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Abstract 
In this work, the combined effect of moisture and temperature on 
the bending behavior of simply supported orthotropic cylindrical 
shells has been investigated. Initially three dimensional equilibrium 
equations of thermoelasticity, simplified to the case of generalized 
plane strain deformations in the axial direction are solved analyti-
cally for an orthotropic cylindrical shell strip under thermal loading. 
Based on the realistic variation of displacements from the elasticity 
approach, a new higher order shear deformation theory was proposed 
for the analysis of an orthotropic cylindrical shell strip under hygro-
thermal and mechanical loading. The zigzag form of the displacement 
is incorporated via the Murakami zigzag function. Results are pre-
sented for mechanical and thermal loading for various layups and 
they are validated against the derived elasticity solution. The signif-
icance of retaining various higher-order terms in the present model, 
in evaluating the stresses and deflection for composite laminates is 
brought out clearly through parametric study. Useful results for com-
bined hygrothermal loading are presented in tabular and graphical 
form. It is expected that the numerical results presented herein will 
serve as bench mark in future. 
 
Keywords 
Hygrothermal; thermoelasticity; composite laminates; higher order 
shear deformation; zigzag function. 
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1 INTRODUCTION 

Applications of the laminated composite structures have been increasing in the field of aerospace, 
automobile, civil and other engineering, as these structures possess advantages of high specific stiffness 
and high specific strength with a good tailoring capability. Aerospace structures such as wings or 
fuselages are mostly assemblies of shell structures, these structures are exposed to environmental 
conditions such as high temperature and moisture effect that are detrimental to the strength and 
stiffness of the composite structures. Hence the analysis of such composite shell structures under 
hygrothermal loading has been of considerable interest to researchers.  
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Classical shell theories originally developed for analysis of thin elastic shells based on the Love- 
Kirchhoff assumptions are not applicable for the analysis of laminated composite shells, as these 
theories neglect the effect of transverse shear deformations. Thus the application of such theories to 
laminated composite shells where shear deformation is very significant, such as thick laminates, may 
lead to errors in calculating deflections and stresses. Whereas higher order theories which account for 
shear deformation are useful to accurately model such laminated composite shells.  

In order to establish the accuracy of any shell theory, it is important to compare the results with 
the benchmark results based on theory of elasticity, because they represent closer approximation to 
actual behavior of the structure than the commonly used engineering theories of bending. Thus such 
a solution can be deemed as a standard benchmark for determining the range of applicability of 
classical as well as other engineering theories. This has been the prime motivation for three dimen-
sional analyses of beam, plate and shell structures. Such elasticity solutions are limited only for specific 
geometry and boundary conditions; hence one has to resort to approximate classical and higher order 
theories for complex loading and geometry. 

Considerable work on the analysis of laminated composite shells has been reported by Noor et al. 
(1991) and Noor and Burton (1992). Other notable work on laminated shells under thermal/hygro-
thermal loading based on theory of elasticity/higher order models are as follows. 

Huang and Tauchert (1991)&(1992) have presented elasticity solutions for cross-ply cylindrical 
panels and doubly curved cross-ply laminates. Burton and Noor (1994) presented three-dimensional 
thermoelasticity solutions for sandwich panels and cylindrical shells subjected to thermo- mechan-
ical loads. Khdier (1996) presented thermoelastic analysis of cross-ply circular cylindrical shells 
using the higher order theory of JN Reddy. Ding and Tang (1998) have derived exact thermoelastic 
solution for an axisymmetric problem of thick closed laminated shells while Xia and Ding (2001) 
derived a three-dimensional thermoelastic solution for laminated cantilever cylindrical shell. Khare 
et al.(2003) presented closed-form solution of 2D higher-order shear deformation theories for the 
thermo-mechanical analysis of simply supported doubly curved cross-ply laminated shells. In addi-
tion, Sayman Onur (2005) presented the stress analysis of thick multi-layered composite cylindrical 
shells under hygrothermal loading using elasticity solutions based on the Lekhnitskii’s theory for 
plane strain case. 

Furthermore, Naidu and Sinha (2005) presented a finite element formulation based on FSDT 
for large deformation behavior of laminated composite cylindrical shell panels subjected to hygro-
thermal environments. Jacob and Senthil (2006) derived an exact solution for thermoelastic re-
sponse of functionally graded orthotropic cylindrical shells. In another study, Brischetto and Car-
rera (2008) study the thermal stress analysis of composite shell  by refined multilayered models. A 
study on the free-edge effects in laminated circular cylindrical shell panels subjected to hygrother-
mal loading is carried out by Nosier and Miri (2009) by utilizing displacement-based theories.  A 
complete review on the analysis of laminated  composite shells under thermal and hygrothermal 
loading from 2000 to 2010 has been recently reported by Qatu et al. (2012). Yifeng and Yu (2011) 
constructed  a hygrothermoelastic model capable of performing a hygrothermoelastic stress analysis 
of composite laminates by using variational-asymptotic method. Later on, Lal et al. (2011) investi-
gated the effect of random system properties on transverse nonlinear central deflection of laminated 
composite spherical shell panel subjected to hygro-thermo-mechanical loading using higher order 
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theory proposed by JN Reddy. Brischetto and Carrera (2012) studied the static analysis of multi-
layered smart shells subjected to mechanical, thermal and electrical loads by using Carrera Unified 
Formulation (CUF). 

Recently in 2013, Jafari et al. (2013) presented the thermo-elastic response of a 2-D functionally 
graded open cylindrical shell with temperature-dependent material properties based on third-order 
shear deformation plate theory of JN Reddy.  

Very recently, Brischetto (2013) analyzed multilayered composite and sandwich shells under hy-
grothermal loads using refined two-dimensional models that has been developed based on Carrera 
Unified Formulation (CUF).  

A careful study of the references on thermally loaded laminated shells based on elasticity reveals 
that most of them provide just the solutions but not useful numerical results in the form of deflections 
and stresses for various span to thickness ratio as has been reported by Pagano(1970b)&(1970a) for 
laminated plates under mechanical loading, Ren (1987), Bhaskar and Varadan (1993) for laminated 
shells under mechanical loading and Bhaskar et al. (1996) for plates under thermal loading. Taking 
care to note, that, these works has formed a well-established basis for assessment, as well as develop-
ment of the methodology for various laminate theories and is most commonly referred to, one can 
recognize the absence of such important benchmark results for the flexure of thermally loaded ortho-
tropic laminated shells. Thus the objective of this present study is to present benchmark results in a 
form suitable for the evaluation of various shell theories for orthotropic laminated shells under thermal 
loading. Having derived the benchmark results, then from the realistic variations of displacements 
based on the elasticity approach were used to develop an accurate higher order model for analysis of 
laminates under hygrothermal loading. 
 
2  FORMULATION 

2.1 Elasticity Solution   

A N-layered cylindrical shell strip that is infinitely long in the axial direction as shown Fig. 1 is 
considered. The fiber orientation of any layer is either parallel along θ or z direction. The equations 
governing the cylindrical bending of the shell are: 
 
2.1.1 Equilibrium Equations 

௥,௥ߪ ൅
߬௥ఏ,ఏ
ݎ

൅ ሺߪ௥ െ ఏሻ/rߪ ൌ 0 

߬௥ఏ,௥ ൅
ఏ,ఏߪ
ݎ

൅ 2߬௥ఏ/ݎ ൌ 0 
(1)

 

where a subscript comma denotes differentiation. 
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Figure 1: Geometry and coordinate system of shell 

 
2.1.2 Thermoelastic Stress-Strain Law 
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where Cij’s and i‘s are the stiffness coefficients and the coefficients of thermal expansion, respectively, 
transformed from the material co-ordinates to the geometric co-ordinates. ܶሺݎ,  is the change in	ሻߠ
temperature with reference to the stress-free isothermal state. 
 
2.1.3 Strain -Displacement Relations 

௥,௥ݑ௥ୀߝ 			 																																							
ఏߝ ൌ ሺݑఏ,ఏ ൅ ݎ/௥ሻݑ 		 				 		
௥ఏߛ	 ൌ ሺݑ௥,ఏ െ  ఏ,௥ݑ൅ݎ/ఏሻݑ

(3)

 

where ur and u  are the displacements in r  and  directions respectively.  
Using Eqns. (2) and (3), the equilibrium equations (Eqn. (1)) can be written in terms of displace-

ments as 
 

ሾܮሿሼݑሽ ൌ ሼݐሽ (4)
 

where [L] and {t} are function of Cij’s and i‘s, and {u} is the displacement vector.  
The temperature variation is taken as 
 

ܶ ൌ ଴ܶሺݎሻ ሺ݉݊݅ݏ ௠ሻ (5)ߠ/ߠߨ
 

The longitudinal edges are assumed to be simply-supported such that  
 

௥ݑ ൌ ఏߪ ൌ 0  at θ=0, ߠ௠ (6)
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2.1.4 Solution	

A solution for Eqn. (4) satisfying the conditions of Eqn. (6), can be assumed as 
 

ቄ
௥ݑ
ఏݑ
ቅ ൌ ൜

∅௥ ௠ሻߠ/ߠߨሺ݉݊݅ݏ
∅ఏ ݏ݋ܿ ሺ݉ߠ/ߠߨ௠ሻ

ൠ (7) 
 

where ߶୰	and	߶ఏ	are functions of r. Substitution of this solution in Eqn. (4) yields a set of coupled 
fourth order system of non-homogeneous ordinary differential equations with variable coefficients, 
which can be further reduced to a set of ordinary differential equations with constant coefficients by 
a simple transformation [Wylie and Barrett (2012)]. Thus the final solution in terms of complementary 
solution and particular integral results in evaluation of four arbitrary constants per layer. Thus for 
an N-layer laminate there will be 4N unknown constants. These can be determined by enforcing the 
continuity of the displacements		ݑ௥	ܽ݊݀	ݑఏ	and the transverse stresses ߬௥ఏ	andߪ௥௥ at the (N-1) inter-
faces of the laminate, along with the following lateral surface conditions 
 

߬௥ఏ ൌ ௥௥ߪ ൌ 0 (8)
 
2.2 Higher Order Model 

2.2.1 Definition of Displacement Field  

Based on the results from elasticity solution, it can be proposed that the following complete model 
with 13 terms are required to accurately predict the behavior of a finite cross-ply shell under thermal 
loading  
 

ݑ ൌ ௢ݑ ൅ ௫∅ݖ ൅ ௫ߣ	ଶݖ ൅ ଷݖ ௫ߞ ൅ ߰௞ܵ௫ 
ݒ ൌ ௢ݒ ൅ ఏ∅ݖ ൅ ఏߣ	ଶݖ ൅ ଷݖ ఏߞ ൅ ߰௞ܵఏ 
ݓ ൌ ௢ݓ ൅ ଵݓݖ ൅ ߁	ଶݖ  

(9) 

 

To demonstrate the capability of the proposed model, the formulation was made for the case of 
cylindrical bending similar to the elasticity solution with only v and w (ݑఏ	ܽ݊݀	ݑ௥). 
Consider an infinitely long laminated cylindrical shell panel. The panel coordinate system is such 
that		0 ൑ x ൑ ∞	, 0 ൑ θ ൑ θ୫	and െ h/2 ൑ z ൑ h/2. The mean radius of the shell strip is considered 
as R and the load is uniform along the x axis so that the shell undergoes cylindrical bending	ሺε୶ ൌ
0ሻ. 
 

ݒ ൌ ௢ݒ ൅ ఏ∅ݖ ൅ ఏߣ	ଶݖ ൅ ଷݖ ఏߞ ൅ ߰௞ܵఏ 
ݓ ൌ ௢ݓ ൅ ଵݓݖ ൅ ߁	ଶݖ (10)

 

The other displacement model assumed here is HSDT6 by neglecting the higher order terms in w 
which is described as: 
 

ݒ ൌ ௢ݒ ൅ ఏ∅ݖ ൅ ఏߣ	ଶݖ ൅ ଷݖ ఏߞ ൅ ߰௞ܵఏ 
ݓ ൌ 									௢ݓ 												

(11)

 

where v	and w	are the displacements at any point in the laminate. The parameter 	v୭	is		the in-plane 
displacement, and w୭	is the transverse displacement of a point on the middle plane. The functions 
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	ϕ஘		is the rotation of the normal to the middle plane about  θ . The other parameters λ஘, ζ஘, wଵ	and	Γ 
are unknown higher-order terms which are function of θ  only. 	ψ୩		is the zigzag function term as 
defined by Murakami (Murakami, 1986) 
 

߰௞ ൌ 2ሺെ1ሻ௞ݖ௞/݄௞ (12)
 

where 	z୩	is a local transverse coordinate with its origin at the center of the kth layer and h୩	is the 
corresponding layer thickness.  

The stress-stain law for the kth layer with respect to the (x,θ) coordinate is given by: 
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 (13)

 

where the C୧୨
୩′ݏ are the transformed elastic coefficients and		∆T ൌ T െ T଴	, ∆C ൌ C െ C଴, in which, 

Tሺx, θ, zሻ	and	Cሺx, θ, zሻ		are the temperature and moisture loads variations through the thickness re-
spectively, whereas T0 and C0 are the reference temperature and moisture concentration respectively. 
α୶,	α஘,		and	α୸ are the thermal expansion coefficients and β୶,	β஘ and  β୸ are the moisture expansion 
coefficients respectively.  

Expression for the principle of virtual work is 
 

මሺσ୶δε୶ ൅ σ஘δε஘ ൅ σ୸δε୸ ൅ τ୶୸δγ୶୸ ൅ τ୶஘δγ୶஘ ൅ τ஘୸δγ஘୸ሻdzdA െඵqδwdA ൌ 0 (14)
 

where q is the load per unit area on the mid-surface of the shell. 
Integrating the displacement gradient given in Eq. (14) for the case of cylindrical bending by 

parts and by setting the coefficient of δv଴, δw଴, δ∅஘, δλ஘, δζ஘, δS஘, δwଵ and δΓ	to zero separately, we 
obtain the following equilibrium equations with associated boundary conditions. 
 

N஘,஘ ൅ N஘୸ ൌ 0;					 J஘,஘/R െ J஘୸ ൌ 0  
M஘,஘/R െ N஘୸ ൌ 0;          N஘୸,஘ െ N஘ ൅ Rq ൌ 0    
K஘,஘ െ T஘୸=0;                   M஘୸,஘ െ M஘ െ RN୸ ൌ 0  
H஘,஘ െ H஘୸=0;                  K஘୸ െ K஘ െ 2RM୸ ൌ 0

(15)

 

 The equilibrium equations for displacement models HSDT6 are the first six equations of displacement 
model HSDT8 given in Eq. (15)  

Boundary conditions are given as  
At	θ ൌ 0 constant: one from each of the following bracketed quantities should be specified: 

 

ሺN஘, v଴ሻ, ሺM஘, ϕ஘ሻ, ሺK஘, λ஘ሻ, ሺJ஘, ζ஘ሻ,  
ሺH஘, S஘ሻ, ሺN஘୸,w଴ሻ, ሺM஘୸,wଵሻ and ሺK஘୸, Γሻ

(16)
 

The generalized stress resultants occurring in Eq. (15) are defined as follows: 
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ே

௄ୀଵ
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2ሺെ1ሻ௞ሺܴ ൅ ሻݖ

݄௞
, ሺ3ܴݖଶ െ ,ଷሻݖ2 ሺ3ܴݖ െ  ሺ௞ሻݖଶሻሻ݀ݖ2

(17) 

 

The integration being from െh୩	/2	to		h୩/2 and the summation being carried out over the N 
of shells. 

From Eqns. (10-13), the stress resultants can be expressed in terms of displacements, hence the 
equilibrium equations can be written in terms of generalized displacements in operator form 
as: 
 

ሾLሿሼδሽ ൌ ሼfሽ (18)
 

where [L] is a matrix of differential operators with respect to ߠ, {δ} represent the displacement vector 
ሾ	v଴	∅஘		λ஘		ζ஘		S஘	w଴	wଵ	Γሿ and {f} is the load vector that depends on the mechanical and hygrothermal 
load. 

The solution assumed for Eq. (18) expressed in terms of displacements which satisfies the above 
boundary conditions Eq. (16) is: 
 

ሺv଴, ∅஘, λ஘, ζ஘, S஘ሻ ൌ ሺPଵ, Pଶ, Pଷ, Pସ, Pହሻ cosሺπθ/θ୫ሻ 
ሺw଴,wଵ, Γሻ ൌ ሺP଺, P଻, P଼ ሻ sinሺπθ/θ୫ሻ

(19)
 

where P1 to P8 are the displacement amplitudes. Using Eq. (19) in Eq. (18) results in a system of 
linear algebraic equations and by solving these equations, unknown coefficient {δ} can be obtained 
readily and subsequently in-plane stresses and transverse stresses can be obtained. Although the 
transverse shear stresses can be calculated from the constitutive relations, these stresses may not 
satisfy the continuity conditions at the interface between layers, hence transverse shear stresses are 
obtained by integrating three dimensional equilibrium equations of elasticity. 
 
3 RESULTS AND DISCUSSION  

In this section, initially, benchmark results based on elasticity are generated for cylindrical shell strips 
under mechanical loading to validate the analytical formulation of both the elasticity approach and 
the new higher order model developed.  Then the results are presented for both mechanical and 
hygrothermal loads for various cross-ply layups and through the thickness variations of displacements 
and stresses are given for various R/h ratios. 

All laminas are assumed to be of the same thickness and made of the same orthotropic materials 
with the following lamina properties (Bhaskar et al. (1996)). 
 

E୐
E୘

ൌ 25;
G୐୘
E୘

ൌ 0.5	;
G୘୘
E୘

ൌ 0.2;	v୐୘ ൌ v୘୘ ൌ 0.25	and	
α୘
α୐

ൌ 1125 
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Here L and T refer to the properties parallel and perpendicular respectively to the fiber. 
All the results are generated for laminates with simply supported boundary condition such that at 
θ=constant 

N஘ ൌ M஘ ൌ K஘ ൌ J஘ ൌ H஘ ൌ w଴ ൌ wଵ ൌ Γ ൌ 0 (20)
 

All reported results for thermal and hygrothermal loads are normalized using the following di-
mensionless expression except that for the mechanical loading which is stated in the corresponding 
Table. 

wഥ ൌ w/ሺhα୐Tഥ଴Sଶሻ;(vതሻ ൌ ሺvሻ/ሺhα୐Tഥ଴Sሻ    
൫σഥ୧, τത୧୨൯ ൌ ሺσ୧, τ୧୨ሻ/ሺE୘α୐Tഥ଴) , where  S=R/h 

(21)

 

3.1 Validation of the Laminate Model 

For validating the formulation of the new higher order model HSDT8 of the orthotropic laminated 
shell, initially the laminate is considered to be under mechanical loading for which the elasticity 
results are regenerated using Ren’s formulation (Ren (1987)). A simply supported laminated shell 
made of symmetric three-layer cross-ply (90/0/90) under mechanical loading was considered. The 
results for both the elasticity and higher order model HSDT8 are presented in Table 1 for comparison. 
The results for both stresses and displacements are found to agree very well even for thick laminates 
(R/h=4). It should be noted that the reported values of displacements and stresses based on elasticity 
has been generated using the elasticity formulation derived in this paper. 
 

R/h Theory ݓഥ(0,-h/2) ̅ݒ(0,-h/2) ߪത௫(±h/2) ߪതఏ(±h/2) ߬̅ఏ௭(±h/6) 

4 
HSDT8 

4.0629 
4.1222 

5.1029 
7.0811 

0.0050 
-0.0252 

1.2111 
-1.6598 

0.4093 
0.4778 

Elasticity 
3.9818 
4.0194 

5.1511 
6.9449 

0.0283 
-0.0165 

1.2752 
-1.6441 

0.4112 
0.4845 

10 
HSDT8 

1.2236 
1.2266 

3.8797 
4.9994 

0.0054 
-0.0125 

0.8124 
-0.9116 

0.4780 
0.5082 

Elasticity 
1.2180 
1.2205 

3.8731 
4.9812 

0.0107 
-0.0091 

0.8189 
-0.9085 

0.4780 
0.5082 

20 
HSDT8 

0.7866 
0.7867 

5.0021 
5.9609 

0.0059 
-0.0093 

0.7307 
-0.7712 

0.4889 
0.5042 

Elasticity 
0.7862 
0.7861 

5.2657 
5.9573 

0.0079 
-0.0077 

0.7328 
-0.7698 

0.4890 
0.5040 

50 
HSDT8 

0.6595 
0.6595 

10.4948 
11.4017 

0.0065 
-0.0078 

0.7060 
-0.7211 

0.4907 
0.4967 

Elasticity 
0.6595 
0.6595 

10.4946 
11.4015 

0.0072 
-0.0072 

0.7067 
-0.7204 

0.4907 
0.4966 

100 
HSDT8 

0.6398 
0.6398 

20.3639 
21.2610 

0.0068 
-0.0074 

0.7026 
-0.7100 

0.4934 
0.4904 

Elasticity 
0.6397 
0.6397 

20.3628 
21.2594 

0.0070 
-0.0071 

0.7028 
-0.7096 

0.4933 
0.4904 

* z values are given in parentheses; 𝜃 values are such that the sin or cos function become a maximum 

Table 1: Dimensionless maximum displacements and stresses of cross-ply (90/0/90) cylindrical shell strips  
subjected to mechanical loading 
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As there are no benchmark results available in the literature for validation of higher order models 
for thermal loading; firstly, benchmark results based on the developed elasticity solution are generated 
for simply supported laminated shell strip under thermal loading. The results are presented in Table 
2-4 for laminated shells  made of  (a)  a  unidirectional  shell  with  the  fibers  oriented  in  the	ߠ 
direction (90);  (b) bidirectional laminated  cylindrical  shell with the T  and  L directions parallel  
the ߠ-direction  in  the  bottom  and  top  layers  respectively, the  layers  being  of equal  thickness 
(/0);  (c)  a symmetric 3-ply cylindrical  shell with layers of  equal  thickness-the L direction 
coincides with the θ-direction in the outer layers, while T is  parallel  to  the ߠ-direction  in  the  
central  layer (90/0/90).  

For these problems the shell strip was considered to be subjected to temperature field linearly 
varying through the thickness (i.e..  T ൌ 2Tഥ଴ሺz/hሻ sinሺmπθ/θ୫ሻሻ. For to understand the capability of 
the HSDT8 in predicting the stresses and displacements accurately, results based on HSDT8 are also 
included in Table 2 and 3 for comparison and hence the validation of this higher order model under 
thermal loading. The results for both stresses and displacements are found to agree well even for thick 
laminates (R/h= 4) for all cases as shown in the following tables. 
 
 

R/h Theory wഥ(±h/2)* ̅ݒ(±h/2) ߪത௫(±h/2) ߪതఏ(±h/2) ߬̅ఏ௭(±h/4) 

4 
HSDT8 

20.4768 
20.9610 

1.3363 
5.8297 

-1117.50 
1136.80 

1138.7 
617.2 

67.89 
-65.36 

Elasticity 
20.3599 
20.7900 

1.1750 
5.5470 

-1113.21 
1131.92 

1178.4 
692.1 

57.16 
-54.71 

10 
HSDT8 

5.7233 
5.7306 

0.6527 
1.1611 

-1118.90 
1132.60 

570.1 
486.8 

15.67 
-15.55 

Elasticity 
5.7026 
5.7090 

0.6468 
1.5993 

-1119.30 
1129.80 

569.1 
487.7 

14.99 
-14.87 

20 
HSDT8 

3.5068 
3.5070 

0.7260 
1.1385 

-1121.50 
1129.00 

293.2 
272.7 

4.18 
-4.16 

Elasticity 
3.5023 
3.5020 

0.7248 
1.1366 

-1123.83 
1127.71 

292.2 
271.8 

4.11 
-4.10 

50 
HSDT8 

2.8815 
2.8815 

0.8085 
0.9659 

-1123.50 
1126.60 

117.1 
113.8 

0.68 
-0.68 

Elasticity 
2.8791 
2.8791 

0.8078 
0.9655 

-1123.83 
1126.13 

116.4 
113.6 

0.67 
-0.68 

100 
HSDT8 

2.7920 
2.7920 

0.8421 
0.9203 

-1124.24 
1125.80 

58.3 
57.8 

0.17 
-0.17 

Elasticity 
2.7851 
2.7851 

0.8400 
0.9190 

-1124.42 
1125.58 

58.0 
57.3 

0.16 
-0.17 

* z values are given in parentheses; 𝜃 values are such that the sin or cos function become a maximum 

Table 2: Dimensionless maximum displacements and stresses of (90) cylindrical shell strips subjected  
to thermal loading 
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R/h Theory ݓഥ(±h/2)* ̅ݒ(±h/2) ߪത௫(±h/2) ߪതఏ(0,-h/2) ߬̅ఏ௭(0) 

4 HSDT8 
74.09 
75.83 

-24.02 
28.90 

-156.00 
1112.10 

2216.54 
-1407.10 

-105.85 
-105.85 

 Elasticity 
76.93 
78.83 

-24.51 
30.39 

-169.85 
1109.01 

2427.50 
-1598.95 

-98.93 
-105.85 

10 HSDT8 
 

Elasticity 

54.42 
54.72 
55.04 
55.34 

4.36 
20.08 
4.42 
20.32 

-202.60 
1103.10 

2713.86 
-1903.01 

-51.29 
-51.29 

 
-208.79 
1105.69 

2756.8 
-1931.53 

-50.54 
-51.30 

20 HSDT8 
50.48 
50.56 

10.33 
17.55 

-215.60 
1101.90 

2813.46 
-2054.60 

-26.55 
-26.55 

 Elasticity 
50.65 
50.72 

10.37 
17.61 

-218.62 
1104.40 

2824.30 
-2059.68 

-26.42 
-26.42 

50 HSDT8 
48.82 
48.84 

13.39 
16.15 

-222.01 
1101.80 

2848.35 
-2130.70 

-10.74 
10.74 

 Elasticity 
48.85 
48.86 

13.39 
16.17 

-222.95 
1103.70 

2848.96 
-2129.71 

-10.72 
-10.72 

100 HSDT8 
 

Elasticity 

48.39 
48.39 
48.39 
48.39 

14.34 
15.71 
14.34 
15.71 

-223.91 
1101.80 

2855.46 
-2153.00 

-5.38 
-5.38 

 
-224.10 
1103.50 

2853.80 
-2150.91 

-5.37 
-5.37 

            * z values are given in parentheses; 𝜃 values are such that the sin or cos function become a maximum. 

Table 3: Dimensionless maximum displacements and stresses of cross-ply (90/0) cylindrical shell strips  
subjected to thermal loading 

 

* z values are given in parentheses; 𝜃 values are such that the sin or cos function become a maximum 

Table 4: Dimensionless maximum displacements and stresses of cross -ply (90/0/90) cylindrical shell  
strips subjected to thermal loading 

R/h Theory wഥ(±h/2)* vത(±h/2) σഥ୶(±h/2) σഥ஘(±h/6) τത஘୸(±h/6) 

4 
HSDT8 

 
Elasticity 

19.64 
19.80 
19.60 
19.75 

1.32 
5.50 
1.92 
5.39 

-1115.3 
1136.2 
-1131.3 
 1114.1 

   -398.6 
    347.2 
-396.9 
347.3 

9.62 
2.06 
10.12 
2.21 

10 
HSDT8 

 
Elasticity 

5.87 
5.86 
5.86 
5.85 

0.78 
1.80 
0.78 
1.80 

-1119.0 
1130.9 
-1119.9 
1128.6 

-384.3 
359.3 
-383.6 
359.3 

3.62 
2.20 
3.71 
2.21 

20 HSDT8 
3.83 
3.83 
3.83 
3.83 

0.84 
1.30 
0.84 
1.30 

-1121.5 
1127.8 

-378.0 
365.1 

1.66 
1.29 

 Elasticity 
-1122.2 
1126.7 

-377.7 
365.1 

1.69 
1.30 

50 HSDT8 
3.25 
3.25 

0.92 
1.10 

-1123.3 
 1125.9 

-374.0 
368.9 

0.63 
0.57 

 Elasticity 
3.25 
3.25 

0.92 
1.10 

1123.6 
1125.5 

-373.9 
368.8 

0.62 
0.56 

100 HSDT8 
3.17 
3.17 

0.96 
1.04 

-1123.9 
 1125.2 

-372.7 
370.2 

0.30 
0.29 

 Elasticity 
3.17 
3.17 

0.95 
1.04 

-1124.1 
1125.1 

-372.6 
370.1 

0.30 
0.29 



 J.S. Mohamed Ali et al. / Hygrothermoelastic Analysis of Orthotropic Cylindrical Shells     583 

Latin American Journal of Solids and Structures 13 (2016) 573-589 
 

Through the thickness variations of the displacements and stresses in the (90/0/90) shell strip 
presented in Figs 2 and 3. As can be seen from Fig.2, the variation of  wഥ  is small for R/h=10. 
for a thick laminate with R/h=4,	wഥ		varies significantly, thus while developing refined theories for 
thermal stress analysis of thick laminates, it is necessary to account for the thickness-stretch effect. 
Based on this observation from elasticity results, higher order terms have been considered for w in 
the higher order model (HSDT8). The variation of the in-plane displacement for thermal loading are 
shown in Fig 3, from which it can be noted that there is a considerable warping of the normal and a  
pronounced zig-zag effect for the case of the thick laminates. To show the importance of zig-zag term 
in the developed HSDT8 on the accurate prediction of in-plane displacement, through the thickness 
variation of  inplane displacement with (HSDT8) and without zig zag term (HSDTWZ) in the Higher 
order model for both thermal and mechanical loading are graphed in Fig 4 and Fig 5 respectively. It 
can be noted from theses figures that zig-zag term is important in v for accurate prediction of dis-
placements. 
 

 

Figure 2: Varaition of deflection ࢝ഥ  under thermal 
loading for (90/0/90) shell strip 

Figure 3: Varaition of displacement ࢜ഥ under thermal 
loading for (90/0/90) shell strip 

 
To show the importance of the zig-zag function and the thickness stretch/contraction term, results 

obtained by dropping these terms from HSDT8 are also included in Figs 4-9 and Table 5. The thick-
ness wise variations of the deflection, in-plane stresses and interlaminar stresses τത஘୸ are given in Figs 
6-9 for (90/0/90) cylindrical shell strip under thermal loading. From the above Tables and Figures it 
can be seen that not only the displacements but also the in-plane and the interlaminar stresses are 
accurate even for thick laminates under thermal loading. In all the above Tables, results and graphs 
for σഥ୰ (or	σഥ୸ ) have not been presented. It is expected that once the transverse shear stresses are 
estimated accurately, their use with the integration of three-dimensional equilibrium equation would 
automatically yield accurate values of  σഥ୰ (or		σഥ୸ ). 
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Figure 4: Varaition of displacement ࢜ഥ	under thermal 
loading for (90/0/90) shell strip 

Figure 5: Varaition of displacement ࢜ഥ	under mechani-
cal loading for (90/0/90) shell strip 

 

Figure 6: Varaition of deflection ࢝ഥ  under thermal 
loading for (90/0/90) shell strip 

Figure 7: In-plane stress ࣌ഥࣂunder thermal   
for (90/0/90) shell strip 

 
Table 5 compares the results for deflection obtained by HSDT8, HSDT6 (HSDT8 without the 

higher order terms in w) and CST with results obtained from 3-D elasticity solution.  It can be seen 
that HSDT6 demonstrates a marked accuracy deterioration in the deflection especially at low values 
of aspect ratio (R/h<10). Thus HSDT6 as well as CST, without the thickness stretching effect being 
considered, ends up with a very poor estimation of deflection for low values of R/h. 
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Figure 8: In-plane stress ߪത௫under thermal  
loading for (90/0/90) shell strip 

Figure 9: Transverse shear stress ߬̅ఏ௭	under thermal  
loading for (90/0/90) shell strip 

 
 
 
 
 
 
 
 
 

* z values are given in parentheses; 𝜃 values are such that the sin or cos function become a maximum 

Table 5: Dimensionless maximum deflection wഥ(-h/2)* of (90/0/90) shell strip under thermal load 

 
Thus from above Tables 1-5 and Fig 4-9, it is clear that for mechanical/thermal loading, the 

displacements and stresses obtained using HSDT8 which account for both thickness stretch effect in 
w and zig-zag function in v agree very well with those obtained by 3D elasticity solution even for 
thick laminate with R/h = 4. 
 
3.2 Results for Hygrothermal Loading 

Having validated the higher order model HSDT8, a study on the effect of combined loading-thermal 
and hygroscopic load on the bending response of simply supported (90/0/90) laminated cylindrical 
shell strip is analyzed. 

A linear variation of moisture and thermal distribution across the shell thickness is considered. 
 

T ൌ 2Tഥ଴ ቀ
z
h
ቁ sinሺmπθ/θ୫ሻ 		and C ൌ 2Cത଴ ቀ

z
h
ቁ sinሺmπθ/θ୫ሻ (22)

 

R/h HSDT8 HSDT6 CST Elasticity 

 4 19.80 2.147 3.145 19.754 

10 5.869 2.950 3.145 5.860 

20 3.830 3.096 3.145 3.827 

50 3.257 3.139 3.145 3.255 

100 3.175 3.145 3.145 3.171 
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where Tഥ0 and Cത0 are the temperature and moisture concentration that are assumed to be 300oK and 
0.01% respectively, where ߠ௠ is taken to be 1 radian and  m=1. 

Also the thermal and moisture expansion coefficients are assumed to be(Zenkour et al., 2014): 
 

α୘ ൌ 22.5 ∗ 10ି଺/oK   ; 		α୐ ൌ 0.02 ∗ 10ି଺	/oK 
β୐ ൌ 0	; β୘ ൌ 0.6	(wt. %H2O)-1 

 

Table 6 shows the results for deflections of (90/0/90) laminated cylindrical shell strip under 
combined loads (hygrothermal). When comparing with the results from Table 4, one can see that the 
hygrothermal load affects the deflection and stresses more than the thermal loading and in some 
cases, it is almost twice the value of thermal case, as reported for laminated plates (Zenkour et al., 
2014).  

* z values are given in parentheses; 𝜃 values are such that the sin or cos function become a maximum 

Table 6: Dimensionless maximum displacements and stresses of cross–ply (90/0/90) cylindrical shell strips subjected 
to hygrothermal loading 

 

Figure 10: Varaition of deflection ࢝ഥ  under thermal 
and hygrothermal loading for (90/0/90) shell strip 

Figure 11: In-plane stress ࣌ഥࣂunder thermal and  
hygrothermal loading for (90/0/90) shell strip 

 

R/h Theory ݓഥ(±h/2)* ̅ݒ(±h/2) ߪത௫(±h/2) ߪതఏ(±h/6) ߬̅ఏ௭(±h/6) 

4 HSDT8 
24.75 
24.94 

1.31 
 7.49 

-2103.6 
2128.6 

-818.70 
757.10 

19.44 
11.65 

10 HSDT8 
8.83 
8.82 

1.23 
2.99 

-2107.6        
2121.9 

-803.60 
773.84 

7.12 
3.29 

20 HSDT8 
6.50 
6.50 

1.47 
2.30 

-2110.6 
2118.1 

-796.50 
781.16 

3.36 
2.95 

50 HSDT8 
5.84 
5.84 

1.67 
1.99 

-2112.7 
 2.115.7 

-791.97 
785.77 

1.30  
 1.23 

100 HSDT8 
5.76 
5.76 

1.74 
1.90 

-2.113.4 
 2.114.9 

-790.42 
787.32 

0.64 
0.63 
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Figure 12: In-plane stress ࣌ഥ࢞under thermal and  
hygrothermal loading for (90/0/90) shell strip 

Figure 13: Transverse shear stress ࣎തࢠࣂ	under thermal  
and hygrothermal loading for (90/0/90) shell strip 

 
Fig 10-13 shows the thickness-wise variation for deflections and stresses of a (90/0/90) laminated 

cylindrical shell strip under both thermal and hygrothermal loading for a very thick laminate(S=4). 
When comparing the results for hygrothermal loading with the results from thermal loading, one can 
see that the hygrothermal load affects the deflection and stresses more than the thermal loading and 
it can be seen that the stresses increases prominently at the interfaces and in some cases it is almost 
twice the value of thermal case. 
 
4  CONCLUSION 

Thermoelastic solutions for orthotropic cylindrical shells under thermal loading have been presented. 
Useful benchmark results based on elasticity have been presented for cross-ply laminated cylindrical 
shell strip. A new accurate higher order theory (HSDT8) based on realistic variations of displacements 
from the elasticity has been proposed. The results of the proposed model were validated against 3D 
elasticity solution and found to predict well both the stresses and displacements, even for a thick 
laminate.  Numerical results are presented for various cross-ply layup of cylindrical laminated shell 
strips under thermal loading. The graphical and tabular results presented bring out clearly the im-
portance of higher order terms in the present theory HSDT8. It was found that for thick laminated 
shells, inclusion of the thickness stretch/contraction effects are more important only for thermal load-
ing whereas the accounting for the interface slope discontinuity (zig-zag function) of the in-plane 
displacements is essential for both mechanical and thermal loading. It is believed that the results 
presented here will serve as benchmark in future. 
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