
fronts and the speed of propagation of thermoelastic waves. This theory was extended to deal with
thermoelastic diffusion in (2004), micropolarity of the medium in (2005), viscoelastic effects in
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(2011). Sherief et.al (2010) extended this theory using fractional derivatives. Under this theory,
Sherief and Abd-Ellatief (2013, 2014a, 2014b) have solved some problems.

Functionally graded materials (FGMs) are a new class of materials with the material properties
varying continuously along specified directions. Due to their desirable properties, FGMs have been
increasing used in modern engineering applications (Wang(2013)). For example, the functionally
graded metal-ceramic composites have been used as thermal barriers or thermal shields in various
applications(Lee et.al(1996), Tsukamoto(2010)). Especially, Praveen et.al. (1999) in severe tempera-
ture environments, such as extremely high temperature and thermal shock, widely potential appli-
cations are opening for FGMs.

In recent years, Asgari and Akhlaghi (2009) composition of several different materials is often
used in structural components in order to optimize the thermal resistance and temperature distribu-
tion of structures subjected to thermal loading. Other works that consider FGM can be found in
(Nahvi et.al. (2008), Zafarmand et. al. (2015), Dey et.al. (2015)).

2 FORMULATION OF THE PROBLEM

In this work, we consider a homogeneous isotropic thermoelastic solid occupying the region x >0

"z " from

composed of a FGM material whose Lamé's parameters depend on the vertical distance
the surface. The surface of the half-space is taken to be traction free and is subjected to a thermal
shock that is a function of time. We assume also that there are no body forces or heat sources inside
the medium. The initial conditions are assumed to be homogenous.

From the physics of the problem, it is clear that all the variables depend on z and ¢ only. The

displacement vector will thus have the form.
u =(u(x,r),0,0) (1)
The equation of motion is given by

oo 0%u
a_x:p8t2 )

whereo = o is the normal component of the stress tensor given by
ou
o=(A+2u)—-CBA+2u)a, 6 (3)
Ox

where A,y are Lamé's modulii. @, is the coefficient of thermal expansion and @ =T —T, where

T is the absolute temperature, 7o is the temperature of the medium in its normal state such that

|0]<<1.
Substituting from Equation (3) into Equation (2), we get
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where p is the density. The equation of the heat conduction has the form

%6 0 0° ou
kaxzz(g-‘rfomj (pCE0+T0(3/1+2,U)at§J (5)

where C, is the specific heat per unit mass in the absence of deformation, k is the thermal con-

ductivity and 1o is the relaxation time. From now on, we shall take A, g in the form

A=Xhe™, pu=pe™ (6)

where 4, y, and “a” are constants. Thus equations (3-5) take the form

o =(Ay+2u,)e ™™ 8—”—(3/1+2,u)at e e (7)
Ox
821/1 a —ax au a —ax
p? = (4 + Zﬂo)a_x(e aj_ (B +2uy) 2, a_x( € 9) (8)
p 00 [0 TN opur (34 + 20 ) e e O
ox2 lar Fogs2 P Lk o\, T 24hp) &, ox (9)

We shall use the following non-dimensional variables

x=cnx,u'=cqu, t=cnt,,=c’nt, a'=alcn

oo T 0-:(310+2,uo)at0, oo io+2,uo, 77:&
Ao+ 2114 Ao+ 211, p k

Using the above non-dimensional variables, equations (7)-(9) take the form

o=e " [S—Z - 9] (10)
u_ o . fou
o1’ _E( ( ox 9}] (D)
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0% _[ 9 +7 o° O+se ™ Ou 12
ox® ot ‘or? 0x 12
The remaining components of the stress tensor are given by:
[ (B°=2) Ou
o, =0, =e (T 2y 0 (13)
O-Xy = GXZ = O-yZ = 0 (14)

where & =Ty (3, +214,)° &” [ (A +2u,)k 17, f° = (Ao+24)

Ho
We assume that the boundary conditions have the form
6(0,t)=f(t), 8(0,t)=0,1t>0 (15)
o (0,t)=0 (©,t)=0,¢t >0 (16)

where f(t) is a known function of ¢

3 SOLUTION IN THE LAPLACE TRANSFORM DOMAIN

Applying the Laplace transform with parameter s defined by the relation

0

f(x ,s):J‘e’”f (x,0)dt

to both sides of equations (10)-(13), we get the following equations

G=e " (2—;7 - éj (17)
ajﬁ :(s +10;2)(§ te e ™™ %J (19)
o, =0.=e" (%2—? - 5} (20)

In order to solve the above equations, we shall use the perturbation method. We expand the
temperature, displacement and stress functions as follows:
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0=0° +a0 +a%0? +...
u =u(0) +au(1) +a2u(2) +...
=09 +a0® +4°6? +...

where 8) andu ) are functions to be determined, i = 0, 1, ...

Equations (18-19) gives, upon equating the coefficients of “a ” in both sides up to order 1

2 0 N (0 PR
*u® 009 _ .G

N 21
ox? ox ()
2u® 00Y w5 g, ou® -
= —s?uW=x s%u@+ e (22)
ox ox ox
820" N ou®
=(s+7 0 +¢ 23
ox? ( ) Oox (23)
020® e 0u® 2 0u®
—(s+7,5)] 0V +6—— |=—¢ex (s +7,57) 24
ox? ( ° ox o (24)
Using expansion of equation (17), we obtain
_ ou®
X
_ out
o _ 6)(1) X O.(O) (26)
Ox
P ) .
Eliminating @ = between equations (21) and (23), we get
{D" -D’ [s2+(1+8)s(1+1'0s)] +s3(1+10s)} u@=0 (27)
0
where D =—
Ox
The general solution of equation (27) which is bounded at infinity can be written as
—(0) —kqx —kyx
u =—kAd e —k,A,e’" (28)

where A; and A, are parameters depending on s only and k, and k, are the roots with positive

real parts of the characteristic equation
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Kt —k?[ 5%+ (L4 8) 1+ 148) s [+ 5° (L4 748) =0
From equations (21) and (28), we get
6" =4, (k2-s%)e™ +4,(k2-5%)e ™" (29)

The boundary conditions (15-16) give

0© =f(s), ax =0 (30a)
0® =0, atx =0 (30b)
a;(0) B
X
ou" -
a——9(1)=0, aIx=0 (30(1)
X

In order to determine A,,A4, we shall use the boundary conditions (30a), (30c) to obtain

f(s)
b=
1 2

Equations (28), (29) become

;(0) _ —[kl e—k1x _kz e*kz x]

fEyE S (s) (31)

—(0) :[(klz —s2)e ™ — (k2-5%)e "

0 e f1s) (32)

Eliminating u @ between Eq. (22) and Eq. (24), we get
{ D*-D’ [sz +(1+¢&) s+ TOS)] +5°(L+1,5) } oW

_ _ (33)
=g(s + TOSZ) (—ZDG(O) +x(2s*°-D*) D u(O))

Substituting from equations (31-32) into the right hand side of equation (33) and factorizing the
left hand side as before, we obtain

(D? —kf)(p? _k§)§<1> =(C,x +E)e ™ +(Cpx +E,)e " (34)
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where
C, =ck! (s+ros2) (2s2 —kf)Al, E = 2£k1(s+ros2) (kl2 —SZ)A1
C,=-¢ck} (s+ros2) (252 —kzz)Al, E,=-2¢k, (s+ros2) (k22 —SZ)A1
The solution of the above non homogenous differential equation takes the form
0 =B, e +B, ey (F,x?+Gx)e ™ +(Fx?+Gyx)e™ (35)

where B and B2 are unknown parameters depending on s while the remaining parameters, due to
the particular solution, are given by

_ 2 2
Fl: _§1 2\’ Gl: 21 2 El 5k 2k22 Cl
bk, (ki —k3) 2k, (k—k3) 2k, (k! -k7)
C 1 5k -k}
F, = 3 2= 2~ 2 : 2

Ak, (k7 -k3) 2k, (kf —k3) 2k, (kf - k7)

By the same manner the displacement differential equation takes the form
2 g2 2 2\ 7@ —kyx Zkyx
(D7 =) (D?=kZ) u " = (Hyx+PB)e™ +(H,x+P)e™* (36)
where
H, = [(s+rosz) (s2 +5kf)—s2] kA4, B= [(3]{12 —1)s -& (S+Z'O )} A
H, =—[(s+z'os2) (s2+£k22)—s2}k2A1, P, =—[(3k22 —1)s —-& s+ros ]A1
The solution of Eq. (36) is given by
u =L e +L, ety (M, x* + Nyx)e ™ + (M ,x* + N, x) e (37)

where L; and Lz are unknown parameters depending on s while the remaining parameters, due to
the particular solution, are given by

_ _ 2_ 12
Ml: I;Il 2\’ Nl: 21 2 Pl 5k 2 k Hl
4k, (kP —k3) 2k, (kf —k3) 2k (k1 —k2)
H 1 5k 2 —k}
M,=——F—2——~ N,= P,———2_"L __H,

2k, (kf —k7) 2k, (kf —k7)

Substituting form Egs. (28), (35) and (37) into Eq. (24), comparing the coefficient of the expo-
nentials in the resulting equation, we get
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1
Ll :W{g(s + 78 2)N1+(S + T Z—klz)Bl—Gl}
L, =;{g(s + 7,8 2)N2 +(s + 7,8 2—k22)82 —GZ}

k,& (s + 7,8 2)
Substituting from Egs. (35), (37) into the boundary conditions (30b), (30d), we obtain
B,=-B,
kL ,+k,L,=N,+N,

Solving the above system, we obtain

G,+G
Bi=—5—3
kz _kl

The other constants can be easily obtained from equation (38a, b,c).

(38a)

(38b)

(38¢)

(38d)

(39)

Thus we have the solution in the Laplace transform domain for the temperature and displace-

ment functions. The stress o can be determined from Egs. (25-26). The solution in the physical

domain can be obtained by using numerical inversion method outlined in (Honig and Hirdes

(1984)). This method has been successfully used in solving many problems in the theory of thermoe-

lasticity (see e.g. (Sherief and Megahed (1999)) , (Sherief and Anwar (1988))

4 NUMERICAL RESULTS AND DISCUSSION

The copper material was chosen for purposes of numerical evaluations. The constants of the prob-

lem are shown in table 1

k=386 W/(m K) ar = 1.78 (10)° K ce = 381 J/(kg K) n = 8886.73
10 =3.86 (10)'° kg/(m s?) Ao = 7.76 (10)'* kg/(m s?) p = 8954 kg/m? To = 293 K
&= 0.0168 w=0.025s a=03m" b=0.04s

Table 1: The material constants.

The computations were carried out for different functions f(t). We have chosen the following

two cases:

Case 1

ﬂb(1+e"bs)
b3s%+71?

sin(ﬂ—tj 0<t<b .  —
f@)=/1)= b , giving f'(s) =

0 otherwise
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Case 2
£ () =fo()=H (), whichgives 7 (s) =+
S

The temperature, displacement and stress components were calculated by using the numerical method
for the inversion of Laplace transform illustrated in Honig and Hirdes (1984). The FORTRAN pro-
gramming language was used on a personal computer. The accuracy maintained was 5 digits for the nu-
merical program.

4.2 FIGURES and Discussion

Figures (1) and (2) show the temperature distribution for ¢ = 0.1 for cases 1 and 2, respectively. In
these figures and subsequent ones the dotted lines denote the case of constant Lamé’s modulii (CL)
while solid lines represent the case of variable Lamé’s modulii (VL). We note that changing of La-
mé’s modulii has very small effect on the temperature profile.

NN SR NN SRV SRR R

0. L L A B T 1
0.2 0.4 0.6 0.8 1.0

Figure 1: Temperature Distribution (Case 1).

1.0
0.8
0.6

0.4

0.2
X
03T B B S

0. 0. 0. 0. 1.

Figure 2: Temperature Distribution (Case 2).
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Figures (3) and (4) show the displacement distribution for t = 0.1 for cases 1 and 2, respective-
ly. We note that an increase in the values of Lamé’s modulii results in an increase in the value of
the displacement.

0.02
0.01
0.00
-0.01
-0.02
-0.03
-0.04
-0.05

-0.06 L L ey e A A A B
0.2 0.4 0.6 0.8 1.0

HH\LHH\‘HH\‘HH\’\HH’\HH il

Figure 3: Displacement Distribution (Case 1).

0.02

0.00

-0.02

-0.04
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g b b b el
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0.2 0.4 0.6 0.8 1.0

Figure 4: Displacement Distribution (Case 2).

Figures (5) and (6) show the stress distribution for ¢ = 0.1 for cases 1 and 2, respectively. We
note that an increase in the values of Lamé’s modulii results in a decrease in the value of the stress

component O, .
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Figure 5: Stress Distribution (Case 1).

: o :
= S
o b oo oo b

L e B

0.2 0.4 0.6 0.8 1.0

Figure 6: Stress Distribution (Case 2).

Figures (7-12) show the distributions of 8, u and o for different times. In these figures the solid
lines and the dotted lines represent ¢ = 0.08 and t = 0.12, respectively. We note that the increase of
the time results in an increase in the thermal wave penetration into the medium. The same effect is
noticed for the displacement and the stress distributions.

0.8
0.6
0.4

0.2

o b b gl |l

0.0 L L e e ey
0.2 0.4 0.6 0.8 1.0

Figure 7: Temperature Distribution (Case 1).
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Figure 8: Temperature Distribution (Case 2).
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Figure 9: Displacement Distribution (Case 1).
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Figure 10: Displacement Distribution (Case 2).
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Figure 11: Stress Distribution (Case 1).
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Figure 12: Stress Distribution (Case 2).

Comparison between the values of all the functions are shown in tables 2-4.

Case 1 Case 2
* 6 with VL. @ with CL @ with VL @ with CL
0.0 0.000296 0.000296 1.000001 1.000001
0.1 0.425885 0.425885 0.832995 0.833987
0.2 0.557514 0.557514 0.674497 0.674486
0.3 0.483596 0.483596 0.524252 0.524261
0.4 0.316010 0.316010 0.387114 0.387143
0.5 0.145895 0.145895 0.266362 0.266402
0.6 0.045327 0.045327 0.164323 0.164365
1.0 0.000000 0.000000 0.000000 0.000000

Table 2: Temperature Values for ¢ = 0.1.
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Case 1 Case 2
* u with VL u with CL u with VL u with CL
0.0 -0.051336 -0.049402 -0.080899 -0.077832
0.1 0.011103 0.012565 0.016642 0.018645
0.2 0.006049 0.007109 0.009127 0.010863
0.3 0.002754 0.003371 0.004668 0.005794
0.4 0.000968 0.001236 0.002083 0.002696
0.5 0.000210 0.000280 0.000718 0.000968
0.6 0.000008 0.000011 0.000099 0.000139
1.0 0.000000 0.000000 0.000000 0.000000
Table 3: Displacement Values for ¢t = 0.1.
Case 1 Case 2

* O with VL O with CL O with VL O with CL
0.0 0.0 0.0 0.0 0.0
0.1 -0.478295 -0.488032 -0.580715 -0.956027
0.2 -0.562944 -0.603679 -0.686920 -0.737411
0.3 -0.462179 -0.512436 -0.507448 -0.563973
0.4 -0.288202 -0.330666 -0.356693 -0.410386
0.5 -0.127300 -0.151274 -0.233853 -0.278512
0.6 -0.041152 -0.046068 -0.137480 -0.169432
1.0 0.0 0.0 0.0 0.0

Table 4: Stress Values for ¢t = 0.1.

As usual in dealing with problems of the theory of generalized thermoelasticity, the finite speed
of wave propagation is apparent. For ¢ = 0.1 the solution is identically zero for z > 0.6341, approx-
imately, for both cases.

We note that for case 2, the temperature and stress distributions have two discontinuities. The
first discontinuity is at x = 0.973 approximately while the second discontinuity is at = 0.6341
approximately. The first discontinuity in the temperature is very small in value and does not show
in the figure. The displacement distribution is continuous but has discontinuous first derivatives at
the above locations. These locations are the locations of the wave fronts. These discontinuities are
due to the fact that the input thermal shock f,(¢) is a discontinuous function.

For case 1, where the thermal shock is represented by a continuous function f(t), all the con-

sidered functions are continuous. The temperature and stress have discontinuous first derivatives at

the wave fronts.
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