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Abstract 
In this study a newly developed thin-walled structure with the 
combination of circular and square sections is investigated in term 
of crashworthiness. The results of the experimental tests are uti-
lized to validate the Abaqus/ExplicitTM finite element simulations 
and analysis of the crush phenomenon. Three polynomial meta-
models based on the evolved group method of data handling 
(GMDH) neural networks are employed to simply represent the 
specific energy absorption (SEA), the initial peak crushing load 
(P1) and the secondary peak crushing load (P2) with respect to the 
geometrical variables. The training and testing data are extracted 
from the finite element analysis. The modified genetic algorithm 
NSGA-II, is used in multi-objective optimisation of the specific 
energy absorption, primary and secondary peak crushing load ac-
cording to the geometrical variables. Finally, in each optimisation 
process, the optimal section energy absorptions are compared with 
the results of the finite element analysis. The nearest to ideal point 
and TOPSIS optimisation methods are applied to choose the opti-
mal points. 
 
Keywords 
Combined energy absorber, Multi-objective optimization, GMDH 
neural network,Modified genetic algorithm NSGA-II, Pareto curves. 
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1 INTRODUCTION 

For modelling a system, it is essential to evaluate precisely the relations between input and output 
data in a simple manner (Åström and Eykhoff, 1971). Given that neural network and genetic algo-
rithm have the ability to model the complicated systems (Sanchez et al., 1997), many attempts 
have been made to introduce evolutionary methods (Farlow, 1984). For the first time Ivakhnenko 
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utilized GMDH (Group Modelling and Data Handling) method which is applicable for modelling the 
systems with several inputs and one output (Ivakhnenko, 1971). In fact, the main idea of the 
GMDH is to develop a function according to second order transfer function and recently genetic 
algorithm in conjunction with GMDH neural network has been performed for optimum connection 
between variables (Atashkari et al., 2007). 

Mamalis and Johnson investigated crushing of aluminium tubes and Frusta under static pres-
sure (Mamalis and Johnson, 1983; Mamalis et al., 1986). Mainly aiming to obtain a detailed exper-
imental study of the failure modes, they presented a theoretical model for predicting the energy and 
the average load of plastic buckling in the crushing of cylindrical thin walls and Frusta in the axial 
symmetric deformation mode. Qi et al. has investigated the crash behaviour of the four types of 
axisymmetric thin-walled square (ATS) tubes (Qi et al., 2012). It has been found that the multi-cell 
tapered (MCT) tube has the best crashworthiness performance under oblique impact regarding to 
both the specific energy absorption (SEA) and peak crushing force (PCF). The energy absorption of 
empty and foam-filled tubes under oblique loading with different loading angles and geometry pa-
rameters has been carried out by Li et al. (Li et al., 2012). It has been shown that the energy-
absorbing effectiveness factors of the circular tube structures with aluminium foam core are signifi-
cantly higher than those of the empty tubes, and the energy absorption capacity of the foam-filled 
double tubes is better than that of the empty and foam-filled single tubes. Bi et al. has optimized 
single and triple-cell hexagonal columns filled with aluminium foams for maximum specific energy 
(Bi et al., 2010). The results showed that foam-filled columns had significantly larger crushing forces 
than those of non-filled columns due to interactions between the tube and foam. The optimization 
results further suggested that the SEA tend to favour slender and thick columns with a moderate 
foam density for both single and triple-cell columns. Yin et al.’s have investigated two kinds of 
functionally lateral graded foam-filled tubes (FLGFTs), and the numerical results indicated that 
each of those two kinds of FLGFTs demonstrates higher energy absorption capacity than the ordi-
nary uniform foam-filled tube (UFT) with the same weight (Yin et al., 2013). A comprehensive 
experimental investigation on the response of the composite sandwich structures exposed to quasi-
static compression has been carried out by Tarlochan and Ramesh, in which average crushing force 
and crush force efficiency of various types of composite sandwich structures were investigated in a 
series of edgewise axial compression tests (Tarlochan and Ramesh, 2012). Four distinct modes of 
failure were observed and recorded, among which the primary mode of observed failure was progres-
sive crushing with high energy absorption capability. Ghafari and Ghasemnejad studied the effects 
of stitching on the energy absorption and crashworthiness behaviour of the composite box structures 
(Ghafari-Namini and Ghasemnejad, 2012). It was found that the stitched composite boxes which 
show higher fracture toughness in Mode-I delamination tests, are not necessarily able to absorb 
more crushing energy in comparison with non-stitched composite boxes. Qureshi and Bertocchi have 
proposed a new automotive box-beam crash absorber design with sinusoidal patterns embedded on 
the beam surfaces. Six different types of surface patterns were initially put forward and a total of 43 
samples have been simulated using the commercial pre-processor Hyper CrashTM and the commer-
cial explicit FEM solver RADIOSSTM. A maximum increase of 42 percent in the amount of total 
energy absorption and an increase in the energy efficiency factor from 1.08 to 1.54 were observed 
moving from the reference model to the best design so far (Qureshi and Bertocchi, 2012). 
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The bending crashworthiness of empty and foam-filled thin-walled circular tubes has been in-
vestigated through dynamic three-point bending experiments by Li et. al. Three types of tubular 
structures have been tested and due to their high dynamic bending resistance and energy-absorbing 
effectiveness, foam-filled double circular tube structures have been recommended as crashworthy 
structures (Li et al., 2013). Costas et al. have performed surrogate-based multi-objective optimiza-
tion techniques to a crashworthiness problem in which the impact performance of a frontal crash 
absorber made of steel and a glass-fiber reinforced polyamide has been optimized. The Specific En-
ergy Absorption (SEA) and the Load Ratio (LR), whose responses were approximated by multiple 
types of surrogate models, have been considered as contrasting objective functions. The results show 
improvements in both functions by almost 50% compared to the original design (Costas et al., 
2014). Multi-cell square tubes under dynamic oblique impact loading have been studied by Trong 
Nhan Tran et. al. The theoretical predictions of mean crushing force mean horizontal force, and 
mean bending moment were proposed based on a Simplified Super Folding Element theory. The 
optimal configurations of multi-cell tubes have been analyzed under axial and more than one 
oblique impact loadings. The results showed that the FE numerical results agreed well with the 
theoretical predictions (Tran et al., 2014). Shojaeefard et. al. have been performed Quasi-static ex-
perimental and nonlinear finite element analyses to compare the energy absorption and initial peak 
load of combined circular and square sections with those of regular circular and square sections. 
Results showed that the specific energy absorption capability of the combined tube is significantly 
higher than that of the square tube and is close to that of the circular tube. Moreover, the initial 
peak load of combined tube is significantly lower than that of the circular tube and somewhat lower 
than that of the square tube (Shojaeefard et al., 2014). Baroutaji et al.has studied the energy ab-
sorption behavior and crashworthiness optimization of short length circular tubes under quasi-static 
lateral loading. Response surface methodology (RSM) for design of experiments (DOE) has been 
utilized in conjunction with finite element modelling to evaluate systematically the effects of geo-
metrical parameters on the energy absorption responses of laterally crushed circular tubes. The 
approach of multi-objective optimization design (MOD) has been employed to find the optimal 
configuration of the proposed energy absorption structures (Baroutaji et al., 2015). Djamaluddin et. 
al. have been presented the multi-objective optimization of the foam-filled double circular tubes 
under pure axial and oblique impact loadings. So different configurations of structures, such as 
empty double tube (EET), foam filled empty double tube (FET) and foam filled foam filled double 
tube (FFT), have been identified for their crashworthiness performance indicators. The results 
showed that the optimal FFT had better crashworthiness performance than the others under pure 
axial loading (Djamaluddin et al., 2015). Bi-tubal circular energy absorbers consist of two AL-6063-
O tubes with unequal diameters placed coaxially and compressed under quasi-static axial load have 
been studied experimentally by Sharifi et al. In order to reduce the high value of peak load induced 
in the bi-tubal absorbers, two worthwhile solutions are proposed. The first one is to use two tubes 
with different lengths and the other one is to cut groove at the end portion of one of the tubes 
(Sharifi et al., 2015).  

This paper aims to optimize a new combined energy absorber (square-circular section) for the 
improvement of its crashworthiness characteristics. This combination is not presented in any other 
literature until now. The idea comes from the superior capabilities of energy absorption of the thin-
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walled square and circular sections. The square sections though with the lower energy absorption 
and initial peak load in comparison with the circular ones are however used in automotive indus-
tries as front rail to absorb the crash energy. Nowadays, with tougher safety standards the devel-
opment of an energy absorber with high capability of energy absorption beside low initial peak load 
is inevitable. When the square and circular sections designate in series form, the new configuration 
shows the superiorities over both square and circular sections. It also gives the designer more func-
tionality to manage the energy absorption of each part of vehicle in collision. Higher energy absorp-
tion with lower initial load peaks can be achieved through optimizing the geometry variables of 
these structures. For example, the pedestrian–vehicle collision needs softer front structure which is 
withstanding the high speed collisions. 

In this paper the newly developed combined energy absorber structures with the combination of 
circular and square sections are investigated in terms of crashworthiness. Experimental tests have 
been firstly performed and then the result of the Abaqus/ExplicitTM finite element simulation has 
been validated with the experimental test results. Four polynomial meta-models based on the 
evolved group method of data handling (GMDH) neural networks have been employed to simply 
represent the specific energy absorption (SEA), the initial peak crushing load (P1) and the second-
ary peak crushing load (P2) with respect to geometrical variables. Comparing the results of the 
models with the simulation ones indicates that this model has been successfully developed in the 
mentioned processes. The modified genetic algorithm NSGA-II and Pareto curves have utilized for 
the multi-objective optimization of the specific energy absorption primary and secondary peak 
crushing load. At the end of each optimization process by using the nearest to ideal point and 
TOPSIS, optimal sections have been selected. The obtained optimal points have been re-evaluated 
with the Abaqus/ExplicitTM finite element software. The very close agreement of these results with 
those of numerical results using the GMDH model demonstrates the effectiveness of our approach in 
this paper. 
 
2 COMBINED ENERGY ABSORBER 

Combined energy absorbers are composed of square and circular section tubes in series form. Circu-
lar crash boxes always have higher energy absorption than the square ones, but the initial peak in 
the circular crash boxes is much higher than the square ones. Since higher initial peaks lead to se-
vere injuries for the automotive passengers, the circular crash boxes are not utilized in automotive 
structure for the aim of the energy absorption (Kiasat and Najibi, 2008). To overcome this draw-
back the combined energy absorber is proposed for the first time. This proposed structure not only 
has the lower initial peak but also manifests high energy absorption like the circular crash boxes. 
The Geometry variables are b, R, l and t which stand for square section width, circle section radius, 
length of square section and thickness of the structures respectively. The total length of the struc-
tures is constrained to 588mm and both of the circular and square tubes are made of steel. 

The combined energy absorber in comparison with the square energy absorber with the same 
geometry (e.g., the width of square tube equal to 90mm; the length and thickness equal to 588mm 
and 2mm respectively) has about 22% more energy absorption, while their initial peak loads are the 
same. The combined energy absorber in comparison with the circular energy absorber in which the 
circle section radius is 55 mm and the length and thickness is equal to 588mm and 2mm respective-
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ly, has about 33%  less initial peak load, while their energy absorptions are the same (Figures 1 and 
2). 
 

 

Figure 1: Comparison of the numerical force–displacement diagrams of square, circular and combined sections. 

 

 

Figure 2: Comparison of the numerical energy–displacement diagrams of square, circular and combined sections. 

 
3 EXPERIMENTAL TESTS 

For the experimental test it is needed to fix the crash boxes between the upper and lower parts of 
the pressure machine. The bottom and top of the crash boxes must be clamped; therefore, the 
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square fixing plates with thickness of 15mm and 150*150mm were developed to clamp the 6 degrees 
of the freedom of the crash box ends. There are 3 types of these fixing plates: 1) the first type on 
the plate is a square slot with thickness of 6 mm was made for square section; 2) the Second type is 
a circular slot with thickness of 6mm to clamp the circular section; and 3) the third type is designed 
to keep the circular and square sections clamped to each other’s. Note that this last type of fixing 
plates is embedded between those sections to keep the continuity of the combined section. 

Four screws have been employed in every plate for avoiding the tube ends movements. Quasi-
static tests have been performed by INSTRONTM pressure machine with a load capacity of 30000 
kg in speed of 10 mm/min and total displacement of 382 mm. Three experimental tests have been 
performed for the combined energy absorber and the average results were considered for load-
displacement graphs. In the experimental tests the thickness of each tube is 2mm. The length of the 
combined energy absorber is 588mm which is close to the automotive front rail. Considering the 
equal length for each section the length for each section would be 294mm, and for reaching the 
equal mass of each section the square section width would be equal to 90 mm and the circular sec-
tion radius would be equal to 55mm. To determine the exact behaviour of the combined energy 
absorber by changing the four design variables like b (The square section width between 60 and 150 
mm), t (the thickness of tube between 1 and 2 mm), L (The length of square section between 60 
and 530 mm) and R (The circle section radius between 43 and 83 mm) with a constant total length 
of structure equal to 588 mm, it is needed to do a large number of numerical tests. For this pur-
pose, 207 numerical tests were conducted with the ABAQUS software in our research. 
 
4 FINITE-ELEMENT SIMULATION AND VALIDATION 

Validated numerical simulation would be helpful since experimental tests are usually time and cost 
consuming and sometimes impossible. For the goal of this study a lot of tests need for training the 
neural network, and simulation analyses would thus be unenviable. 

As mentioned above the experimental quasi-static tests have been carried out and the load-
displacement and energy-displacement response curves have been extracted to validate the numeri-
cal simulation. The numerical quasi-static crushing study has been performed using commercial 
software ABAQUS/ExplicitTM. 

Sudden movements cause stress waves propagation which can induce noisy or inaccurate solu-
tion. Therefore, it is needed to apply loading as smooth as possible. To ensure the accuracy of the 
quasi-static analysis, the loading rate was ramped smoothly to the applied velocity during first time 
increments and the applied velocity was also artificially raised to reduce the required solution time. 
A typical smooth loading curve is shown in Figure3, where the initial velocity and initial slope of 
this curve which is equal to initial acceleration are clearly zero. This ensures that loading takes 
place gradually and unnecessary dynamic effects would be avoided. 

In the quasi-static simulation, the velocity of the material is considered very small and so that 
the inertial forces are negligible. Therefore, internal energy is nearly equal to the work applied by 
the external forces while the kinetic energy is small and should not exceed a small fraction of inter-
nal energy.  
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Figure 3: Velocity-Time history for the moving rigid body used in the  

quasi-static simulation (Shojaeefard et al., 2014). 

 
The tubes which are made of steel modelled with elastic and plastic properties. The material 

properties of those tubes were calculated using Equations (1) and (2), and the stress–strain curves 
obtained from uniaxial tensile tests (Reid et al., 1986) and (Karagiozova et al., 2000). 
 

σTrue= σEng(1+ ɛEng) (1)
 

ɛPlastic= Ln(1+ ɛEng) - σTrue/E (2)
 

where, σEng and σTrue are the engineering and true stresses, respectively, while ɛEng and ɛPlastic are 
the engineering and plastic strains, respectively. 

The finite element models of the combined energy absorber were developed in the nonlinear fi-
nite element software environment (Abaqus/ExplicitTM). In the simulation 4-node, doubly curved 
thin shell elements, S4R, which are suitable for large strain analysis (Figure4) have been utilized. 
The element size is taken small enough in which the difference between structure energy absorp-
tions with this element size and the previously taken element size is less than 0.5%. Thus, the final 
element size applied in these simulations is 6 mm. In order to simulate crushing, five integration 
points were selected through the shell thickness. 
 

 

Figure 4: The finite element model of the combined energy absorber. 
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In this paper, the density of the steel tubes is 7800 Kg/m3 and the module of elasticity of them 
is 207 GPa. The elastic-plastic properties of steel tubes which have been achieved from the conven-
tional experimental tensile test have been depicted in Figure 5. 
 

 

Figure 5: The stress-strain curve. 

 
The movable flat plate which was a member of fixture at the top in the experiments has been 

modelled as a discrete rigid surface. This surface has been considered free just in the vertical direc-
tion. The contact between top, bottom and middle of the plate is fully clamped and in the numeri-
cal simulation “tie” interaction has been applied. Moreover, the all degrees of the freedom of the 
lower end of the tube have been constrained to model the connection between the tube and the 
lower fixture and the velocity has been applied to the tube via the rigid surface. 

In order to reduce the time needed to analyze in the software, the velocity of the rigid surface 
was artificially speeded up to 2 m/s. Moreover, the applied velocity has controlled using the AM-
PLITUDE option and the SMOOTH STEP sub option in ABAQUSE/ExplicitTM to ensure an ac-
curate quasi-static analysis. 

According to Figure 6 it is clear that the collapse mode in the square section of the combined 
energy absorber follows a symmetric deformation, while in the circular section it is symmetric first 
and then develops into the Diamond type deformation mode in both experimental and numerical 
simulation. It can be obviously seen that in Figure 7, there are two peaks in the load-displacement 
curves of the combined energy absorber. The first peak is called the initial peak and occurs because 
of the crushing of the square section. The second peak comes from the crushing of the circular sec-
tion. When crushing occurs at first, the square section is going to crumple because it requires less 
initial crushing load. Then the circular section crushing begins, leading to the emergence of the sec-
ond peak. If the impact severity is low, only the square section will collapse. In the severe crushes 
the circular section will incorporate in the crush after the square one. The summary results of the 
experimental and simulation results are given in Table 1. 
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Figure 6: Comparison of Final deformed profiles of combination absorber under  

the experimental and numerical tests. 

 

 

Figure 7: Quasi-static load-displacement histories of combined energy absorber. 

 
The small difference between numerical and experimental results indicates the accuracy of the 

numerical simulation. 207 various finite-element analyses considering the variations of design varia-
bles were performed under the same load and boundary conditions. In this way, the square section 
width b is changed between 60 and 150 mm, whilst the thickness of tube t varies between 1 and 2 
mm, The length of square section l changed between 60 and 530 mm, and the circle section radius R 
changed between 43 and 83 mm. Table 2 depicts that the values of some input data and the com-
puted values of the absorbed energy, specific energy absorption, initial and secondary peaks crush-
ing load as output data. In the numerical study, the energy absorption during deformation of the 
combined energy absorbers has been computed at the time when the end displacement reached 382 
mm. The results obtained in such finite-element analysis can now be used to build the equations (7, 
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8 and 9) of both the energy absorption capacity and the maximum crushing force for those different 
207 models using GMDH-type polynomial neural networks. Such meta-models will be then used for 
the multi-objective optimization of the combined energy absorber. The solutions which have been 
calculated by means of the approach of this paper exhibit some important trade-offs among those 
objective functions which can be simply used by a designer to optimally compromise among the 
obtained solutions. 
 

Secondary Peak 
(KN) 

Initial Peak 
(KN) 

Absorbed Energy 
(J) 

Combination Section 

150.80 114.20 25402 Experiment 
148.52 111.05 25963 Simulation 
- 1.5 - 2.7 + 2.2 Difference With Experiment (%) 

Table 1: Summary of the quasi-static axial loading tests. 

 
5 MODELLING WITH THE GMDH-TYPE NEURAL NETWORK 

GMDH algorithm represents a model as a set of neurons in which different pairs of them in each 
layer are connected through a quadratic polynomial and thus reproduce new neurons in the next 
layer. Such representation can be used in modelling to find a function between inputs and outputs. 
The formal definition of the identification problem is to find a function f̂  so that it can approxi-

mate the actual one , f , with the purpose of predicting output  “y“ for a given input vector X = 
(x1, x2, x3, . . . , xn) as close as possible to its actual output “y”. Therefore, for multi-input single-
output data pairs we have: 
 

nixxxxfy iniiii ,...,,),...,,,( 21321  (3)

 
Input Data Output Data 

R(mm) l(mm) b(mm) t(mm) E(J) SEA(J/Kg) P1(KN) P2(KN) 

43 294 90 1 7430 5148.448 35.96 52.24 
63 294 100 1 8823 4839.683 36.90 80.32 
83 294 110 1 9695 4400.910 38.09 99.22 
56 117.6 100 1 9299 5582.368 39.65 71.88 
56 352.8 110 1 8118 4385.569 36.47 68.99 
51 294 90 1.5 15604 6679.346 70.85 100.84 
83 294 110 1.5 18196 5509.008 76.74 156.51 

55.5 294 80 1.5 16696 7272.338 71.05 111.73 
55.5 235.2 100 1.5 16427 6459.450 71.04 101.66 
55.5 529.2 110 1.5 11882 4054.852 72.62 58.47 
55 294 70 2 26782 9360.198 118.00 146.87 
71 294 100 2 28126 7262.619 114.53 187.34 
83 294 110 2 29757 6759.928 116.68 207.83 
55 352.8 100 2 25792 7479.295 115.27 147.54 
55 352.8 110 2 25334 6905.631 125.00 141.31 

Table 2: Samples of numerical results using FEM. 
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It is now possible to train a GMDH-type neural network to predict the output values iŷ  for any 

given input vector 
 

nixxxxfy iniiii ,...,,),...,,,(ˆˆ 21321  (4)

 
Now the problem is to determine a GMDH-type neural network so that the square of difference 

between the actual output and the predicted one is minimized, so that: 
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The general connection between input and output variables can be expressed by a complicated 

discrete form of the Volterra functional series in the form of: 
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There are two main concepts involved within GMDH type neural networks design, namely the 

parametric and the structural identification problems. In this way, some works by Jamali et al. 
present a hybrid GA and singular value decomposition (SVD) method to optimally design such 
polynomial neural networks (Jamali et al., 2009). The methodology in these references has been 
successfully used in this paper to obtain the polynomial model of the thin-walled combined energy 
absorber crush behaviour with minimum training errors. The obtained GMDH-type polynomial 
models have been illustrated a very good prediction ability of the unforeseen data pairs during the 
training process. 
 
6 RESULTS AND DISCUSSION 

As is mentioned before, the relation between the first and second peak force and the energy absorp-
tion of the combined energy absorber with the geometrical variables like R,l,b,t was extracted by 
means of GMDH-type neural network. The input of the GMDH neural network would be the 192 
random finite element analyses which were carried out for the training the GMDH neural network. 
Fifteen random analyses were selected for evaluating the capability of the GMDH neural network to 
predict the relation of the functions and the geometrical variables. For training the neural network, 
SVD hybrid and the evolutionary method are utilized. The very good behaviours of the GMDH-
type neural network models for energy absorption have been also depicted in Figure 8 for both train 
and test data. 

Figures 9, 11 and 13 show neural network structure for the modelling of objective functions and 
equations 7, 8 and 9 present according to these tree structures. 
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Figure 8: Comparison between finite element and GMDH model for the amount of Specific Energy Absorption. 

 
Such behaviours have also been shown for peak crushing force for each of the training and test-

ing data in Figures 10 and 12. It is obvious from these figures that the evolved GMDH-type neural 
network in terms of simple polynomial equations can successfully model and predict the output of 
testing data that have not been used during the training process. 
 

 

Figure 9: Neural network structure for modelling the Specific Energy Absorption. 

 
The GMDH-type neural networks have been used for such training input–output data to find 

the polynomial model of energy absorption and peak crushing load with respect to their effective 
geometrical design variables. 
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Figure 10: Comparison between finite element and GMDH model for Initial Peak Crushing Load. 

 
In order to genetically design such GMDH-type neural network described in the previous sec-

tion, a population of 30 individuals with a crossover probability (Pc) of 0.7 and mutation probabil-
ity (Pm) of 0.07 has been used in 450 generations in which no further improvement has been 
achieved for such population size. 
 

 

Figure 11: Neural network structure for modelling the Initial Peak Crushing Load. 

 
The corresponding polynomial representations for specific energy absorption have been shown in 

equation 7. 
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Similarly, the corresponding polynomial representations to model the initial and secondary peak 
crushing load have been depicted in equation 8 and 9. 
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The models obtained in this section have been utilized for Pareto design of the combined energy 
absorber with geometrical parameters. Such a study may unveil some interesting and important 
optimal design principles that would not have been obtained without using this method. 
 

 

Figure 12: Comparison between finite element and GMDH model for Secondary Peak Crushing Load. 
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Figure 13: Neural network structure for modelling the Secondary Peak Crushing Load. 

 
6.1 Multi-Objective Optimization 

In this paper, for multi-objective optimization and Pareto graphs the modified NSGA-II Genetic 
Algorithm with the ε – E lim ination diversity algorithm have been utilized (Atashkari et al., 2007). 
To obtain the evolutionary process of Pareto graphs multi-objective optimization has been accom-
plished by using the modified NSGA-II approach where a population size of 60 has been chosen in 
all runs with crossover probability (PC) and mutation probability (PM) as 0.7 and 0.07, respectively. 
The goal of this optimization is to maximize specific energy absorption simultaneously with the 
minimizing of primary and secondary peak crushing loads. This MOP can be formulated as follows: 
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The Pareto graphs with respect to the objective functions have been plotted on different planes. 
In this case, none of Pareto points does not have the superiority of others and if any point is select-
ed it will be in optimal conditions. It should be noted that there is a single set of individuals as a 
result of the three-objective optimization which have been shown in different planes of objective 
functions. Therefore, there are some points in each plane that may dominate others in the same 
plane. However, these individuals are all non-dominated when considering all tree objectives simul-
taneously. It is now desired to find a trade-off optimum design point from all non-dominated three-
objective optimization processes with the compromising of all objective functions. This can be 
achieved by the nearest-to-ideal-point method and TOPSIS method (Atashkari et al., 2007) and 
(Lin and Yeh, 2012). 

Figures 14, 15 and 16 show non-dominated points extracted from three-objective optimization 
which have been obtained from the above polynomials with respect to the objective functions in 
different planes. Points “a”, “b” and “c” have the highest specific energy absorption and the lowest 
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initial and secondary peak crushing load, respectively. Optimum design points, “e” and “f”, are the 
points which have been obtained from the TOPSIS method and nearest-to-ideal-point method for 
objective function of specific energy absorption and secondary peak crushing load, respectively. Op-
timum design points, “g” and “h”, are the points which have been obtained from the TOPSIS and 
nearest-to-ideal-point method for objective function of specific energy absorption and initial peak 
crushing load, respectively. The point “d” has been selected with both of the methods as the other 
optimal points of the objective function of the initial and secondary peak crushing load have been 
chosen. The dimensions of the optimum points have been presented in Table 3. 
 

P2(KN) P1(KN) SEA(J/Kg) m(Kg)  t(mm) b(mm) l(mm) R(mm) 
Optimum 
Design 
Point 

50.02 36.68 6431.85 1.11  1.01 60. 20 75.2 43.00 d 

64.94 38.49 6871.85 1.20  1.06 60.04 214.0 43.02 e 

90.89 62.32 8371.10 1.62  1.43 60.51 217.5 43.02 f 

53.61 44.51 6832.45 1.25  1.14 60.20 65.7 44.31 g 

80.25 66.77 8108.61 1.61  1.47 60.24 82.8 43.47 h 

Table 3: Design parameters and results related to the optimum points. 

 

 

Figure 14: Pareto Graph: specific energy absorption to the Initial peak crushing load. 

 
Figures 17 and 18 show the values of the design variables obtained from the three-objective op-

timization. The proposed optimal points have been illustrated on the graphs. 
According to the figures it can be concluded that, because reducing the mass will be the main 

issue for the purpose of increasing the specific energy absorption; the radius of the circular cross 
section and the square width and thickness of structures should be small to reduce structural mass. 
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Figure 15: Pareto Graph: specific energy absorption to the secondary peak crushing load. 

 
 

 

Figure 16: Pareto Graph: initial peak crushing load to the secondary peak crushing load. 

 
The length of square section less than that of circular section will increase not only the energy 

absorption but also structure mass. As is demonstrated in Figures 17 and 18 the most optimal 
points are in range the of 43  R 	45,	1  t 	1.5	and	60  b 	70,	60  l 	270.	

Furthermore the obtained optimal points are re-analyzed with the Abaqus/ExplicitTM finite el-
ement software. 
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Figure 17: Design variables obtained from the three-objective optimization: R,l,b,t. 

 

 

Figure 18: Design variables obtained from the three-objective optimization: R,l,b,t. 

 
It should be noted that these optimum design points have not been included in the training and 

testing sets in the meta-modelling approach using GMDH-type neural network. The results of such 
FEM analysis have been illustrated in Table 4. The very close agreement of these results with those 
of numerical results using the GMDH model demonstrates the effectiveness of our approach in this 
paper. The shapes of deformation of the obtained design points (d, f, g) at the end displacement of 
382 mm have been shown in Figure 19. 
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h g f e d Optimum Design Point 

7420.53 7164.19 8641.48 7100.42 6746.1 SEA(J/Kg) 

-9.3 + 4.6 + 3.1 + 3.2 + 4.6 Difference With GMDH (%) 

67.21 41.43 67.25 35.75 33.76 P1(KN) 

+ 0.6 - 7.4 + 7.3 - 7.7 -8.6 Difference With GMDH (%) 

86.12 59.04 83.30 59.51 45.63 P2(KN) 

+ 8.6 + 9.2 - 9.1 - 9.1 -9.6 Difference With GMDH (%) 

Table 4: Re-evaluation of the optimum points using FEM. 

 

 

Figure 19: Deformation of the calculated optimal points. 

 
For the square sections of these combined energy absorbers, taking the dimensions the same, 

leads to the equal energy absorption in the first part of the graph. With lower thickness of the “d” 
and “g” combined energy absorbers, thanks to the collapsing of the circular section which has been 
initiated in the displacement of 50mm, energy absorption of them would be equal to and even more 
than the “f” combined energy absorber until the displacement of 150mm. By beginning the collapse 
of the circular section of the “f” structure, the energy absorption of “f” would be in a rapid increase 
due to its higher thickness (Figures 20 and 21). 
 

 

Figure 20: The crushing force–displacement curves of the optimum points. 
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Figure 21: The specific energy absorption–displacement curves of the optimum points. 

 
7 CONCLUSION 

A new combined energy absorber has been developed and optimized in which the lower initial peak 
loads with higher energy absorption have been the main superiorities of this structure. The result of 
numerical finite element simulation has been validated by the experimental one. Moreover, the ge-
netic algorithms have been utilized for optimal designing of generalised GMDH-type neural network 
models of combined energy absorber crush behaviour and for multi-objective Pareto-based optimisa-
tion of the structure. Three different polynomial relations for specific energy absorption, the initial 
peak crushing load and the secondary peak crushing load have been found by the developed 
GMDH-type neural network using some numerically input–output data from the FEM. The derived 
polynomial models have been then used in evolutionary multi-objective Pareto-based optimisation 
processes. 

Such a combined application of GMDH neural network modelling of numerical and subsequent 
non-dominated Pareto optimisation process of the obtained meta-models has very promising in dis-
covering useful and desirable design relationships. 
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