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Abstract 
Currently, there are a lot of research activities dealing with gam-

ma titanium aluminide (-TiAl) alloys as new materials for low 
pressure turbine (LPT) blades. Even though the scatter in me-
chanical properties of such intermetallic alloys is more distinctive 

as in conventional metallic alloys, stochastic investigations on -
TiAl alloys are very rare. For this reason, we analyzed the scatter 
in static and dynamic mechanical properties of the cast alloy Ti-
48Al-2Cr-2Nb. It was found that this alloy shows a size effect in 
strength which is less pronounced than the size effect of brittle 
materials. A weakest-link approach is enhanced for describing a 
scalable size effect under multiaxial stress states and implemented 
in a post processing tool for reliability analysis of real components. 
The presented approach is a first applicable reliability model for 
semi-brittle materials. The developed reliability tool was integrat-
ed into a multidisciplinary optimization of the geometry of a LPT 
blade. Some processes of the optimization were distributed in a 
wide area network, so that specialized tools for each discipline 
could be employed. The optimization results show that it is possi-
ble to increase the aerodynamic efficiency and the structural me-
chanics reliability at the same time, while ensuring the blade can 
be manufactured in an investment casting process. 
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1 INTRODUCTION 

The introduction of gamma titanium aluminide (-TiAl) alloys, as a material for low pressure tur-
bine (LPT) blades, is one of the most promising attempts for saving weight and consequently fuel of 
aero engines like shown in Appel (2011). For this reason, there are a lot of activities in industrial 
and scientific research dealing with different -TiAl alloys and since some years first blades made of  
-TiAl alloys are used in real airplanes, see also the press releases of MTU (2015), Snecma (2015) 
and GE (2015).  

Due to the high specific modulus and strength, the weight of a LPT blade made of a -TiAl al-
loy would be approximately half of a conventional blade made of a nickel based alloy. This weight 
reduction also leads to much smaller centrifugal forces acting on the blades and consequently on the 
disc, which holds the blades. An additional re-design to decrease the weight of disc and other fixa-
tion components should be possible. Thus, not only the lightweight -TiAl blades, but also the ef-
fects on other engine parts could reduce the total engine weight and accordingly save a significant 
amount of fuel.  

Most of current investigations are related to material characterization in a temperature range of 
500°C - 900°C (Recina and Karlsson, 2000 / Henaff and Gloanec, 2005 / Appel et al., 2010), micro-
mechanical modeling (Chakraborty and Earthman, 1998 / Kabir et al., 2010), or classical compo-
nent design processes based on deterministic approaches. However, probabilistic aspects should be 
considered when developing -TiAl turbine blades due to the quasi-brittle behavior of these alloys at 
room temperature. Classical stochastic approaches like Monte Carlo are inefficient and cannot be 
used to directly address failure probabilities of technical components smaller than 10-4, when the 
component loading needs to be calculated by time-consuming numerical methods like the finite ele-
ment method. There are well-known probabilistic methods, see for example Munz and Fett (1999) 
or Nemeth et al. (2005), for calculating the failure probability of brittle components based on the 
weakest link theory developed by Weibull (1951). Still, these methods cannot be directly applied for 
quasi-brittle materials like -TiAl. Therefore, in this work we present a modified weakest link ap-
proach representing the experimental findings of a commercially available cast -TiAl alloy and 
show its applicability for calculating the component failure probability. 

When substituting a low pressure turbine blade made of a nickel alloy with one made of a -
TiAl alloy, the original geometry of the blade needs to be modified due to the different material 
properties and specific manufacturing restrictions. For this purpose, it is necessary to consider the 
aerodynamic efficiency and the structural mechanics reliability as well as manufacturing limitations 
and expenses. Usually, aspects of aerodynamic performance and deterministic structural mechanics 
are treated by the original equipment manufacturer (OEM), while the manufacturability is in the 
hand of the component supplier and stochastic aspects are neglected so far. Since manufacturing 
aspects are assessed only at the end of such a design process, complete aerodynamic re-designs are 
often necessary, resulting in a time-consuming iterative design process. Thus, a blade design gener-
ated in this sequential way would probably not lead to an optimal geometry. Accordingly, we pre-
sent a fully automated and multidisciplinary simulation process chain. This process chain is used in 
a geometry optimization of a low pressure turbine blade to demonstrate the feasibility to increase its 
aerodynamic efficiency and the structural mechanics reliability. At the same time it is ensured that 
the resulting geometry can be manufactured by an investment casting process as well. 
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2 STATIC AND FATIGUE STRENGTH OF CAST TI-48AL-2CR-2NB 

In this investigation we characterized the static and fatigue material behavior of the gamma titani-
um aluminide alloy Ti-48Al-2Cr-2Nb, which is already used for turbine blades in aircraft engines. 
The specimens were prepared by creating round bars with an investment casting process resulting 
in a duplex microstructure. After applying a hot isostatic pressing (HIP) process, the bars were 
lathed to the final geometry. The specimens used for the fatigue experiments were additionally pol-
ished before testing.  

Three different specimen geometries were developed. All specimens are round tensile bars with a 
parallel section in the middle. The enlargement sections of the specimens were defined by a b-spline 
formulation instead of a classical radius to minimize the stress concentration without enlarging the 
specimens too much. The optimal spline definition was identified by finite element simulations for 
each specimen size. The parameters of the developed geometries are listed in Table 1. Tensile tests 
were performed using a 100 kN Instron spindle testing machine with a load cell scaled to 30 kN, 
while the strain was measured by a Fiedler laser extensometer. Different tensile test procedures 
were used for characterizing the elastic and the elasto-plastic material behavior. The Young’s modu-
lus is determined from an un- and reloading segment after reaching a nominal stress slightly over 
the initial yield stress. 20 samples with a diameter of D = 4 mm were used for this investigation. 
For characterizing the elasto-plastic behavior the nominal stresses and strains were determined 
while loading until fracture in a displacement controlled experiment. For each of the three geome-
tries, 20 samples were used in this test series. 
 

Geometry parameters 

Diameter in 
parallel section 

(mm) 

Length of 
parallel section 

(mm) 

Volume of 
parallel section 

(mm3) 

Type of 
fixation 
thread 

Length 
between 

threads (mm) 

Spline 
parameter 

2 8 31 M8x1 29 mm 0.68 

4 10 125 M12x1 39 mm 0.75 

6 15 424 M16x1 49 mm 0.64 

Sketch and photo 

Table 1: Geometry parameters of the specimens for tensile tests and fatigue experiments; sketch with colored  
stress levels and photograph of a specimen with a diameter in parallel section of D = 4mm. 

 
The experimentally determined Young’s modulus is normal distributed with a mean value of 

174 GPa and a standard deviation of 14 GPa. After an initial yield stress of 357 ± 16 MPa (mean 
value ± standard deviation) some amount of hardening occurs until the strength of 437 ± 13 MPa 
is reached. The maximum plastic strain is determined to be 0.94 ± 0.18 %. The fracture positions 
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are uniformly distributed and not localized in the transition section between the parallel section and 
the fixation of the specimen. From this, it is concluded that the geometry optimization was success-
ful. The probability plot of the tensile strength values in Figure 1 (left) shows a size effect indicat-
ing that the larger the loaded volume the smaller the measured strength value. Additionally, it is 
shown that the size effect is less pronounced than the classical size effect of brittle materials, which 
is implicitly included in Weibull’s weakest link theory, as shown in Munz and Fett (1999). Here, the 
failure probability Pf is expressed by the applied stress , the material’s characteristic strength 0, 
the Weibull modulus m, the loaded volume V and the reference volume V0 as shown in the follow-
ing equation: 
 

m

f
0 0

V
P 1 exp

V

æ öæ öæ ö ÷ç s ÷÷ ÷ç çç ÷÷ ÷= - -ç çç ÷÷ ÷ç çç ÷÷ ÷ç ç sè øè øç ÷çè ø
 (1) 

 

In Figure 1 (left) the expected strength distribution for the samples with D = 2 mm and D = 6 
mm are calculated from the results of the samples with D = 4 mm assuming a classical size effect 
with the loaded volume being equal to the nominal volume of the sample. The fact that 
Ti-48Al-2Cr-2Nb shows a reduced size effect is not surprising, since this intermetallic compound 
behaves nearly brittle with a small amount of plastic deformation. A similar effect of a less pro-
nounced size effect has already been shown by Padgett et al. (1995) for carbon fibers and by Curtin 
(1999) for fiber reinforced composites. Both groups introduced a scaling parameter on the size ratio, 
which is a length ratio for these fiber materials. Transferred to the case of volume related failure, as 
we expect for an intermetallic alloy, equation (1) is extended by a scaling parameter , which has a 
range from zero to one: 
 

m

f
0 0

V
P 1 exp with 0 1

V

aæ öæ ö æ ö ÷ç s ÷÷ ÷ç çç ÷÷ ÷= - - £ a £ç çç ÷÷ ÷ç çç ÷÷ ÷ç ç sè ø è øç ÷çè ø

  (2)

 

Using this approach, it is possible to rebuild the experimental findings of a moderate size effect 
in strength, see Figure 1 (right). The determined parameters for this case are 0 = 443 MPa, m = 
44, V0 = 125 mm3,  = 0.56. All values are listed in Table 2. 
 

Identified model parameters 

 
V0 

(mm3) 
0 

(MPa) 
m 

tensile test (nominal) 125 443 44 0.56 

fatigue test (nominal), R = 0.1, N = 6.0e+6 125 407 (44) (0.56) 

tensile test (125) 453 31 0.30 

fatigue test, R = 0.1, N = 6.0e+6 (125) 413 (31) (0.30) 

strength, cast flat sample (125) 382 28 0.74 

fatigue, cast flat sample, R = 0.1, N = 1.0e+6 (125) 332 (28) (0.74) 

Table 2: Identified model parameters from different experiments for a defined reference volume V0.  
Values in round brackets (…) are taken from the experiments listed the lines above.  
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Figure 1: Probability plot of the measured strength values for three different specimen sizes (D: 2 mm, 4 mm, 6 mm) 

in comparison with the classical size effect of brittle materials calculated from the mean sample size (left)  

and in comparison with the modified size effect following the Curtin model (right). 

 
Additional load controlled fatigue tests with a stress ratio of R = min / max = 0.1 were per-

formed using specimens with a diameter of D = 4 mm in a servo hydraulic testing machine at fre-
quencies of 10 Hz and 30 Hz. In Figure 2 (left) the cycles to failure are plotted against the maxi-
mum applied stress for the fatigue experiments. The tensile strength data as well as the initial yield 
stress data are additionally represented for comparison. The fatigue data shows that the fatigue 
regime for this cast -TiAl alloy is very narrow and directly below the tensile strength regime. This 
leads to a great scatter in the fatigue behavior. When creating a probability plot of the fatigue 
strength data for a defined number of cycles to failure, it is possible to adopt the former described 
probabilistic strength model to rebuild this fatigue behavior. In Figure 2 (right) the estimated fa-
tigue probability data for 6 million cycles to failure is in a good agreement with the scaled probabil-
istic strength model with 0 = 407 MPa, when the other parameters are not changed. 
 

Figure 2: Comparison of the fatigue data, the tensile strength data and the initial yield stress data (left); estimated  

probability plot of fatigue strength for 6 million cycles with R = 0.1 in comparison to the tensile strength. 
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3 A MODIFIED FAILURE CRITERION AND ITS IMPLEMENTATION IN A RELIABILITY TOOL 

The former described model is able to rebuild the experimental findings of an assumed uniaxial 
experiment with a constant stress level in the tested volume. For applying it in a reliability assess-
ment of a real technical component, it is necessary to enhance the model to deal with multiaxial 
stress states and non-uniform stresses. Furthermore, the model needs to be independent of the dis-
cretization, when the stress level is in a converged state. For this purpose, a post processing tool 
called HYPRA was developed. This reliability tool acts in principle like other tools such as 
CaresLife from NASA (Nemeth et al., 2005) or STAU from KIT (Roudi et al., 2005).  

Before performing the reliability assessment, stresses and strains within the component under 
load have to be calculated using the finite element method (FEM). The FEM results are then im-
ported into the reliability tool, so that for each element of the FE model the local failure probability 
can be calculated. From the local failure probabilities the overall failure probability of the whole 
component is calculated and the local results are exported in a vtk-file format for visualization. In 
the developed code the element probability can be directly calculated based on the element stress 
results or calculated by integrating over the volume within each element based on the nodal results. 
When the stresses vary only gradually within an element, the results obtained from element solu-
tion and element integration are nearly the same. But for the case of significant differences between 
the element and nodal results, the more time-consuming approach of the element integration should 
be preferred. 

To address a multiaxial stress state, two classical failure criteria for brittle materials were im-
plemented: the ‘principle of independent action’ (PIA) model and the ‘normal stress averaging’ 
(NSA) method. Both models and their implementation are briefly described in the following section. 
For more details of the original models, the reader is referred to the paper of Nemeth et al. (2005). 
The failure probability Pf,comp of a component under mechanical load can be calculated following 
Weibull’s weakest link theory by solving the volume integral of the local stress function g(): 
 

( )
comp

f,comp

V

P 1 exp g dV
æ ö÷ç ÷ç ÷ç= - - ÷ç ÷ç ÷÷çè ø

ò   (3)

 

The PIA model assumes that the principle stresses (1, 2, 3) are independently contributing 
to the overall failure probability: 
 

( )
m m m

1 2 3
PIA

0 0 0 0

1
g

V

æ öæ ö æ ö æ ö ÷ç s s s ÷÷ ÷ ÷ç ç çç ÷÷ ÷ ÷ç ç çç= + + ÷÷ ÷ ÷ç ç çç ÷÷ ÷ ÷÷ ÷ ÷ç ç çç s s s ÷è ø è ø è ø ÷çè ø
  (4)

 

The angle brackets (<…>) denote a function which assigns a zero value to negative argument 
values. This effectively leads to taking only tensile stresses into account. Instead of independently 
considering the principle stresses, the NSA model uses an effective tensile stress acting normal to an 
arbitrarily orientated flaw. The stress function is then defined as: 
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( )
( )

( )
2 2

m
NSA nm

0 0 0 0

2 2m 1
g sin d d

V

p p

+
= s g g b

p s ò ò  (5)

 

with 
 

( )( ) ( ) ( )( ) ( ) ( )( )2 2 2
n 1 2 3cos sin cos sin sins = s g + s g b + s g b  (6)

 

Following equation (3), the failure probability of the component can be estimated by multiply-
ing the element probabilities of survival ps,elem(i): 
 

( )
l

f,comp s,elem
i 1

P 1 p i
=

= -  (7)

 

In case of using the element results, ps,elem can be directly calculated from the element stress 
tensor σelem and the element volume Velem: 
 

( )( )s,elem elem elemp exp g V= -   (8)
 

A more accurate way of calculating the volume integral within the element ps,elem is using 
Gaussian quadrature rules. For hexahedron elements a degree of 4 with 64 integration points is used 
to approximate ps,elem: 
 

( )( ) ( )( )
1 1 1

s,elem int

1 1 1

p exp det J s, t, r g s, t, r ds dtdr
- - -

æ ö÷ç ÷ç ÷= -ç ÷ç ÷ç ÷çè ø
ò ò ò   (9)

 

Here, J is the Jacobian matrix of the node coordinates. For tetrahedron elements, the element 
probability of survival is calculated by multiplying the probabilities of survival at the integration 
points ps,int: 
 

( )
p

s,elem s,int
j 1

p p j
=

=   (10)

 

with 
 

( )( )s,int int intp exp g V= -   (11)
 

Here, an integration degree of 5 with 15 integration points or a degree of 7 with 84 integration 
is used (Williams et al., 2014). The stresses at the integration points int are calculated from the 
nodal results by using the element shape functions, while the volumes associated to the integration 
points are calculated from the element volumes considering the weights of the integration points.  

After verifying the implemented models, they were modified to describe a scalable size effect. As 
described before, the scaling factor  is introduced in the uniaxial model as an exponent on the 
volume fraction of the loaded volume and the reference volume, which only works for constant 
stresses. If there are different stress levels present in the investigated volume, this needs to be con-
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sidered. The most promising way to realize this is to consider an effective volume Veff. By introduc-
ing  as the exponent of the fraction of Veff / V0 and normalizing it by a factor of 1 / Veff, it is 
ensured that the model rebuilds the classical size effect for  = 1: 
 

1
eff

0 eff 0

V 1 dV
dV

V V V

æ ö÷ç ÷ =ç ÷ç ÷çè ø
 (12)

 

Furthermore, for  = 0 the volume effect totally vanishes when the effective volume is calculat-
ed by a volume integral of the stress ratio, as it is usually defined for classical brittle materials 
(Munz and Fett, 1999): 
 

( )
comp

m

eff

V

V dV
max

æ ös ÷ç ÷ç= ÷ç ÷÷ç sè ø
ò  (13)

 

In this case, the failure probability only depends on the maximum stress in the structure: 
 

( )
comp

1m0
eff

0 eff eff V

V 1 1
dV dV dV dV

V V V max

-æ ö÷ç æ öæ ö ÷ç s ÷ ÷ç÷ç ç ÷ ÷÷ ç= =ç ç ÷ ÷÷ çç ç ÷ ÷÷ç ÷ç sè ø ç ÷è ø ÷ççè ø
ò  (14)

 

( )
comp comp

1m m

f,comp
0V V

P 1 exp dV dV
max

-æ öæ ö ÷ç ÷÷çç æ ö æ ö ÷÷çç s s÷ ÷÷ç ÷ççç ÷ ÷÷ ÷ç= - - ççç ÷ ÷÷ ÷ç çç ÷ç ÷÷ ÷ç÷ç s sè øç ÷ç ÷è ø ÷÷çç çè ø ÷çè ø

ò ò  (15)

 

( )comp

comp

m
m

V

f,comp
0m

V

dV
max

P 1 exp

dV

æ ö÷ç ÷ç ÷sç ÷ç ÷ç ÷æ ösç ÷÷ç ÷ç ÷ç= - - ÷ç ÷ç ÷ç ÷÷ ÷ç sç è ø ÷ç ÷ç ÷sç ÷ç ÷÷ç ÷çè ø

ò

ò

  (16)

 

( ) m
f,comp

0

max
P 1 exp

æ öæ ö ÷ç s ÷÷çç ÷÷çç= - - ÷÷çç ÷÷÷çç s ÷è ø ÷çè ø

  (17)

 

Consequently, the scalable size effect is implemented in the PIA model as presented in the fol-
lowing equation: 
 

( )
m3

eff,kk
PIA

k 1 0 0 eff,k

V 1
g

V V

a

=

æ öæ ös ÷÷ çç ÷÷ çç= ÷÷ çç ÷÷ ç÷ç ÷çsè ø è ø
å   (18)

 

with 
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( )

ml
k,i

eff,k elem,i
i 1 k,i 1..l

V V
max= =

æ öæ ö ÷ç s ÷÷çç ÷÷çç= ÷÷çç ÷÷çç ÷ ÷ç sè øç ÷è ø
å  (19)

 

The modified stress function of the NSA model is realized as: 
 

( )
( )

( )
2 2

m eff
NSA nm

0 eff0 0 0

2 2m 1 V 1
g sin d d

V V

p p
aæ ö+ ÷ç ÷= s g g bç ÷ç ÷çè øps ò ò   (20)

 

with 
 

( ) ( )

( ) ( )

2 2
m

n,i

0 0l

eff elem,i
i 1

2 2
m

n,i 1...l

0 0

sin d d

V V

max sin d d

p p

p p
=

=

æ ö÷ç ÷ç ÷ç ÷ç ÷s g g bç ÷ç ÷÷ç ÷ç ÷ç ÷ç ÷ç ÷= ç ÷ç æ ö ÷ç ÷÷ç ÷ç ÷ç ÷÷ç ç ÷÷ç ç ÷÷ç s g g bç ÷÷ç ç ÷÷ç ÷÷çç ÷÷çç ÷÷ç ÷ ÷ç çè è ø ø

ò ò

å

ò ò

 (21)

 

Due to the incorporation of the component measure Veff in the stress function g(), the local 
values of sp  should not be treated as physical interpretations of the local probability of survival 

anymore, because they are now scaled values considering the modified size effect. However, the part 
in the equation considering the scalable size effect can be brought before the volume integral with-
out changing the component probability of failure as can be seen from the following equations. For 
an easier understanding, a general formulation of the failure probability considering one effective 
volume is used and the stress function is modified by dividing it in a stress and a volume part: 
( ) ( ) 0g g 1 / V=  . Thus, the total scaled failure probability f,compP  corresponds to: 

 

( )
comp

eff
f,comp

0 effV

V 1
P 1 exp g dV

V V

aæ ö÷ç æ ö ÷ç ÷÷çç ÷÷= - - çç ÷÷çç ÷÷çè øç ÷÷ççè ø
ò   (22)

 

By rearranging this equation, it can be shown that the scaling factor indirectly acts as an expo-
nent on the component probability of survival: 
 

( )
comp

1

eff
f,comp

0 0V

V 1
P 1 exp g dV

V V

a-æ ö÷ç æ ö ÷ç ÷÷çç ÷÷= - - çç ÷÷çç ÷÷çè øç ÷÷ççè ø
ò   (23)

 

( )
comp

1
eff

f,comp
0 0V

V 1
P 1 exp g dV

V V

a-æ ö÷æ öç ÷÷ç ç ÷÷ç= - -ç ÷÷ç ç ÷÷çç ÷è ø ÷çè ø
ò   (24)

 



C. Dresbach et al. / A Stochastic Reliability Model for Application in a Multidisciplinary Optimization of a Low Pressure Turbine Blade…     2325 

Latin American Journal of Solids and Structures 13 (2016) 2316-2332 

( )
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0V
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V
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( )

1
0

eff

comp

V

V

f,comp
0V

1
P 1 exp g dV

V

-aæ ö÷ç ÷ç ÷ç ÷÷çè øæ æ öö÷÷ç ç ÷÷ç ç ÷÷ç ç= - - ÷÷ç ç ÷÷ç ç ÷÷÷÷ç çè è øø
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( )
1

0

eff

V

V
f,comp s,compP 1 P

-aæ ö÷ç ÷ç ÷ç ÷÷çè ø= -  (27)

 

Even though it is possible to consider the scalable size effect only on component level, all follow-
ing illustrations of the local failure probabilities are based on the local scaled values. This is ex-
pected to be the more realistic representation of the local material behavior. 
 
4 IDENTIFICATION OF THE MODEL PARAMETERS 

Since the developed method considers real stress distributions and multiaxial stresses, the tensile 
test results were re-evaluated with the developed reliability assessment tool to determine the correct 
material parameters. For this purpose, a parameter identification routine was set up with the soft-
ware OptiSLang® (Dynardo, 2014) as described in the following. First, a parameterized three di-
mensional finite element model of the tensile tests was created using the FEM software ANSYS®. 
The geometry of the tensile samples was rebuilt in a 1/8 model considering symmetry effects. The 
acting force was applied on a node of the fixation area, while the displacements of the other nodes 
of this area were coupled in loading direction. The model was used to simulate the tensile behavior 
of the three different geometries. Here, a maximum force higher than the maximum experimentally 
measured force was applied in a ramped manner by multiple load steps. The stress results of each 
load step were exported after the simulation. During the parameter identification process the failure 
probability is calculated for each load step and geometry. After analyzing all load steps, a calculat-
ed probability plot is created. As objective function, which has to be minimized, the total absolute 
failure sum between experimental and simulated stresses for equidistant probability levels between 
0.1 and 0.9 of all three geometries is calculated. The adaptive response surface (ARS) method of the 
software OptiSLang® is used for the identification process (Dynardo, 2014). 

The parameter identification converges relatively fast (best design achieved after 100 calcula-
tions) and results in a very good agreement between experiment and simulation, as can be seen 
from Figure 3. There is nearly no difference between the modified PIA and modified NSA model. 
The identified characteristic strength of 0 = 453 MPa is slightly higher compared to the nominal 
evaluation, while the scatter is more pronounced (lower m) and the size effect less pronounced (low-
er ). All values are listed in Table 2. For comparison the results of a parameter identification using 
the classical PIA criterion are additionally plotted in Figure 3. As expected, the classical approach 
cannot represent the experimental findings in contrast to the new method that enables a scaled size 
effect.  
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Figure 3: Comparison of the experimental and calculated probability plot for the identified parameter  

set using the modified PIA criterion (left) and the classical PIA criterion (right). 

 
The results of the fatigue experiments are also re-evaluated using the numerical model. Here, 

the characteristic fatigue strength for six million cycles is estimated to be 0 = 413 MPa, when fix-
ing the scatter parameter m and size effect parameter . 
 
5 CHARACTERIZING THE MANUFACTURING INFLUENCES ON THE STRENGTH OF CAST TIAL 

It is now possible to calculate the failure probability of a component under load with the described 
model and identified material parameters. This approach should work as long as the defect distribu-
tion inside the component is similar to that of the tested tensile samples. To investigate a possible 
manufacturing influence, which could result in different failure distribution, samples with typical 
aspects of low pressure turbine blades were designed. These samples were flat geometries with high 
aspect ratios defined by a thickness of 2.3 mm, a typical length of 195 mm and a width of 36 mm. 
The samples were tested as cast, meaning that no additional sample machining was done. There-
fore, the samples were not of ideal shape: In fact, they had some amount of bow and slightly differ-
ent thicknesses. Additional notches with a radius of r = 6 mm and r = 10 mm were milled in some 
samples to investigate if the model is also valid for different stress states. The geometry of all sam-
ples was characterized by measuring bow, thickness, width and difference in notch position to en-
sure a correct evaluation of the experimental results after testing. Special clampings were designed 
to reduce possible bending moments during the experiment. 

At first, the sensitivity of the parameter deviations on the expected results was investigated by 
a Monte Carlo simulation of the tensile experiments considering the measured geometry parameter 
distributions and their correlations. In this pre-investigation it was found that the geometry devia-
tions would lead to great scatter in a force related probability plot, whereas the scatter in a proba-
bility plot related to the nominal stress (F/Amin) is small and can be neglected. From this it was 
decided to evaluate the experimental results based on the nominal stresses using the finite element 
results based on the mean geometry. The geometry of the samples was rebuilt in a 1/4 model also 
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considering the bow of the samples. The acting force was applied on a node of the fixation area, 
while the displacements of the other nodes of this area were coupled in loading direction. 

In total 43 flat samples (24 with r = 10 mm, 10 with r = 6 mm, 9 without a notch) were suc-
cessfully tested under tensile load. In Figure 4 (left) can be seen, that the newly developed method 
could represent the experimental findings very well, when applying the same parameter identifica-
tion process as described for the tensile experiments. Again, there is nearly no difference between 
the modified PIA and modified NSA model. Whereas a classical von-Mises criterion, assuming a 
normal distribution in strength, is not able to describe the relative differences between the different 
specimen geometries in a correct way, see Figure 4 (right). From this it is concluded that the meth-
od considering a scalable size effect can be used to describe the stochastic strength behavior of this 
cast intermetallic titanium aluminide alloy. 
 

  

Figure 4: Comparison of the experimental and calculated probability plot for the cast flat specimen; using the  

modified NSA model (left) and a von Mises criterion assuming a normal distribution in strength (right). 

 
Additionally, 12 flat samples with a notch radius of r = 10 mm were characterized in a fatigue 

experiment with a stress ratio of R = 0.1 at three different stress levels. Based on the estimated 
probability data for one million cycles, the fatigue strength is determined to be 331.5 MPa, when 
assuming m and  being constant. Consequently, the experimental findings that cast titanium alu-
minide alloy Ti-48Al-2Cr-2Nb has got a very high fatigue limit compared to the static strength as 
described in the former sections is confirmed by these results. 
 
6 APPLICATION OF THE RELIABILITY MODEL IN A MULTIDISCIPLINARY OPTIMIZATION OF 

A LOW PRESSURE TURBINE BLADE 

The original objective for developing the described reliability model is the consideration of scatter in 
materials strength during a geometry optimization process of a low pressure turbine blade made of 
cast -TiAl concerning the aerodynamic performance, structural durability and castability. For this 
purpose, a fully automated multidisciplinary process chain was developed, see Figure 5.  
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Figure 5: Principle of the developed multidisciplinary optimization process chain. 

 
The DLR1 software RCE (Remote Component Environment) connects the different specialized 

simulation tools for realizing this process chain (Seider et al., 2013 / Zur and Tröltzsch, 2015). RCE 
is an integration framework, in which numerical tools of multiple disciplines can be coupled and 
then be started on different computers, which can be distributed in a wide area network. For this 
process chain, the tools were located at three different DLR sites. First, the generated blade geome-
try is tested for castability based on experimental and numerical investigations done by Access 
(Tiefers et al., 2014). The blade generation and test for castability is performed on a workstation in 
Cologne. If the geometry can be cast, the aerodynamic simulation is performed using the DLR in-
house CFD code for turbomachines TRACE (Yang, 2005) on a HPC cluster located in Braun-
schweig. RCE is responsible for connecting to the cluster, data transfer, job submission and retrieval 
of the results when the job is finished. Subsequently, the aerodynamic results are used as an input 
for the structural mechanics simulation using the FEM software PERMAS on a workstation in 
Stuttgart. At the end the calculated stresses are used for the reliability assessment with HYPRA 
again on the workstation in Cologne. The castability, aerodynamic efficiency, maximum equivalent 
stress and failure probability are used for the multi criterion objective function in a multidiscipli-
nary optimization. The overall optimization process is realized by the DLR software AutoOpti (Voß 
et al., 2006), which continuously creates new geometry parameter sets that define the blade, called 
optimization members.  

155 free geometric design parameters are varied in total for a new blade, including among oth-
ers the shapes of 5 profiles at different blade span positions, the circumferential shift of these pro-
files and the circumferential position of the shrouding band. For each optimization member a RCE 
instance is started, inside which the process chain is executed. Up to 15 RCE instances are started 
and executed in parallel by AutoOpti. After successful execution, the objectives are returned to 
AutoOpti, which evaluates each member by assigning a combined Pareto rank to it. Furthermore, 
all relevant physical properties of the process are stored in a database. Based on this database,  

                                                 
1 DLR: German abbreviation for German Aerospace Center. 
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AutoOpti uses an evolutionary strategy and a Kriging surrogate model to create new members. A 
surrogate model (Voss et al., 2014) aims to describe the objective functions mathematically. In or-
der to find promising new members, an optimization on the surrogate model is performed. Those 
surrogate optimized members are then passed by AutoOpti through the complete process chain to 
obtain reliable physical results. Surrogate models greatly accelerate the optimization process in find-
ing improved blade geometries. However, the generation of the surrogate models requires a lot of 
computational resources and is time-intensive when the optimization database becomes large. 

Besides the objective functions, the members were constrained with respect to the mass flow dif-
ference to the initial design. Thus, the mass flow through the optimized turbine should not differ 
more than 1 % of the original mass flow. The initial blade design is derived from a high-bypass 
ratio turbofan jet engine with a five stage low pressure turbine. The second to last stage was chosen 
as object of investigation in this work to represent common inflow and outflow conditions. The 4th 
LPT stage has 84 vanes and 126 shrouded rotor blades, rotating at 5000 rpm. Castability is ensured 
when the trailing edge thickness of the generated blade is not thinner than 1.25 mm and the paral-
lelism range of suction and pressure side profile legs in the trailing edge region does not exceed 8 
mm (Tiefers et al, 2014). 

For the steady aerodynamic simulations one passage of the stator and one passage of the rotor 
including the cavities were meshed and simulated, see Figure 6 (left). The structured mesh consists 
of about 2.7 million elements. Conservative mixing planes are used between the rotating and the 
stationary blocks. At the hub and casing end walls the boundary layer is modeled with wall func-
tions, whereas at the blade surfaces the boundary layer is directly resolved by a fine mesh with y+ 
values below 1. The k- turbulence model of Wilcox (1994) was used in conjunction with the -Re 
transition model by Menter et al. (2006). Convergence of the aerodynamic simulation is reached, 
when the mass flow between inlet and outlet of the stage does not differ more than 1 g/s, the 
standard deviation of the aerodynamic loss and specific work is below 10-5 and the residuals drop by 
three orders of magnitude. If no convergence is achieved, the member is still processed by the fol-
lowing tools in the process chain, but its Pareto rank is decreased by a penalty factor. The stage 
characteristics are calculated in a postprocessing step, of which the stage efficiency is used as an 
objective function for AutoOpti. 

The blade surface pressure is extracted from the aerodynamic solution and transferred to the 
subsequent structural mechanics simulation process using the FE software PERMAS. Here, the 
blade is represented by 70,762 brick elements, see Figure 6 (right). Additionally, part of the disc is 
modelled for maintaining an approximately realistic fixation of the blade, without considering this 
part in the reliability assessment. By applying the determined surface pressure and the rotational 
speed, the stresses and strains are calculated. Furthermore, a hot to cold transformation is realized, 
to calculate the exact corresponding cast geometry. 

The resulting stresses calculated by the finite element model are transferred to the reliability 
tool HYPRA. By using the fatigue parameters determined from the notched flat specimen, the total 
failure probability is calculated as described before.  
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Figure 6: Mach number and stream traces on a S2-plane through the stage (left), mesh of the  

structural mechanics simulation of the initial member design (right). 

 
A total of 5,147 configurations were successfully analyzed during the optimization. Using the 

described procedure it was possible to significantly increase the aerodynamic efficiency and the reli-
ability of a low pressure turbine blade at the same time. For example, the geometry of the chosen 
Pareto front member in Figure 7 has a good aerodynamic efficiency, which increased from initially 
89.90 % to 90.57 %. In addition, it is reliable from a mechanical point of view considering the scat-
ter in the material fatigue strength, which is expressed in the significant reduction of the failure 
probability from 0.95 to 10-10. 
 

  

 

Figure 7: Comparison of aerodynamic profile and local failure probability of the initial member (left) and  

a member of the optimization Pareto front (middle); superimposed blade geometries  

of the initial (gray) and the optimized (blue) design (right). 
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7 SUMMARY AND DISCUSSION 

In this work, it is shown by tensile experiments with different geometries that the investigated cast 
gamma titanium aluminide alloy Ti-48Al-2Cr-2Nb shows a size effect in strength, which is less pro-
nounced than the classical size effect of brittle materials. This experimental finding is additionally 
confirmed by experiments based on notched samples with high aspect ratios. The reduced size effect 
of the uniaxial tensile tests could be successfully represented by a modified weakest link model. This 
model is further enhanced to consider a scalable size effect also for multiaxial and non-constant 
stress states and implemented in a new developed reliability assessment tool called HYPRA. Here, 
the model is combined with a classical effective volume approach for two fast-fracture models for 
brittle failure (PIA, NSA). Both adapted models were able to rebuild the scalable size effect as 
found in tensile experiments and notched samples. The modified PIA and NSA models are in prin-
ciple comparable and show only small differences in the failure probability of the tested cases. Addi-
tionally, it is shown that the manufacturing process can have a significant influence on the material 
strength. By using the presented approach it is now possible to describe the scatter in materials 
strength not only for brittle materials but also for semi-brittle materials with some amount of plas-
tic deformation. Therefore, the developed model is the first attempted to develop a unified reliabil-
ity theory for brittle and non-brittle materials. 

The newly developed reliability tool is integrated in a fully automated multidisciplinary optimi-
zation process chain realized by the DLR software RCE. Using this process chain in a geometry 
optimization of a low pressure turbine blade shows that it is possible to increase the aerodynamic 
efficiency and the reliability of a turbine blade at the same time, while ensuring the castability of 
the blade. 

The next step, which is required for dimensioning turbine blades applied in real aero engines, 
will be the expansion of the model to consider temperature dependencies. 
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