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Abstract

The general mathematical model of a flexible connection of links by
means of spring-damping elements is presented in the paper. The
formalism of homogeneous transformation matrices is used to de-
rive formulas for the energy of spring deformation and the Rayleigh
dissipation function of the spring-damping elements. The formulas
have convenient forms to connect them to Lagrange equations of
the second order. The replacement models of the spherical and
revolute joint are presented as a particular case of the general mod-
el and are used for dynamics analysis of a one-DOF RSRRP linkage
mechanism. The numerical results obtained here using the replace-
ment models were compared with the results from the cut-joint
technique.
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NOMENCLATURE
c kinematic chain index
(¢,p) symbol of link (joint) p in chain ¢
g acceleration of gravity
Ce.a’be.a
@7 ooz} tion, respectively
fep) length of link (¢,p)
m(e?) mass of link (¢,p)
ﬁ(c>p)

dof to link (¢, p-1)
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coefficients of stiffness and damping of the spring-damping element in the « direc-

number of generalized coordinates describing the motion of link (¢,p) with respect
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lep) number of generalized coordinates describing the motion of link (¢,p) with respect
dof to reference system {c, 0}
nl(c) number of links in chain ¢
401) parameter defining the time course of the value of the driving torque (it determines
ar,0 the value of this torque after the starting time)
tg’l) starting time
p—— translational and rotational potential energies of spring deformation of the spring-
e’ pe damping element, respectively
R Rrot translational and rotational Rayleigh dissipation functions of the spring-damping
e element, respectively
a4 vectors of translational and rotational deformation of the spring-damping element,
e’ e respectively
Fen) aen) vector of joint force and torque in point A in the local coordinate system, respec-
A TA tively
ﬁ""p ) vector of position of point A in the local coordinate system
ri“"'p ) vector of position of point A in the global reference system {0}
tillr’l) driving torque
t(,lesl) resistance torque
B Bt matrices of translational and rotational damping of the spring-damping element,
e’ respectively
o ot matrices of translational and rotational stiffness of the spring-damping element,
e’ e respectively
H(P) inertial matrix 4 x 4 of link (¢,p)
AP rotation matrix 3 x 3 from the local coordinate system of link (¢,p) to the system
of link (¢,p-1)
R(OP) rotation matrix 3 x 3 from the local coordinate system of link (¢,p) to the global
reference system {0}
o) transformation matrix 4 x 4 from the local coordinate system of link (¢,p) to the
system of link (¢,p-1)
) transformation matrix 4 x 4 from the local coordinate system of link (¢,p) to the
global reference system {0}
Tes) — oT(P) qen _ o2rier)
g aqgap) W 6(]26’1))8(]20’]))
Q‘ﬁ(()l’l) parameter defining the time course of the value of the resistance torque
DOF degree(s) of freedom
ODE ordinary differential equation(s)
DAE algebraic differential equation(s)
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1 INTRODUCTION

Flexibility of connections between links is a very important feature which should be taken into ac-
count when modeling the dynamics of machines. It can be independent of the design, as in the case
of cranes or excavators that are placed directly on the ground. It can also be the effect of the as-
sumptions of the design introduced in order to increase the range of the working area (e.g. mobile
cranes) or visibility in the case of cranes mounted on platforms or ships (when applied in columns
several tens of meters in length).

The case of modeling of multibody systems with a closed-loop kinematic chain requires the cut-
ting of the system (cut-joint technique) in order to obtain a system with open-loop kinematic
chains. Then such an approach requires the formulation of constraint equations (Blajer,1998, Farid
and Lukasiewicz, 2000, Fraczek, 2002, Hanzaki et al., 2009). As a result of this procedure, a system
of DAEs is obtained. Solving this system of equations is difficult and requires special calculation
methods (Nergut et al., 2006). Another method is to use double differential equations of the con-
straints (Blajer, 1998) or replacement models of the joints modeled by means of spring-damping
elements. In both cases a system of ODEs is obtained. In the first case, sometimes additional stabil-
ity methods must be used (e.g. Baumgarte's method (Baumgarte, 1972, Fraczek, 2002) or extended
Lagrange multipliers methods (Fraczek, 2002)). A disadvantage of the replacement models is that
when large values of stiffness coefficients are used, a system of stiff differential equations is ob-
tained. In order to solve this system, small-step or other integration methods are required.

A particular case of the replacement model, and one that is often used in practice, is the model
of a spherical joint. In the literature there are various methods for modeling this joint. The first of
these (Fig. 1a) is done by means of one spring-damping element (Schliehlen et al., 2000, Wang et
al., 2002). The second approach is to model by using a system of three spring-damping elements
(Fig. 1b). In this model the relative displacement of link p with respect to link p —1 along any
axis causes deformations of all spring-damping elements (Ganiev and Kononenko, 1976, Szczotka,
2004, Adamiec-Wojcik et al., 2008, Wittbrodt et al., 2006, Harris and Piersol, 2010, Augustynek,
2010 Urbas, 2011). In the third approach a spherical joint is modeled by means of a system of three
one-direction spring-damping elements (Fig. 1c). In this case the relative displacement of link p
with respect to link p —1 along a particular axis causes deformation only of the spring-damping
element associated with this axis (Wittbrodt et al., 2006, Urbas 2011, Urba$ et al., 2011). This way
of modeling through the use of directional spring-damping elements causes the imposition of con-
straints on the appropriate degrees-of-freedom of the body. Therefore, it can be used to model any
joint.

The general model of the flexible connection of links by means of the spring-damping elements
is presented in the paper. Homogeneous transformations are used to derive the formulas for the
energy of spring deformation and the Rayleigh dissipation function of the spring-damping element.
As a particular case of the general model, models of the spherical and revolute joint are presented in
the statics and dynamics analysis of a one-DOF RSRRP linkage mechanism. The results of calcula-
tions using the replacement models were compared with the results obtained using the cut-joint
technique. The algorithms for both methods are also presented.
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¢) system with three one-direction spring-damping elements

Figure 1: Models of a spherical joint.

2 GENERAL MODEL OF THE SPRING-DAMPING ELEMENT

Fig. 2 presents two chains connected by means of the spring-damping element (sde e ).

Latin American Journal of Solids and Structures 13 (2016) 2896-2921
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chainl link (1, n;l)) link (2, 71;2))

) W ' chain 2
link (1,7 —1) C 00 link (Z,nf) -1)

{1,0} . .
(1) link (1,3) link (2,3) (2,0}
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link (1,2) g
link (2,2)
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S tink (1,1) {034 3
link (2,1)
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Figure 2: Links (I, nl(l)) and (2, nl@)) connected by means of the spring-damping element.

{)A((L",(l)) (1,7&1(1))’5,(1’"1(1))}

, ¥ — coordinate system connected with link (1, nl<1))

{)A((Zn((?)) (27n1(2))’$,(27n1(2))}

s )7 — coordinate system connected with link (2, nl(Q))
{fc(l’e), y(l’e),y(l’e)} , {ﬁ(Q’e), 5’(2’6),57(2"6)} — coordinate system of sdee connected with link (1, nl(1>) and (2,77,1(2)) , respectively

C,, a’be, o — spring and damping coefficients of sde € , respectively
ae{z,y,2,p.0,0}

It is assumed that the axes of the coordinate system coincide with the principal elastic axes of
sde e. This means that the axes of the system are selected so that under the influence of the force
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(moment) directed along the specified axis, displacement (rotation) is only in the direction (around)
this axis.

The homogeneous transformation matrices from the local coordinate systems {1, nl(n} and

{2, nl(z)} to the initial coordinate system {0} can be written in the forms

R(2,n[(2>) r(())

0 1

(0) (0)

, 7, — vectors describing the origins of the coordinate systems {1, n(l)} and
(Ll O(Q‘ny)) !

where T
O

{2, nl(z)} in {0}, respectively

(1)

R R

"7 — rotary matrices describing the direction cosines of the axes of the coordi-

nate systems {1, nl(1>}in {0} and {2, nl<2)} in {0}, respectively.
It is assumed that the position and orientation of systems {l,e} and {2,e} in {I, nl(n} and

{2, nl(z)} are described by matrices with constant elements.

Re )
T(le) _ R L

T = 0 011 ; (2.1)

~ @)

~ , R(Q/e) f.(27nl )
T = . (2:2)
-1y _(2n(®) I .. . .
where T o T ey - — vectors describing the origin of coordinate systems {l,e} and {2,e} in

{1, nlu)} and {2, nl@)} , Tespectively,
R(L’e), R* rotary matrices describing the orientation of coordinate systems {1,e} and
{2,e} in {1, nlu)}, and {2, nl@)} , Tespectively.

If sde e is undeformed, then the coordinate systems {1,e} and {2,e} coincide with each other.

As a result of the acting of forces and moments on the considered system, there are translations and

rotations of coordinate systems {1,e} and {2,e}.
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It is assumed that the principal elastic axes of sde e coincide with the axes of system {1,e}

connected with link l,n(l) . This means that the translational and rotational deformations of sde
1

e will be described in the coordinate system {1,e}. The considered situation is presented in Fig. 3.

Figure 3: The sde connecting with link {1, nl<l>} .

According to Egs. (1) and (2), the homogeneous transformation matrices from systems {1,e}
and {2,e} to system {0} have the following forms

an) L0

= (1e)  «(1,nY) (Le) (0
T(l e) _ T(l’"l( >)T(l,e) _ R O(mgl)) R( e) r0<1,nl> _ R r0(1_e) ’ (3 1)
0 1 0 1 0 1 :
‘ @n®) (0) = (2.¢)  <(2n) 2e)  .(0)
T(2,e) T(Q,nfl)),i‘(ze) R (2_"§2)) r0<2"‘]) _ R rO(Z.e) ’ (32)
0 1 0 1 0 1

RO RO _ geAR

where R — R(l,n,l@))

)

(1) (1) (2) (2)
0 _ plm))lny) (0) 0 _ pea®)2n?) (
Lot = R Tote tr (1o’ Toee = R T 2o t+r

0 0
Let us assume that the translational and rotational displacements, being deformations of sde e ,
have the components

0)
(2,n(%))

T
dZ": d, d, d._|, (4.1)
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T

rot __
d = {dw d, 1} . (4.2)
The potential energy of spring deformation and the Rayleigh dissipation function (translational

and rotational) of sde e can be presented as follows

Etr _ l(dtr )T Ctrdtr 5 1
pe g\ e e e’ ( . )
rot __ 1 rot r rot yrot
Ep,e _5((16 ) Ce de ’ (52)
. T .
R = () BUar, (5.
70 1 7o r rot 3ro
R™ = E(de f) Bd, (5.4)
c 0 c 0 0
e, €,
where CZT =10 ¢, ,C" =10 ¢, 0],
0 0 C.. 0 0 €.y
b, O 0 bw 0 0
B"=/0 b 0[,B”"=/0 b, 0
e e,y e €,
0 0 b&z 0 »

The coordinates of the origin of system {2,e} can be expressed in the coordinates of system

{1,e} by the formula

(0)
o =T T oo ) (6)
and vector dir as
r_ e _ (2.€)(2:€) (Le)z(Le)
d, = Jr0<2.e) - J(T Toze) T Tona ) (@)
1101010
[ .| I I
WhereroiliOiO:-]l:JQ:']d:0}'
0 i 0 i 1 i 0

In order to calculate the components of vector d:‘)t, it is assumed that the rotational angles

d .d,d . are small. Then it can be written as follows (Fig. 4)

e’ ed’ e
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1
where zEf)

1

20)
2
yS@

3

L)

— coordinate of point P in {le}, rlg?ve) =10 vy, 0 1 ,

. . . 2.€) __ 2,e
— coordinate of point P, in {l,e}, rl(32 =10 0 z; ) q ,

— coordinate of point F, in {l,e}, rg’e) =1z* 0 0 1

{2,¢} {Le} 3%

2(2.0)

link (1,7{")

A(l.e).f{(Zc)
(Le)
a) dw’ “p

link (1,n")
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y(‘l-f')

link (1, 77,[(]))

B Q
{Le} {26} 7 300 520

Figure 4: Displacements and rotational angles insde e .

Displacements z 1311’6>,x%’ ),y%’e> can be solved from the formulas
4 =[0 0 170 (T(“))_1 T =295 0 (T(L‘f))_1 T Jf (9.1)
=1 0 0i0 (T(l’e))il T2 = 2951 o[ )71 T2 J{” (9.2)
vy =0 1 000 (T(l"”))il T2 = 229§ 0 (T(Le))f1 T2 Jll (9.3)

T ! T
(1e) (2e) [ ! Ol (R(l,e)) _(R(Le)) r(O)N !

2 =Yp

T T
— 29|t (R(Le)) R®9j, + (R(Le)) (rmg 0 )

If we assume that the origins of systems {l,e} and {2,e} coincide with each other, then we take

into account that formula (*) in Eq. (10) is equal to zero and can be written as follows

T
Le) _ (2¢) T le (2,e) s
A =20, (R( )) R>Yj,. (11.1)

In a similar way we can calculate
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T
xg) — Zg) i (R(Le)) R*9j, (11.2)
and
T
(Le) _ .(2¢)sT (R(l,e)) R2); 113
Yp," = Tp do 4 (11.3)

The components of vectors dZOt can be calculated from Eq. (8) as follows

T
d,, =i (R(l’e)) R*j, | (12.1)
T
dy =3 (R) RO, (12.2)
4., =i} (R™) REj, (12.3)

After taking into account Eqs. (7) and (12), the potential energy of spring deformation and the

Rayleigh dissipation function of sde e can be written in the following way

_ tr rot __ 1 T
Ep,e = Epﬁe + Ep’e = Ede C.Jd,, (13.1)
R =R" +R" = %dZBede : (13.2)
tr
where d, = ;;t ,
c” o0
c, =/ |
0 C°
B” 0
B =" ol
e 0 B;Ot
T 2,)=(2.e) 1e)=(Le) T 2,e)=(2.e) 1e)=(Le)
i 0}(T( )rO(Z‘”’) — % (]()) [.]1 Ol(T( )rO(Q.(,) T )r()(u))
T (2,¢)=(2.¢) (Le)=(Le) T n(2,e)=(2e) (Le)=(Le)
Js O} (T T o -T T )) [32 0}(T T oo T ro“”)
T (2,e)=(2.e Le)=(1e) T n(2.e)=(2,€) n(Le)=(le)
J3 0} (T )rO(Q.a) - T( )rO(l,r)) [JS 0} (T( )ro(Q.U) - T( )rO(l.u))
d = e T e 9 de 1. S (le e e e ?
e i (R(L )) RCj, i (R(l‘ )) RCYj, + 7 (Ra >) R®9j,
T T
i’ (R(M) R9j, i (Ru e>) R, + §7 (R<Le>) RE9j,
j2T (R(l,e) )T R( (’)jl j2T (R(l,e))T RC (’)Jl n J2T (R(l-,e))T R(g,e)jl
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(¢) (¢)

. Mof 8T(c,e) © Piof )
(C,C) — '(Cm’ ) — (Cﬁc) '<C7n )
T =12 N Z (¢ n(u)) k ] B ZTk qk ] ’

=5 k=1 aqk’ 1 k=1
c) (c)
. (C.c) nflr)f 8R(C78) '(07”7([)) ndnf (C.C) _(Cvnl(r))
R =12 Z (e 7k - ZRk’ U '
= k=10g, "™ k=1

In order to use these formulas, the derivatives of Eq. (13) for the generalized coordinates de-
scribing the motion of links {1, nl(l)} and {2, nl(z)} in the initial coordinate system {0} can be calcu-

lated as follows

OF od’
— 2 =—*°_Cd
ent® ent® e-e’ 14.1
aq,({’ ) =12 (‘3q,(€’ ) ( )
k:l,..,nl(”)
OR, 0d, o4
© T el et 14.2
adé,(”nl ) o=12 aq,(:’nl ) ( )
) /<71,...,717(C)
where
[a o i omeEs)
T 1e)=(le) T 2,e)=(2.€)
-5 0Tl 5 o[t
B A Y IO 5 A el
€ = T [ S — T
o3 (REO) ROV ) i (RO) REOG,
k ’ k
if (jove) )T R, if (R“’e) )T RCj,
T T
T Le) (2) 5 T Le 2e
)y (Ri ) R™7y J (R( )) RS@ >-]1
. e)~(le . e)=(2,e
[ o]t i o|Tost
i oy i o
i, [1Eomen) |l o
£ = T R € =, . T .
aq(l,nl(Q)) jg (Ri‘lve)) R(Qve)jz aq'(Q’n;Z)> Jg (R(L)) ]315»2‘)J2
k e
it (R0) RE, it (RO) R,
T T
J-2T (jo'e)) R(2,e)j1 Jg (R(l,e)) Rf’e)jl
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The formulas presented here can be used to model any joints. Clearances are neglected in these
formulas.
The model presented here will be used to derive equations of motion of the one-DOF RSRRP
linkage mechanism.

3 DYNAMICS ANALYSIS OF THE SPATIAL LINKAGE MECHANISM

An example of using the replacement models of the spherical and prismatic joint in the one-DOF
RSRRP linkage mechanism is shown below (Haug, 1989). The mechanism consists of four rigid
links connected to a fixed base — Fig. 5.

driving link
CS 28 %200

CS 28 %500

~_driven links

CHS 20 x 5x100
RS 20x 5x100

Figure 5: Analyzed spatial mechanism.

The mechanism considered here was divided in the place of spherical joint S for a replacement
model of a spherical joint and the cut-joint technique (Fig. 6a). Two open-loop kinematic chains
joined with the fixed base were obtained: 1 — is formed by link (1,1), and 2 is formed by links

(2,1), (2,2), (2,3). For a replacement model of a revolute joint, the mechanism is cut in the place
of revolute joint R (Fig. 6b). This approach also allows to obtain a system with two open-loop kin-
ematic chains but built with: 1 — is formed by links (1,1), (1,2), and 2 is formed by links (2,1),
(2,2). In both cases link (1,1) is the driving link loaded by torque tgr’l) and resistance torque ts_lcjsl) .
The local coordinate systems were attached to the particular links according to the Denavit-
Hartenberg notation (Denavit and Hartenberg, 1955). The fixed coordinate system {1,0}, related to
chain 1, is understood as the global reference system, and system {2,0}, related to chain 2, is the

auxiliary reference system. For replacement models, the formed kinematic chains are connected by
the spring-damping element. In fact, this element is a system of three stiff springs and three damp-
ers whose invariable action directions are consistent with the versor directions of the global refer-
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ence system {1,0} (Figs. 7a and b). In the cut-joint technique, joint forces fg fSy’ f,, and
—f —f —f

5o tey g, acting on chains 1 and 2, respectively, in accordance with the versor directions

of the global reference system {1,0} (Fig. 7c), are applied in the place of the mechanism cut.

chain 1

link (1,1) -/

chain 2

( )‘ link(2,2)
- 2,2

LN joint (2,2)

a) replacement model of the spherical joint, cut-joint technique

chain 1

chain 2

b) replacement model of the revolute joint

Figure 6: Division of the mechanism into two open-loop kinematic chains.

Latin American Journal of Solids and Structures 13 (2016) 2896-2921
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chainl

y(lwo)

e b

e’ ey

chain2

chain2

%23

(2.3)
"0 — 023

¢) cut-joint technique

Figure 7: Assumed coordinate systems.
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The motion of chain . is described by the joint coordinate vectors:

q<c,n§”>

_ [q“’”f”)]
c=1,2 J ]‘:L_,_m(f) ’ (15)

dof

where:
1) for chain 1:
— replacement model of the spherical joint, cut-joint technique

q = (qgm)_ _ [d)m)},
J=1
— replacement model of the revolute joint
T
q? = (qj(_l‘z))‘ _ [w(l‘l) p12 g2) S0(1,2)} ,
j=1,..,4

2) for chain 2:
— replacement model of the spherical joint and cut-joint technique

T
q(2,3) :(q§_2,3)). :[d(Z,l) ¢<2’2) w(2,3)} ,
j=12.3

— replacement model of the revolute joint

T
22) _ ( (22 _ ey 22
= (qi )j:l,? B [d v } '

The homogeneous transformation matrices from the local systems attached to the links to the
global reference system {1,0} are determined according to the relationship:

lep=Dlep)

(¢,p)
T ’ (16)

c=1,2 =

_ nlc
p=L1,.. .,n,l{)

where TV =1 ,

1) for chain 1:
— replacement model of the spherical joint, cut-joint technique

™ sy 0 0
5(L1)  ~(1,0 ,
FLY RO r(()u.l)) _ sy ™00 7
0o 1 0 0 10
0 0 01

— replacement model of the revolute joint
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™ syt 0 0
0 _ R ~(1(ﬁ)> _ Sw(m) c 71}(1’1) 0 0 |
0 1 0 0 10

0 0 01

M) p12gp0Rg,12) _ (12,02 12p012)0 12) 4 (125,02

- (12) RO f‘(l(ll)) B S¢(1,2)69(1,2) S¢(1,2)59(1,2)S(p(1,2) + C¢(1,2)C@(1,2) S¢(1,2)59(1,2)C(p(1,2) _ cz/)(]"?)sgp“’?) JeBY 7
1o 1| | s 1 D5, (12) cf1 D12 0
0 0 0 1

2) for chain 2:
— replacement model of the spherical joint, cut-joint technique

0 -1 0 0 1 0 0 0
5 (2, ~10) |[g@21) =20 10
0 1| o 1 00 1 0 |00 1 d®)
0 0 O 1 0 00 1
sy 0 2l
70 _ R(2? %2&1.3) s ¢(2,2) Cw(zz) 0 0
0 1 0 o 1 0|
0 0 0 1
01/)(273) Sw(gvg) 0 0
N (2,0 ~(2,2
23 _ R*Y §22) o 0 10
0 1 s ey 0 of
0 0 01
— replacement model of the revolute joint
0 -1 0 0 1 00 O
5200 =10) |[R@1) =20 10
51 _ R(20) 1'(1('23) R ((2‘1)) _ 1 0 0 _yﬁ)(z.’[)]) 010 O
0 1 o 1 00 1 0 |00 1 d®)
0 0 O 1 0 0 0 1
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2913

Cw(zvz) _S'l/)(Q’Q) 0
5(22) (21
F22) _ (2) rém)) _ s¢(2*2> Cw(zg) 0
o 1 0 0 1
0 0 0
By . » ) ;
sl = Slna(ﬁ”), ca'®?) = cosalP)

The homogeneous transformation matrices from the local systems sde e to the global reference

system {1,0} are determined according to the relationship:

where:
— replacement model of the spherical joint

o O = O

5(2.¢)  =(22)
R 2 ro(w _
0 1

Fl2e) _

o = O O

o O O =

[

o = O O

(1,2)

)

, B(Le)

= 60°
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4 SYNTHESIS OF THE EQUATIONS OF MOTION AND THE ALGORITHM FOR THEIR SOLU-
TION

The equations of motion of chains are determined by using the formalism of Lagrange equations on
the basis of algorithms given in a monograph by Jurevic¢ (ed.), 1984. The structure of these equa-
tions is different depending on the proposed analysis method:

1. Replacement model of the spherical joint

tr r
1) 8Ep,e 8R§ 11) (11
€ + tdr tree
ALY g qu,l)l aqth  agty :
@3) || =23~ i . ) (18.1)
0 A™T4 o29) _ oE,,  OR!
8(1(273) 8(.1(273)
2. Replacement model of the revolute
e(l,?) _ 8Ep,6 + 8R€ + t(lﬁl) . t(Ll)
A2 0 (12) aq(l,?) 8('1(1’2) dr res
22) || =22 | = ’ (18.2)
0 A (22) 8EP,€ aRP
3q(22) 3(1(?2)
3. Cut-joint technique
A(l’l) 0 *D(l’l) (-j(l,l) e(1,1) + tsil,l) o t(l,l)
0 A(273) D(Z?’) ('j<273) — e(273> , (183)
D(u)T _D(2,3)T 0 fs 12

where

A(z:,'rLl(C)) _ [A(c,n;C))]
i,j=1,...n )

(c)
c nl ~ ~
A(C,nl( )) _ A(C’l) A(c,p) _ ~(¢e,p)

(] Z [ ™ P et pled=D g 1 (e
l—max{i } 1,j=L....p 'dof Meof ) L S
= N l=1¢-~-s7~l$}/)

. . "N

i = tr {TZ_(%P)H(GP)TJ(_CJ)) }
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— | plen)
. yi—1
i=1,...,p 7’/1(1?,‘; >+k =1

(c,p)

flen) _ i tr{T(c.p>H<c,p)T<c,p)T }qfi,mqﬁc,p)

i m,n

~(c,i)
"'""ndof

)

m,n=1
S(ep) _ [~<c7p>
g' X =9 (eyi—1) A}
R N AL S
W) {t;n} — replacement model of the spherical joint, cut-joint technique,
¢l —
dr T
[tc(l}jl) 0} — replacement model of the revolute joint,
W) {tg’:)} — replacement model of the spherical joint, cut-joint technique,
ey = T
‘ [tg’;) 0} — replacement model of the revolute joint,
(el (e;n{) ~(e,n()) (el - (e;n'))
D" _JTl ) i d Tﬂ}p)/ iy )
’Il]<2> nl(l)
(1,2) __ (2,3) +(2,3) -(2,3) | =(2,3) (1,1) -(L1) -(1,1) | ~(L,1)
S T a7 | — ij %G|

ij=1 ij=1

The structure and number of equations were different for each of the methods, thus different al-
gorithms were used to solve them.

For the replacement models of a spherical and revolute joint, a system of four and six ODEs of

second order was obtained, respectively (Figs. 8a and b). At the beginning of the procedures as-

sumed here the configuration of the mechanism was determined in conditions of static equilibrium

of its links. Minimal movements of the links, caused by gravity forces, result from the flexibility of

the replacement model. By performing this part of the procedures (i.e. statics analysis), a system of

non-linear algebraic equations, obtained on the basis of the differential equation, is solved by the

Newton-Raphson method. The positions of the links determined in such a way also determine the

initial conditions in the dynamics analysis of the mechanism.

The system of seven DAEs which contain, besides the unknown components of the acceleration

vectors q

(1,1) (2,3)

and q also unknown components of vector f, is obtained for the cut-joint tech-

nique (Fig. 8c). All of these unknown values are determined by using the Gauss elimination meth-

od. A system of four ODEs of second order is eliminated from the system presented here. Addition-

Latin American Journal of Solids and Structures 13 (2016) 2896-2921



2916  A. Urbas / Mathematical Description of a Flexible Connection of Links and its Applications in Modeling the Joints of Spatial...

al calculations using the recursive Newton-Euler algorithm were performed in order to determine
the joint forces and torques in the other joint.

In both cases the components of the acceleration vectors are broken down into a system of ODEs
of first order and solved by the Runge-Kutta method of the fourth order with a constant integra-
tion step.

staties analysis

tr - initial configuration
_oLD pe (L1)
& | _[o i
tr | (2=3)|
(2,3) aEp,e L 1 t=0
T o
q>
Newton-Raphson
method dynamics analysis
initial conditions set of 40DEs tr I
(1,1) . (1,1)| e(l,l) 8Ep,e BRE L t(l'l) _ t(l,l)
"23 =0 q23 -0 A g g0 aqh) " ggn | e e
a® ] 0 ACY|[§e9|T OB"  opv
=0 =0 o29) b ;
6q(2’3) 3(1(2-,3)
eron o [EFETODE I
Set of 4 ODEs of first order
o ) 1) (23)
"M‘f‘_’a‘ﬁnl" | q(l’l) Runge-Kutta method el
q % 23 of the fourth order .(1,])’ -(2,3)
q(m) q( 3) qq
4 1
- (2.3 __ itr gtr tr 3t
q( ) |fS — Cerdn +Bc der
a) replacement model of the spherical joint
statics analysis
tr initial configuration
) 4 ne " [0
g L o |z—0
aptr |~ |0 (22)
e, 9B E |t=u
SRPeT)
Newton-Raphson
method dynamics analysis
initial conditions set of 60DEs
oE" 7
q(1,2)| q(1,2)| 1?2 4 f; + BREQ +t‘(ilr,1)_t(rlé‘:)
( 1—0 -0 A2 0 q(m) 3(1( 2) aq(l-, )
2"2)| '(2'2)| 29) || +(22)| = "
L Y | 0 A®Y |G (), BE;;.e R
o :
3q(2-2) aq(m)

Causs
l(‘]imiu.ilinn Set of 12 ODBs I
= . of first order
l:ﬁii)ﬁx?(aﬁ;r (1.2) (12) q(2,2)
(12) ] q Rufngln-—le'un.al |||('!:|ml i 2)’ o
' the fourt. rder - (1. . 4
S oo [ |9 g
! q(l,?) 1
-(2.2) f = Ctr dtr 4 Btr (‘ltr
q R e chue

__ ot grot rot yrot
n, =C"d” +B"d,

b) replacement model of the revolute joint
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dynamics analysis
initial conditions || set of TDAEs
) (23| A g _pD|fgan] [en 4 g0 g0
r Tes
(11)| (23 |t = 0 A23) D23 6(213) = 23
t=0 DU _ped g [ g | [
cimination [“EFSTSODE]
‘ ] f first ord
set of 4 ODEs OF first order
ormnallu)rdﬂ q(l’l) Runge Kutta method q(l’l)’q(2’3)
g 23) of the fourth order q(l’l),q(2’3)
-+(2.3) q
q (1)
I3 q
q(2,v3)

1 !
=1 =
it S i)
Newton-Euler algorithm
ﬁ(lrp) =(2,p)
o2 |, 0,193

¢) cut-joint technique

Figure 8: Algorithms of solving equations of statics and dynamics of the mechanism in question.

5 NUMERICAL CALCULATION RESULTS

The parameters and initial configuration of the mechanism are presented in Fig. 9. It was assumed
that at the initial moment of the mechanism’s motion the symmetry axes of all its links are in the

~(1,0) 1,0)

7

vertical plane y of the global reference system {1,0} .

t = 0 — replacement model of the spherical joint,
cut joint technique
11)’ 0]

(2,3)

q
t=0

— replacement model of the revolute joint

10

. {z 23 ¢0560° 0 300"]

(1.2)

T
=[0 90° —150° 790"}

) T
= {l“")) cos 60° 0]

t=0

Figure 9: Initial configuration of the mechanism.

Latin American Journal of Solids and Structures 13 (2016) 2896-2921



2918  A. Urbas / Mathematical Description of a Flexible Connection of Links and its Applications in Modeling the Joints of Spatial...

The assumed time courses of the value of the driving torque tc(;fl) and the resistance torque

t(lvl)

e are presented in Figs. 10a and b, respectively. The following parameters were taken into ac-

. . s (1.1 rad
count in the case considered here,: tl(ilr’lo) = 10Nm , titl’l) =5s ,1/)(<] D — 922
’ S
fl[lf_‘l 4 [Nm]
(L) —
I:II.O |
|
|
|
I (1,1) (L1 (1.1
: ALY 10655 5 15ty 4 Olaly
ar )\ 3 ) ( 5
| (,E)I )‘ (Iill.],)i (f‘[]'l))
|
|
|
|
|
: fH
(L1)
[.\l
a)
t! ”[.\Im}
o ~
tl]l.ll |
|
|
|
|
|
|
|
|
|
|
|
[IRTIR) rad
| s
|
i(L1)
%
b)

Figure 10: Time course of: a) driving torque, b) resistance torque.

It is assumed that the analysis time is 15S. A constant integration step equal to 107*s is as-

sumed.

A comparison of the numerical results of the courses of components of joints forces fS , f p and

torques n, in both methods are presented in Fig. 11.
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Figure 11: Courses of components of joint forces f¢, f, and torque n, .

As can be observed, sufficient compliance results are obtained even at relatively low values of
stiffness and damping coefficients and a large value of the integration step size.

Numerical tests carried out with different integration steps did not confirm the necessity of us-
ing a stabilization method of constraint equations. The Euclidean norm determined for the integra-

tion step equal to 10~*s has an insignificant value (less than 10°m ).

6 CONCLUSIONS

The general model of a flexible connection of links is presented in the paper. The connection is done
by means of spring-damping elements. It was derived the formulas for the energy of the spring de-
formation, the Rayleigh dissipation function and their derivatives convenient to introduce them in
Lagrange's equations of the second order. The formalism of homogeneous transformations was used
to derive these formulas. The general model presented here can be used to formulate the replace-
ment model of any joint.

The models of the spherical and revolute joint are presented as an example of the general mod-
el. The results for the replacement models were compared by using the cut-joint technique. Good
compatibility can be observed of the results obtained here.

In the author’s opinion, the use of replacement models can be efficient when the flexibility and
clearances are taken into account.
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