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engineering interest in which the effects of some important
parameters such as boundary conditions, prestressed func-
tion, slenderness ratio, mass ratio and elastic foundation are
investigated in depth. Resonance phenomenon of the vibrat-
ing system is carefully investigated and the condition under
which this may occur is clearly scrutinized. The results pre-
sented in this paper will form basis for a further research
work in this field.
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1 INTRODUCTION

Studies concerning the flexural vibrations of a structural elements carrying moving mass has
been an area of active research for more than a century in many diverse areas such as civil,
structural, mechanical and aerospace engineering. Initially, this class of problem was first
applied in the design of railway bridges and the application was later extended to other trans-
portation engineering such as the design of bridges, guideways, overhead cranes, cableways,
rails, roadways, runways, tunnels, and pipelines with moving masses [2]. Evidently, extensive
researches have been conducted by many researchers particularly on the analysis of continuous
elastic system under the actions of moving sub-system [1, 3-5, 7, 8, 11, 12, 14-17, 19, 21];
this is of course due to its enormous practical significance. In general, most of the previous
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publications dealt with a beam model whose dynamic characteristics are described by Euler-
Bernoulli beam equations. It is however well known that if the slenderness ratio is large, or
vibration of higher modes is concerned, the use of classical Bernoulli-Euler beam theory can-
not ensure sufficient accuracy. Thus, a beam theory which takes into account the effects of
shearing deformation or rotatory inertia or both must be adopted for more accurate analysis
[10].

Even with the inclusion of shear deformation and rotatory inertia into the equation of
motion, a good number of these studies have considered a much simpler problem where the
motion of the moving mass is described by a constant velocity type of motion. However,
situation arises when the moving mass accelerates by a forward force or decelerates, reduces
speed and come to rest at any desired position on the beam and causing the friction between
the mass and the beam to increase considerably. Under such condition, the vibrating system
exhibits dynamic behaviour which may be more complicated.

Previous studies where such a dynamical system was investigated are Wang [20] who studied
the dynamical analysis of a finite inextensible beam with an attached accelerating mass. He
employed the Galerkin procedure in conjunction with the method of numerical integration to
tackle the partial differential equations which describe the transient vibrations of the beam-
mass system. He concluded that the applied forward force amplifies the speed of the mass and
the displacement of the beam. Though the theory developed here is versatile, its application is
only limited to the case of beams executing flexural motions according to the simple Bernoulli-
Euler theory of flexure. Nevertheless, it is easy to see that a typical element of an elastic system
performs not only a translatory motion but also rotates [18]. Hilal and Ziddeh [6] investigated
the vibration analysis of beams with general boundary conditions traversed by a single point
force traveling with variable velocity. They obtained analytical solution to the beam problem
and compared the results with same beam under the actions of a concentrated force traveling at
constant velocity. Their method of solution is only suitable to handle an approximate model
in which the vehicle-structure interaction is completely neglected; this type of beam model
has been described by Guiseppe and Alessandro [13] as the crudest approximation known to
the literature of assessing the dynamic response of an elastic system which supports moving
concentrated masses. Lee [9] tackled the transverse vibration of a Timoshenko beam acted on
by an accelerating mass. In his study, he presented numerical results for a prescribed constant
acceleration or deceleration and the slenderness ratio of the beam. He figured-out that the
separation of the mass from the beam may occur for a Timoshenko beam when the traveling
speed of the mass is large due to large initial traveling speed or large prescribed acceleration.
Nevertheless, his method of solution is incapable of handling moving load problems involving
end conditions other than simple ones.

Thus, this work therefore, assesses the dynamic behaviour of a structurally prestressed
uniform Rayleigh beam resting on elastic foundation and traversed by masses traveling at
an arbitrarily prescribed velocity. Effects of some very important beam parameters on the
motions of the vibrating systems are investigated.
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2 THEORETICAL FORMULATION

Consider the flexural motion of a uniform finite Rayleigh beam resting on an elastic foundation
and carrying a relatively large mass M. The mass M is assumed to touch the beam at time ¢
= 0 and travel across it with a non-uniform velocity such that the motion of the contact point
of the moving load is described by the function

FE) =20+ ct+ %aﬂ (1)

where x( is the point of application of force P = Mg at the instance ¢t = 0, ¢ is the initial
velocity and a is the constant acceleration of motion. Furthermore, the beam’s properties such
as moment of inertial, and the mass per unit length p of the beam do not vary along the span
L of the beam.

The equation of motion with damping neglected is given by the fourth order partial differ-
ential equation

BI&glel - NGO ¢ 20D iRy S 1 KV (a,)
#M5[x (wo + et + Jat?)] [T 2(c+an) THED ¢ (v a)’ TRED +a2z0] - (2)

o2 ozt o
=Mgd [x - (:UO +ct + %at2)]

where z is the spacial coordinate, ¢ is the time, V (x,t) is the Transverse Displacement, ET is
the flexural rigidity of the structure, p is the mass per unit length of the beam, N is the axial
force, Ry is the rotatory inertia factor, K is the elastic foundation stiffness, M is the mass
of the traversing concentrated load, g is the acceleration due to gravity and § (-) is the well
known Dirac delta function.

The boundary conditions of the structure under consideration is arbitrary and the initial
conditions without any loss of generality is taken as

oV (z,0)
ot

Since the load is assumed to be of mass M and the time t is assumed to be limited to that
interval of time within which the mass is on the beam, that is

V(z,0) =0, =0V x (3)

0< f(t)<L (4)

3 ANALYTICAL PROCEDURES

Equation (2) is a fourth order partial differential equation which in addition to being singular
has variable coefficients. In this section, a general approach is developed in order to solve
the initial value problem. The approach involves expressing the Dirac delta function as a
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Fourier cosine series and then reducing the modified form of the fourth order partial differential
equation above using the generalized finite integral transform. The resulting transformed
differential equation having some variable coefficients is then simplified using the modified
Struble’s asymptotic technique.

3.1 The generalized finite integral transform

For the dynamical systems, the governing equation is a fourth order partial differential equation
with variable and singular coefficients. The Generalized Finite Integral Transform (GFIT) is
employed to remove the singularities in the governing equations and to reduce it to a sequence
of second order ordinary differential equations with variable coefficients. This generalized finite
integral transform is defined by

V(m,t) = fo "V U, (2)da (5)
with the inverse
V(0= 3 FTm 0. ) (6)
where
Vi = [0 U2 (2)da (7)

and U,,(x) is any function chosen such that the pertinent boundary conditions are satisfied.
An appropriate selection of functions for beam problems are beam mode shapes. Thus, the
mth normal mode of vibration of a uniform beam

i (8)

is chosen as a suitable kernel of the integral transform (5) where, A, is the mode frequency, A,,,

Am
Un(x) =sin Ty Ay, cos

A
Ly B,,, sinh %x +C,, cosh

B,,, C,, are constants which are obtained by substituting (8) into the appropriate boundary
conditions.

3.2 Operational simplification

By applying the generalized finite integral transform (5), equation (2) can be written as

H160(0,L,t) + HiOA(t) - Hy0p(t) + Vie(m,t) — Rofc(t) + H3V (m,t) + 0p(t) + 0 (t) + 0p(t) + 05(t)
= %Um (:Uo +ct+ %at2)

where
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00.L0) - % o) - 82V(x t)dde(x) OVéz,t)d%(/i'ZQ(x)_v(x’t)% g
(i)

NOE f Ve, w dx (12a)

O5(t) = fo L%Um(x)dx (12b)

b= [ : 84‘/2(;;)U (2)dx (12¢)
eD(t):[f%é[z—(:}mcuéaﬁ)]%U (2)dz (12d)
GE(t):foLwé[:ﬂ—(azo+ct+%at2)]%Um(x)daz (12¢)

L 2 2
Op(t) = f Mé [m - (xo +et+ 1atz)] 8V—(‘Z’t)Um(alc)das, and (12f)
0 n 2 Ox

O (t) = fOL %5 [3: - (:EO fot+ %atQ)] %Um(l«)dm (12¢)

In order to evaluate the integrals (12a-12g), use is made of the property of the Dirac Delta
function as an even function to express it in Fourier cosine series namely:

) [x - (xo +ct+ %at2)] =

Thus, in view of (6), using equation (13) in equation (9), after some simplification and
rearrangements one obtains

2 & 1
ZZ s—(x0+ct+2at2)cosw (13)

ol

L
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Vo(m, 1) + [w " %] V(m. 1) - Ro Z Voo (s ) Hy () — % > V(k.1)Ha(km)

o0 oo 1
{E Vi (b, t)Hy(k,m) +2 Z Z w(k, t)H.(k,m,n) cos f (xo +ct+ §at2)
k=1 n=1k=1

v2(ctat) S Vilk, ) Ha(kom) + 4(c +at) 3 S Vo(k, t) Ho (ky m,n) cos n

k=1 1k=1

n=1k=
e+ at)? Z V(k, ) H (k,m) + 2(c + at)? i;w

oo

Y
1

m 1
C,, cosh % (:z:o +ct+ Eatz)]

where
Hao(k,m) = % fOL UL (2)Un (2)da
Hy (ke m) = % fOL U (2)Us () da
H.(k,m,n) = ﬁ AL Uk(z)Up (z) cos n—?daﬁ
Ha(k,m) = %x) fOL U (2)Un (2)dz
1 L . nwr
H.(k,m,n) = m /0 U, (2)Up,(z) cos Td;c
Hy(k,m) = %x) [OL Ul (2)Un () da
Hy(k,m,n) = Lot U,Z(a:)Um(x) cos % g
Ti(z) Jo L
Hiy(k,m) = ﬁ [OL U (2) Ui (2)dee

1 L_, nwr
H;(k,m,n) = m'[() U, (2)Up,(z) cos Tdm

Z V(k,t)H;(k,m) + 2a i:: §V(k t)H;(k,m,n) COS% (wg +ct+ %at2)} =

L 5
xg+ct+ —at

1
k,t)H,(k,m,n) cos % (xo +ct+ iat2>

Am 1 A 1
i [smf(xo+ct+2a )+A cos—(x0+ct+ at)+BmsinhTm(x0+ct+§at2)+

(14)

(15a)

(15b)

(15¢)

(15d)

(15e)

(15f)

(15h)

(15i)
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b ET :
T (15)
M

Equation (14) is the transformed equation governing the problem of a uniform Bernoulli-
Euler beam on a constant elastic foundation. This coupled non-homogeneous Second order
ordinary differential equation holds for all variants of the classical boundary conditions.

In what follows, two special cases of equation (14) are considered

3.3 Solution of the transformed governing equation

Case I: The Moving Force Problem. The differential equation describing the behaviour of
a Rayleigh beam on an elastic foundation to a moving force moving at variable velocity may
be obtained from equation (14) by setting £* = 0. It is an approximate model, which assumes
the inertia effect of the moving mass negligible and only the force effect of the moving load is
taken into consideration, thus in this case one obtains

Vou(m, 1) + [wg s %]V(m,t} Ry évtt(k,t)Ha(k, m) - % éV(k,t)Ha(k, m) =

sin — (LU() +ct + —atz) +A,, cos — (:1;0 +ct + —atz) + B, sinh — (:Uo +ct + —at2) +
L 2 L 2 L 2

1
Am 1
C,, cosh A (mo +ct + 5(1752)]

n

(16)

Evidently, an exact analytical solution to equation (16) is not possible. Though the equa-
tion may readily yield to numerical technique, an analytical approximate method is desirable as
solutions so obtained often shed light on vital information about the vibrating system. Thus,
we are going to use a modification of the asymptotic method due to Struble’s extensively
discussed in [14]. To this effect, equation (16) is rearranged to take the form

2
— Tnf — €0 s — ad —
TGN L S— vy (Y D R— LHy (k,m)V i (k, t) + N Ha (k,m)V (k,
w0 ) e T ] D T = a0 Lo (mym)] kzzl (k;m)Vee (k. £) + No k:zl (k,m)V (k,m)
k+m k+m

M A 1 A 1 A 1
= g [sin—m(mo+ct+fat2) +Amcos—m(wo+ct+7at2)+Bmsinh—m(wo+ct+7at2)
n[l-eoLHg(m,m)] L 2 L 2 L 2

A 1
+ Cy, cosh Tm (:co +ct + EatQ)]
17)

where
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RO LN
=— Ny=—
o I 5 0 ROM

K
) 'Ygf = wik—NoHa(m,m), W?zk = w?ﬁ'; and Hy(m,m) = Ho(k,m) |k=m
(18)
By this technique, one seeks the modified frequency corresponding to the frequency of the
free system due to the presence of the effect of the rotatory inertia. An equivalent free system
operator defined by the modified frequency then replaces equation (17). Thus, we set the

right-hand-side of (17) to zero and consider a parameter 7y < 1 for any arbitrary ratio ey,
defined as

€0

= 19
o 1+2g (19)
so that
g0 =10 + O(115) (20)
Substituting equation (20) into the homogeneous part of equation (17) one obtains
Vit (m,t) + 'yif(l +noLHg(m,m))V(m,t)-
no(1+mnoLHqa(m,m)) Z LHq(k,m)V(k,t) + No Z Hq(k,m)V(k,m)|=0
k=1 k=1
k+m k+m

When 7 is set to zero in equation (17) a situation corresponding to the case in which the
rotatory inertia effect is regarded as negligible is obtained, then the solution of equation (17)
can be written as

Vig(m,t) = Cny cos [wpst = Pny] (22)

where Cy, ¢, w, ¢ and 9,5 are constants.
Furthermore as ng < 1 Struble’s technique requires that the asymptotic solutions of the
homogeneous part of the equation (17) be of the form

V(m,t) = A(m,t) cos (Wt — p(m,t)] + noV (1,t) + O(ng) (23)

where A(m,t) and ¢(m,t) are slowly varying functions of time.

To obtain the modified frequency, equation (23) and its derivatives are substituted into
equation (21) and neglecting terms which do not contribute to variational equations, one
obtains.

ZA(m7 t)’}/nfd)(m, t) COS [r}/nft - ¢(m7 t)] - 2A(’I’I’L, t)r}/nf sin [r}/nft - ¢(m7 t)]

) - (24)
=00V LHa(m,m)A(m,t) cos [ynst — ¢(m,t)] =0
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retaining terms to O(n) only.
The variational equations are obtained by equating the coefficients of sin [y, ¢t — ¢(m, )]
and cos [yt — ¢(m,t)] on both sides of the equation (24). Thus,

2R (m, ) g = 0 (25)
and
2A(m, t)’ynfé(m, t) - nofnyLHa(m, m)A(m,t) =0 (26)
Solving equations (25) and (26) respectively gives

A(m,t) = Couy (27)

and

_UOLanHa(ma m)

o(m,t) = 1= L

t+ wmf (28)

where C), ; and ¢,y are constants.
Therefore, when the effect of the rotatory inertia is considered, the first approximation to
the homogeneous system is

V(m, t) = C%fCos [Vmst = Ymy] (29)

where

Tn
Vg = 55 [2+ noLHq(m,m)] (30)

represents the modified natural frequency due to the effect of the rotatory inertia Ry. It is
observed that when 79 = 0, we recover the frequency of the moving force problem when the
rotatory inertia effect of the beam is neglected. Thus, to solve the non-homogeneous equation
(17), the differential operator which acts on V(m,t) and V (k,t) is replaced by the equivalent
free System operator defined by the modified frequency 7,,f, thus using equation (30) the
homogeneous part of equation (17) can be written as

d?V (m,t)
dt?
Hence, the entire equation (17) takes the form

+ 70 V(m,t) =0 (31)

d?V (m,t) h)

— )\m 1
s +7,%1fV(m,t): PT(,)Lf [sinf (wo+ct+ §at2) + A,,, cos

xo+ct+ —at )
2 (32)

L
Am 1 Am 1
+B,,, sinh — (SEO +ct + —at2) + C}, cosh — (:BQ +ct + —at2)]
L 2 L 2
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where

po Mg
mf T —noLH,
pl[l=noLH(m,m)]

(33)

Solving equation (32) in conjunction with the initial conditions gives expression for V (m, t)which
on inversion yields

V(z,t)=

1 (PO sinn, 7t
> ( i B (D13S[q12 + qiot] - D14C [q12 + qiot] — D11S [q11 + qiot] + D12C [q11 + qiot]

(%) m1 Ymf
+D23C [q11 + q1ot] + D245 [q11 + q1ot] - D21C [q12 + q10t] — D225 [q12 + q10t] + Eraer fi[q22 + g20t]
—E13erf[q22 + q20t] + E12er fi[q21 + g20t] — E11erf [q21 + q20t] + E2aer f [qa2 + qg20t] + E23er fi[qo2 + q20t]

anf COS Y ft

+Egerf [g21 + q2ot] + —Ea1erfi[ga1 + q2ot] — CS) - (D11C [q11 + qi0t] + D12S [q11 + q10t] (34)

TYmf
-D13C [q12 + q1ot] — D145 [q12 + q10t] + D215 [q12 + q10t] — D22C [q12 + q10t] — D235 [q11 + q10t]
—D24S [q11 + qrot] +iE11erf [go1 + g2ot] + iE12er fi[g21 + g20t] + iEq3er f [g22 + g20t]
+iFEq4erfi [q22 + qgot] +iFEa1erfi [q21 + qgot] —iFEagerf [q21 + qzot] —iFEazerfi [q22 + qgot]

T A
+ Ay, cos

A A A
+iFaqerf[q22 + qao0t] + C?)) (sin z + B, sinh %:v + Cyy, cosh %I)

where C(z) and S(z) are the well known time-dependent Fresnel integrals defined by

T 2 T 2
C(x) = [ cos ialt and S(z)= f sin idt
0 2 0 2

1 \/? b? 1 \/? (b}
Dy = ——/ZCos| 22 —¢y), Dyp = ——+ / Zs5in | 2L -
B9 mV 2 ey )T T 2wV 27  dae
1 T b2 1 T b2
Dys = \/jc 22 _ol.D :_\/jg' 2 _
B vV 2 ey )T 2wV 27 ey
A T b2 A S b2
Doy = Am ST eos( 22 _ ) D :_m\/jg' b
2 21/a0\/g 03 4(10 0 22 2\/0,0 2 o 4@0 0

A T b2 A T b2
Doa = —2 [ ZCos| =+ — , Doy = —2 \/j Sin| = —
23 2\/%\/g 03 4&0 €0 24 2\/% 2 mn 4(10 €0

and

b2 b2 b2 b2

BT dho e g BT e pe g BT ih 2k

Fi11 = ———e %0 Pe20 Fi9g = ——— ,Fi13 = ———¢€ %20 Pe2a0
8\/CL0 8\/ 8\/660

B, b3 Co b3 C b3 b3

Eiy= =Y e Tag 020 Fo = MY o7 Tag 020 [, = VT Tag Dp2ag

8/ag ’ 8\/ag 8/ag
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2 2
O /T %4, Y

6_ 4ag - e 2aq

Co/T 00
(&

4 _
ag COGQCO,E 4=

8\/(10 2 8‘/a0

Eoy3 =

_ 2&0 _ b1 _ b2 _ 2(10 _ b3 _ b4
qi0 \/mvfhl \/mafhz \/m,%o 2\/a_O,Q21 2\/a—07QZ2 2\/a_0

Am@ b CAm, b CAm N b CAm . b CAm e
ap = —5> =7 —Vmf, = mf = —UYmf, = T 1Ym
0 oL 1 I Ymfs 02 i3 Ymf03 I Ymfs 03 I Ym f

C9 =D11C (q11) + D125 (q11) - D13C (q12) — D14S (q12) + D215 (q12) — D22C (q12) — D23 S (q11) = D24C (q11)
+iE11€Tf (q12) + iElgeTfi (qgl) + iE13erf (q22) + iE14e'rfi (q22) + iEQl erfi (q21) — iEQQeTf (q21) — iEzgeTfi (q22)
+iEaserf (g22)

09 =D13S (q12) — D14C (q12) - D115 (q11) + D12C (q11) + D23C (q11) + D24S (q11) — D21C (q12) - D22S (q12)
+E14erfi(q22) — E13erf (qe2) + E12erfi(qe2) — E11erf (qo1) + Eagerf (qo2) + Eozer fi(qo2) + E2zerf (q21)
+E216Tfi (q21)

and

7 (z) = [0 "0 (1) do (35)

Equation (34) represents the transverse displacement response to forces moving with non-
uniform velocities of prestressed uniform Rayleigh beam resting on elastic foundation and
having arbitrary end support conditions.

Case II: The Moving Mass Problem. In the mass of the moving load is commensurable
with that of the structure, the inertia effect of the moving mass is not negligible. Thus, in
this case, €* # 0, and the solution of the entire equation (14) is required. This is termed
the moving mass problem. Evidently, a closed form solution of equation (14) is not possible.
Again, an approximate analytical method due to Struble is resorted to. It is remarked at
this juncture that neglecting the terms representing the inertia term of the moving mass, we
obtain equation (17). The homogeneous part of this equation can be replaced by a free system
operator defined by the modified frequency ~,,s due to the presence of the effect of rotatory
inertia. Thus, equation (14) can be written in the form
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7 7 oo oo oo 1
Vie(m,t) + yfan(m,t) +e* { > Vielk, t) Hy(k,m) +2 > > Viyi(k,t)He(k,m,n) cos nfw (zo +ct+ Eatz)
k=1 n=1k=1

oo . oo (o<} . 1
+2(c+at) Y. Vi(k,t)Hq(k,m) +4(c+at) . > Vi(k,t)He(k,m,n) cos nr (mo +ct+ 7at2)
k=1 n=1k=1 L 2
o oo oo 1
+(c+at)? > V(k,t)Hy(k,m) +2(c+at)? > V(k,t)Hg(k,m,n) cosn% (wo +et+ gatQ) (36)
k=1 n=1k=1

+a . V(k,t)Hi(k,m)+2a Y. > V(k,t)H;(k,m,n)cos nr (:1:0 +ct + 7at2)} -9 [sin—m (:130 +ct + 7at2)
k=1 n=1k=1 L 2 " L 2

A 1 A 1 A 1
+ Ay, cos Tm (xo +ct + iatQ) + By, sinh Tm (:1:0 +ct + gatQ) + Cyp, cosh Tm (:po +ct + EatQ) ]

As in the previous case, an exact analytical solution to the above equation is not possible.
The same technique used in case I is employed to obtain the modified frequency due to the
presence of the moving mass, namely

2
n* (c*Hy(m,m) +aH;(m,m))
Tmm = Ymf 1- ? |:Hb(m7 m) - 2 (37)
Vg
where
¥ i de” M Hy(m,m) = Hy(k,m)|
= an = — =
n 142 A b\, b\ F, e’
Hy(m,m) = Hy(k,m)| _ Hi(m,m)=H;(k,m)| _ (38)
retaining O (\) only.
Thus, equation (36) takes the form
2V(m,t — Am 1 Am 1
TV (m,t) +~2 V(m,t)=n"Lg [sin — (xo +ct+ —at2) + A, cos — (xo +et+ —at2)
dt2 L 2 L 2 (39)

Am 1 Am 1
+B,, sinh I (:1;0 +ct+ Eatz) + C,, cosh T (azo +ct+ §at2)]

This is analogous to equation (32). Thus, using similar argument as in case I, V' (m,t) can
be obtained and which on inversion yields

1 = nLg
V (z,t)= > 729 (sinymmt (D135 [q12 + q10t] - D14C [q12 + qrot] = D11S [qu1 +qiot] + D12C [qi1 + qiot]
T* ($) m=1 TYmm

+D23C [q11 + qiot] + D24S [q11 + qiot] — D21C [q12 + qiot] — D225 [q12 + qi0t] + Eraerfi[g22 + g20t]
—Eiserf [qe2 + qeot] + E12erfi[qe1 + q20t] — E11erf [qe1 + q2ot] + Eaaerf [qaz + qg2o0t] + Easer fi[qa2 + q20t]
+Eazerf [ga1 + qa0t] + —~Earer fi[ga1 + q20t] — CF) — cos Ymmt (D11C [q11 + q1ot] + D125 [q11 + qrot]
-D13C [q12 + qiot] — D14S [q12 + q1ot] + D215 [g12 + qiot] — D22C [g12 + qi0t] — D235 [q11 + q10t]

—D24S [q11 + qiot] + iE11erf [ge1 + g2ot] + iE12er fi[g21 + g2ot] + iE1ser f [ga2 + q20t]

+iE1aer fi[qaz + qaot] + iB21er fi[q21 + qaot] — iEazer f [go1 + q20t] — iE23er fi[gaz + g20t]

)\mx)

(40)

Am @ Am @
+ Ay, cos

A
+iF2qerf[q22 + qa0t] + C?) ) (sin + By, sinh %x + C,y, cosh
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where all parameters are as previously defined, but v, has replaced 7, s

Equation (40) represents the transverse displacement response to concentrated masses,
moving with non-uniform velocity of highly prestressed uniform Rayleigh beam resting on
elastic foundation. Equation (40) is valid for all variants of classical boundary conditions.

4 APPLICATIONS

In this section, the forgoing analyses are illustrated by various practical examples. Specifically,
classical boundary conditions such as simply supported boundary conditions, clamped-clamped
end conditions and clamped-free end conditions are considered.

4.1 Simply Supported Boundary Conditions

In this case, the displacement and the bending moment vanish. Thus

0%V (0,1) 0%V (L,t)
V(0,t)=0=V(L,t — = =0=— 41
(0.6) = 0= V(L,1), e - (a1)
Hence for normal modes
02U,,(0) 0?U,,(L)
Un(0)=0=U,, (L), —==0=— 42
(0) (L) 0x? 0x? (42)
which implies that
0%UL(0) 0?U(L)
U 0 = 0 = U L _— = O = — 43
«(0)=0=Uk(L), - L (43)
Applying (41) and (42), one obtains
Am=Ak=0; Bm=Bk=0; Cm=Ck=0
Am =mm and A = km (44)

Thus, the moving force problem is reduced to a non-homogeneous second order ordinary
differential equation

&V (m, t o Py L
Vd(tzl’ ) + agan(m’ t) = qu sin (xo +ct + 5@752) (45)
where
4 2
EI(™) + K | N (mnr M
Qg?nf _ ( L ) m u2( L ) and me — —92 (46)
1+ Ry (mx) L+ Ro (%)

Equation (45) when solved in conjunction with the initial conditions, one obtains an ex-
pression for V(m,t) which on inversion yields
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2 & mf\/_ . b% by + 2aqt bo + 2a0t\ . b2
V(z,t)=— mft — - S| —|-C| — — -
(1) L mz; 2000 £/ 2a0 (sm Amf [COS ( 4ag 0 \V2mag V2Tag St 4ag €0
b% bl + 2a0t bl + 2a0t . b2 bg b2
+ — - S -C — - - — - S
o8 ( 4aq CO) ( V2mas Vorag ) M\ dag T ) T a0 T )\ Vomag
bo . bg b% by by . b%
C — - - — - S C — -
" ( V2Tag ) st (4@0 CO) €08 (4(10 €0 V2mag " V2Tag s 4ap €0
b% bl + 2a0t bl + 2a0t b%
- mft - C +S sin | —— — -
COS QU f [COb ( Zag co) ( Nz Nez sin Jag Co
b% b2 + 20,01; bQ + 2a0t . b% b% bl
— — C -S — - - — - C -
€08 ( 4agp CO) ( V2mag V2T ag St 4dag “0 €08 4ag €0 \V2mag
by . b%
S he S
(\/m) Sm(4a0 .
(i) ()
+cos| — —cg
4a o)) 271'(10

(ol o)) 7

which represents the transverse displacement response to forces moving with non-uniform
velocity of a simply supported uniform Rayleigh beam resting on elastic foundation.
Following arguments similar to those in the last sections, use is made of the modified
asymptotic method due to Struble to obtain the modified natural frequency due to the presence
of inertia terms for the simply supported beam given as

Qmm = Qi f { _n [2 + (2¢*R(m,m) ;R2(mv m,n)) ]} (48)

(47)

2 Qo p
where
mm\? s 8am? T 1 5
R(m,m) = (T) and Rg(m,m, TL) nzl m ($0 +ct + 2at ) (49)

neglecting higher order terms of A\. Thus, the simply supported moving mass problem reduces
to

-
=V (m,t) a

— 1
o2 2 2V(m,t) =nLgsin % (a:g +ct+ §at2) (50)

which when solved in conjunction with the initial conditions gives expression for V(m,t) and
on inversion gives

Latin American Journal of Solids and Structures 7(2010) 285 — 306



S.T. Oni et al / Flexural motions under accelerating loads of prestressed beams with general boundary conditions 299

2 & T]Lg\/7_1' . b% by + 2aot bo + 2a0t . b%
V(z,t)=— _ mmt|C — - S -C — -
(@)= 7 m; 2410tmm /200 (Sma [ s (4a0 0 2o Vorag ) ey~

+cos(b%—CO)S(W)—C(W)Sin(b?—co)—cos(b%—co)S( b2 )
4ag V2mag V2mag 4ag 4ag V2mag
R Y  NOYI  C FY
—COS Qymmt |:cos(4bj0 —CO)C(bi;%t) +S(bi/;j_zzt)sin(fi —Co)—

(e (e () (el )

S b sin i —cg |+ cos ﬁ -c|C b2 +S b2 sin ﬁ - Co (sin mx)
V2mag 4ay 4ay V2mag V2mag 4ay L
)

This represents the transverse-displacement response to a concentrated mass moving with
non-uniform velocity of a simply supported uniform Rayleigh beam resting on elastic founda-
tion.

5 COMMENTS ON CLOSED FORM SOLUTIONS

It is pertinent at this juncture to establish conditions under which resonance occurs. This
phenomenon in structural and highway engineering is of great concern to researchers or in
particular, design engineers, because, for example, it causes cracks, permanent deformation
and destruction in structures. Bridges and other structures are known to have collapsed as a
result of resonance occurring between the structure and some signals traversing them.

Equation (47) clearly shows that the Simply Supported elastic beam resting on elastic
foundation and traversed by moving force reaches a state of resonance whenever

MTCe MTCe
Q. =
Y m
I !

while equation (51) indicates that the same beam under the action of moving mass will expe-
rience resonance effect whenever

+ 2a0tc (52)

Amf =

O, = %, Oy, = % + 2a0te (53)

where c. and t. are respectively the critical velocity and critical time at which resonance occurs.
From equation (48), we know that

Qmm = Qunf {1 - g [2 + (QCQR(Tmm) — Ra(m. m’n)) ]} (54)

2
aﬂlf
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which implies

Tn,zcC
Qmf = 55
! {1 _ g [2 + (202R(m,m)2—R2(m,m,n)):|} ( )

aan

It is therefore evident, that for the same natural frequency, the critical velocity for the
system consisting of a Simply Supported Elastic Beam resting on an elastic foundation and
traversed by concentrated forces moving with a non-uniform speed is greater than that of the
moving mass problem. Thus, for the same natural frequency of an elastic beam, resonance is
reached earlier in the moving mass system than in the moving force system.

For the resonance conditions for other classical boundary conditions, equation (34) clearly
shows that the uniform elastic beam resting on an elastic foundation and traversed by concen-
trated forces moving with variable velocities reaches a state of resonance whenever

726 and Y, f = Tt T (56)

while equation (40) shows that the same beam under the action of a moving mass experiences
resonance effect whenever

>‘ch >\ch 2aot
Ymm = L and Ymm = I + LO (57)

From equation (37)

*

Ymm = Vmf {1 - % I:(Hb(m7m)) -

2
VYo f

c? (H¢(m,m) + aHi(m,m))]}

which implies

AmCe

Ym§f = (59)

* 2(H ) H; )
1-Z [(Hb(m,m)) _ SE(Hy(m nj/){: (m m))]
Evidently, from equation (58) and (59), the same results and analysis obtained in the case
of a Simply Supported Bernoulli-Euler beam are obtained for all other examples of classical
boundary conditions.

6 NUMERICAL RESULTS AND DISCUSSION

We shall illustrate the analysis proposed in this paper by considering a homogenous beam of
modulus of elasticity £ = 3.1 x 101°N/m?, the moment of inertia I =2.87698 x 10~>m?,

the beam span L = 150m and the mass per unit length of the beam p=2758.291 Kg/m.
The values of foundation moduli are varied between ON/m?® and 400000N/m?, the values of
axial force N is varied between 0 N and 2-0 x 108N.
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Figure 1 displays the transverse displacement response of a clamped-clamped uniform
Rayleigh beam under the action of concentrated forces moving at variable velocity for various
values of axial force N and for fixed values of foundation modulus K=40000 and Rotatory
inertia correction factor R,=b50. The figure shows that as N increases, the dynamic deflec-
tion of the uniform beam decreases. Similar results are obtained when the fixed-fixed beam
is subjected to a concentrated masses traveling at variable velocity as shown in figure 4. For
various traveling time ¢, the deflection profile of the beam for various values of foundation mod-
ulus K and for fixed values of axial force N=200000 and Rotatory inertia correction factor
R,=50 are shown in figure 2. It is observed that higher values of foundation modulus reduce
the deflection profile of the vibrating beam. The same behaviour characterizes the deflection
profile of the clamped-clamped beam under the action of concentrated masses moving at vari-
able velocity for various values of foundation modulus K as shown in figure 5. Also, figures
3 and 6 display the response amplitudes of the clamped-clamped uniform Rayleigh beam re-
spectively to concentrated forces and masses traveling at variable velocity for various values
of rotatory inertia R, and for fixed values of axial force N=200000 and foundation modulus
K=40000. These figures clearly show that as the values of rotatory inertia correction factor
increases, the response amplitudes of the clamped-clamped uniform beam under the action of
both concentrated forces and masses traveling at variable velocity decrease. Figure 7 depicts
the comparison of the transverse displacement response of moving force and moving mass cases
of a clamped-clamped uniform Rayleigh bean traversed by a moving load traveling at variable
velocity for fixed values of N=200000, K=400000 and R,=50.

values of rotatory inertia Ro and for fixed values of axial force N=200000 and foundation
modulus K=40000.

0.4

o o

) w
:
>
L

o
=

Beam Displacement (m)

— - — N=200000

-0.2+ | — — N=20000000 1
****** N=200000000
-0.3 L L L L L 1 1
0 0.5 1 15 2 2.5 3 3.5 4

Traveling time (t)s

Figure 1 Transverse displacement of a clamped-clamped uniform Rayleigh beam under the actions of concen-
trated forces traveling at variable velocity for various values of axial force N and for fixed values of
foundation modulus K=40000 and rotatory inertia R,=50.
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0.6 :
K=0
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—— — K=40000 - S
ffffff K=400000 / o ™

Beam Displacement (m)

1 1
0.5 1 15 2 2.5 3 3.5 4

Trawveling time (t)s

Figure 2 Deflection profile of a clamped-clamped uniform Rayleigh beam under the actions of concentrated
forces traveling at variable velocity for various values of foundation modulus K and for fixed values
of axial force N=200000 and rotatory inertia R,=50.
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Figure 3 Response amplitude of a clamped-clamped uniform Rayleigh beam under the actions of concentrated
forces traveling at variable velocity for various values of rotatory inertia Ro and for fixed values of
foundation modulus K'=40000 and axial force N=200000.

For other boundary conditions, namely the simply-supported and cantilever beams we
obtain results similar to that of the clamped-clamped end conditions presented in this work.
It is further established the results obtained in this study is in perfect agreement with existing
results [5, 12, 14, 15].

Latin American Journal of Solids and Structures 7(2010) 285 — 306



S.T. Oni et al / Flexural motions under accelerating loads of prestressed beams with general boundary conditions 303
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Figure 4 Transverse displacement of a clamped-clamped uniform Rayleigh beam under the actions of concen-
trated masses traveling at variable velocity for various values of axial force NV and for fixed values of
foundation modulus K=40000 and rotatory inertia R,=50.
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Figure 5 Deflection profile of a clamped-clamped uniform Rayleigh beam under the actions of concentrated
masses traveling at variable velocity for various values of foundation modulus K and for fixed values
of axial force N=200000 and rotatory inertia R,=50.

Latin American Journal of Solids and Structures 7(2010) 285 — 306



304 S.T. Oni et al / Flexural motions under accelerating loads of prestressed beams with general boundary conditions
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Figure 6 Response Amplitude of a clamped-clamped uniform Rayleigh beam under the actions of concentrated
masses traveling at variable velocity for various values of rotatory inertia Ro and for fixed values of
foundation modulus K'=40000 and axial force N=200000.
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Figure 7 Comparison of the displacement response of moving force and moving mass cases of a uniform
clamped-clamped Rayleigh bean for fixed values of N=200000, K=400000 and R,=50.
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7 CONCLUDING REMARKS

The problem of the flexural vibrations of a prestressed uniform Rayleigh beam resting on
elastic foundation and traversed by concentrated masses traveling at variable velocity has been
investigated. Closed form solutions of the governing fourth order partial differential equations
with variable and singular coefficients of uniform Rayleigh beam moving mass problems are
presented. For this uniform beam problem, the solution techniques is based on generalized
finite integral transformation, the expansion of the Dirac delta function in series form, a
modification of Struble’s asymptotic method and the application of Fresnel sine and cosine
integrals.

In this work, illustrative examples involving simply supported end conditions, clamped end
conditions and one end clamped, one end free conditions are presented. Analytical solutions
obtained are analyzed and resonance conditions for the various beam problems are established.
Results show that

1. for all illustrative examples, resonance is reached earlier in a system traversed by moving
mass than in that under the action of a moving force.

2. as the axial force N increases, the amplitudes of uniform Rayleigh beam under the action
moving load moving at non-uniform velocity decrease.

3. when the axial force NV is fixed, the displacements of a uniform Rayleigh beam resting on
elastic foundation and traversed by masses traveling with variable velocity decrease as
the value of foundation modulli K increases for all variants of the boundary conditions.

4. higher values of axial force N and foundation modulli K are required for a more notice-
able effect in the case of other boundary condition than those of simply supported end
conditions for both the moving force and moving mass problems.

5. for fixed axial force and foundation modulus, the response amplitude for the moving
mass problem is greater than that of the moving force problem for all illustrative end
conditions considered.

6. it has been established that for all the illustrative examples considered, the moving force
solution is not an upper bound for the accurate solution of the moving mass cases in
prestressed uniform. Rayleigh beam under accelerating loads. Hence, the non-reliability
of moving force solution as a safe approximation to the moving mass problem is confirmed.

7. in all the illustrative examples considered, for the same natural frequency, the critical
velocity for moving mass problem is smaller than that of the moving force problem.
Hence, resonance is reached earlier in moving mass problem.

Finally, this work has proposed valuable methods of analytical solution for this category
of problems for all variants of classical boundary conditions.
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