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1 INTRODUCTION

1.1 Asymptotic analysis of eigenvalues in singularly perturbed domains

In the paper asymptotic analysis of eigenvalues and eigenfunctions is performed with respect
to singular perturbations of geometrical domains (see Fig. 1). By singular perturbations of
the boundary it is understood e.g., the creation of the new parts of the boundary due to the
nucleation of small voids.

The case of low frequencies is considered for elasticity spectral problems in three spatial
dimensions. The results established here can be directly used in some applications, for example
in inverse problems of identification of small defects in the body based on the observation of
elastic eigenmodes. Compared to the existing results in the literature, the technical difficulties
of the present paper mainly concern vectorial setting of boundary value problems, anisotropy
of physical properties, and variable coefficients of differential operators, i.e., inhomogeneity
of elastic materials. Exisiting results on elasticity problems with singular perturbations of
boundaries (see monographs [36, 38] and [13]) deal with homogeneous, mainly isotropic elastic
bodies. For a system of differential equations, an asymptotic analysis is required to be much
more elaborated and direct adopting of the methods proper for scalar equations may lead to
an unfortunate mistake (cf. [18] and corrections in [1]).

The known results are given in particular for singular perturbations of isolated points of the
boundary (small holes in the domain, see [14], [15], [5], [1], [13], [35] and others), perturbations

Latin American Journal of Solids and Structures 8(2011) 27 — 54



28 S.A. Nazarov et al / On asymptotic analysis of spectral problems in elasticity

Figure 1 Sketch of an elastic body with small voids, inclusions and microcracks.

of straight boundaries including perturbations by changing the type of boundary conditions
(cf. [2]-]3]), and the dependence of the obtained results in more general geometrical domains
on the curvature is clarified in [8, 22, 23] in the case of scalar equations. The most of attention
is paid in the present paper to derivation of explicit formulae for solutions and extraction
of principal characteristics of elastic fields and defects which influence these formulae. To
this end, we employ matrix/column notation, use the notion of elastic polarization matrix
(tensor), and perform certain additional technical calculations which are not needed in the
case of homogeneous, isotropic elastic materials.

Small defects can be regarded as singular perturbations of the interior piece of the boundary
of the body. In this way we can consider e.g., the finite number of isolated points which
approximate small cavities. More generally, by means of asymptotic analysis we can model the
creation of caverns, i.e., some piece of material is taken off from the elastic body. We can also
fill the cavern with some other elastic material and model such a phenomenon by formation of
one or more inclusions in the body.

Roughly speaking, the influence of a substantial change of local properties of the elastic
body cannot be analysed by the classical tools of the shape sensitivity analysis or any other
type of sensitivity analysis, but it requires the application of asymptotic methods. Especially,
such methods turn out to be of importance for the microcracks, since the microcrack implies
the creation of a new portion of internal boundary in the body, which cannot be taken into
account in the framework of classical sensitivity analysis based on regular perturbations of
the coefficients and of the boundary. The asymptotic methods seem to be the only avalaible
tool to perform the efficient analysis of solutions, eigenvalues and eigenfunctions, and of shape
functionals, in general setting.

We leave aside an important and still not completed topic related to the so-called concen-
trated masses. Since the pioneering work [37] of E. Sanchez-Palencia, a lot of attention has
been paid to mathematical analysis of vibrations of elastic bodies, with small parts wich are
very heavy (e.g., pellets in an aspic or in a meat-jelly); see papers [4, 9, 12, 25, 30, 33, 39], as
well as the monographs [34, 38] in an incomplete list. Such problems are the best examples
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of the topping role of the boundary layer effect. Although we analyse the boundary layers in
details, the purposes of the present paper is essentially different so that we cannot mutually
serve for an analysis of concentrated masses.

1.2 Preliminaries, anisotropic inhomogeneous elastic body

Let us consider in three spatial dimensions the elasticity problem for an elastic body €2, written
in the matrix/column notation, see e.g., [10], [19] for more details,

D(-V.) A@@)D(Vy)u = 0 in Q, (1)
D(n)" Az)D(Vy)u = ¢% on 09, (2)

where A is a symmetric positive definite matrix function in Q of size 6 x 6, with measurable
or smooth elements, consisting of the elastic material moduli (the Hooke’s or stiffness matrix)
and D(V,) is (6 x 3)-matrix of the first order differential operators,

& 0 0 0 2-1/2¢5 271/2¢,
DEOT=|0 & 0 2712 0 2-1/2¢, , (3)
0 0 & 2712, 272 0

u = (uy,us,u3) " is displacement column, n = (ny,n9,n3)" is the unit outward normal vector
on 99 and T stands for transposition. In this notation the strain e(u;z) and stress o(u;z) =
A(x)D(V,)u(z) columns are given respectively by

.
D(Vy)u =¢e(u) = <€117€22,533, V293, V/2¢e31, \/5512) , (4)

.
AD(Vy)u =o(u) = (01170227033, V2093, V2031, \/§UIQ> . (5)

The factors 271/2 and v/2 imply that the norms of strain and stress tensors coincide with the
norms of columns (4) and (5), respectively. From the latter property in the matrix/column
notation, any orthogonal transformation of coordinates in R? gives rise to orthogonal transfor-
mations of columns (4) and (5) in R (cf. [[19];Ch. 2]).

Remark 1.1 The strains (4) and the stresses (5) degenerate on the space of rigid motions,

R ={d(z)c : ccR®}, dimR=6, (6)
where
100 0 —2 125 271/24,
diz)=]10 1 0 2712z 0 —27 12z | . (7)
0 0 1 —2712p, 27124 0
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This subspace plays a critical role in many questions in the elasticity theory, it appears also in
the so-called polynomial property [26, 27] (see also [21]).
The following equalities can be verified by a direct computation,

D(V,)D(z)" =I5, D(V,)d(z)=0s , (8)
d(vw)TD($)T|:c:0 =1 , d(vx)—rd(x)\mzo =1Is,

where Iy and Oy are the unit and null (N x N)-matrices, respectively.

The boundary load ¢% is supposed to be self equilibrated in order to assure the existence of a
solution to the elasticity problem,

d(z) " ¢*(z)ds, =0 € R | (9)
o0

2 VIBRATIONS OF ELASTIC BODIES.

Consider inhomogenuous anisotropic elastic body € C R? with the Lipschitz boundary 05.
Spectral problems for the body are formulated in a fixed Cartesian coordinate system xz =
(x1,29,23) ", and in the matrix notation.

We assume that the matrix A of elastic moduli is a matrix function of the spatial variable
x € R3, symmetric and positive definite for 2 € QU9Q. The problem on eigenvibrations of the
body €2 takes the form

L(z, V) u(z) :=D(=V,) A(x)D(Vo)u(z) = M(x)u(z) zeQ, (10)
Nz, V)u=Dn)TA@)D(V)u(z) = 0, ze¥, wulx)=0, zel, (11)

where v > 0 is the material density, A is an eigenvalue, the square of eigenfreguency. The part
I" of the surface 02 is clamped, and the first boundary condition is prescribed on the traction

free remaining part ¥ = OO\T of the surface. We denote by I;)f L(Q;T)3 the energy space, i.e.,
the subspace of the Sobolev space H'(2)? with null traces on the subset I'. The variational
formulation of problem (10)-(11) reads :

[¢]
Find a non trivial function v € H'(£;T)3 and a number A such that for all test functions

veH L(Q;T)? the following integral identity is verified
(ADu, Dv)g = AMyu,v)q , (12)

where (, )q is the scalar product in the Lebesgue space L?((2).

If the stiffness matrix A and the density v are measurable functions of the spatial variables
x, and in addition uniformly positive definite and bounded, then the variational problem (12)
admits normal positive egenvalues A, which form the sequence

0<AM <A< <A< =00 (13)
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taking into account its multiplicities, and the corresponding eigenfunctions w,), the elastic
vibration modes, are subject to the orthogonality and normalization conditions

(Yugp) Ug))a = Opq » PgEN:={1,2,...}, (14)

where 6y, 4 is the Kronecker symbol.

In the sequel it is assumed that elements of the matrix A and the density v are smooth
functions in €2, continuous up to the boundary. In such the case € is called a smooth inho-
mogenuous body. For such a body the elastic modes u,) are smooth functions in the interior of
), and up to the boundary in the case of the smooth surface 9€2. We have also the equivalence
between the variational form and the differential form (10)-(11) of the spectral problem. We
require only the interior regularity of elastic modes in the sequel, in any case the elastic modes
have singularities on the collision line ¥ NT" and therefore, are excluded from the Sobolev space
H?(Q)3.

Along with the smooth inhomogenuous body 2 let us consider a body €2, with defects; here
h > 0 stands for a small dimensionless geometrical parameter, which describes the relative
size of defects. Actually, we select in the interior of Q the points P!, ..., P/ and denote by
w1, -..,wy elastic bodies bounded by the Lipschitz surfaces dwyq, ..., 0w s, furthemore, for the
sake of simplicity we assume that the origin O belongs to w;,j = 1,...,J. The body with
defects is defined by

Z(h) =Qh) Ul u---uwh (15)

where

J —_—
wh:{x:gj ::hfl(x—Pj)ij}, Q(h):Q\Uth. (16)
j=1

The stiffness matrix and the density of the composite body (15) take the form

A (z) = { :;l(m), € Q}(Lh), M) = { V(z), =€ Q}(Lh); (17)
$ (&), xew; 7(&7), = €wj.

The matrices A and A(;) as well as the scalars v and 7 are different from each other,
ie., w;? are inhomogenuous inclusions of small diameters. We assume that A(;) and ;) are
measurable, bounded and positive definite uniformly on w;. In particular, for almost all § € w;
the eigenvalues of the matrix A(;)(§) are bounded from below by a constant c¢; > 0. There
is no special assumption on the relation between the properties of the inclusions and of the
matrix (body without inclusions), we assume only that the densities 7, 7Y(j), and entries of
the matrices A, A(;) are of similar orders, respectively. We point out that in the framework
of our asymptotic analysis, in section 4 there are performed the limit pasages A(;) — 0 and
Yy — 0 (a hole) as well as A(j) — oo and ;) — oo (an absolutely rigid inclusion). However,
the passage 7(j) — oo with the fixed matrix function A;) (heavy concentrated masses) can be
analysed with some other ansétze, cf. [4, 36, 39].

In the fracture mechanics, the most intereting case is the weakening of elastic material due
to the crack formation. The cracks are modelled by two-sided, two dimensional surfaces, with
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the first boundary conditions from (11) prescribed on the both crack lips, i.e. the surface is
traction free from both sides. The case of a microcrack is not formally included in our problem
statement, since we assume that the defect w; is of positive volume and with the Lipschitz
boundary dw;. However, the asymptotic procedure works also for the cracks. Small changes
which are required in the justification part, are given separately (see the end of section 4, proof
of Proposition 5.1 and Remark 5.1). The polarization matrices for the cracks can be found in
[41], [24].

The exchange of v and A by 7" and A" from (17), respectively, transforms (12) in the
integral identity for the body weakened by the defects w?, . ,w?, this integral identity is
further denoted by (12)". We observe also, that for smooth stiffness matrix .A and the density
~ the differential problem for vibrations of a composite body does not consist only of the system
of equations, denoted in our notation by (10)", restricted to the union of domains (15), along
with the boundary conditions (11)", but in addition it contains transmition conditions on the
surface 80.:;»’ where the ideal contact is assumed. Since we use only the variational formulations
of the spectral problems, the transmission conditions are not explicitely written. In a similar
way as for problem (13), there is the sequence of eigenvalues for the problem (12)"

O<AP <M < <A< oo, (18)

and the corresponding eigenfunctions u?j) meet the orthogonality and normalization conditions

(,Yhui(lpy u?q))Q = 6p,q7 p,q e N (19)

3 FORMAL CONSTRUCTION OF ASYMPTOTICS

We introduce the following asymptotic ansétze for eigenvalues and eigenfunctions in problem
(12)"

A= X+ B+ (20)
J
h 1j (7-1 j 2j (-1 j 3
Uy () = uy) () + hZXj(x) (w(;) (A (z—P7)) + hw(;) (! (z— PJ))> +hvgy + -
j=1
(21)
where x; € C°(2),j =1,...,J, are cut-off functions, with non overlaping supports in 2, and

for each j, x;(x) =1 for x € w? and x;(P7) = §; ;.

First, we assume that the egenvalue A = ), in problem (12) is simple, and for brevity the
subscript p is omitted. The corresponding eigenfunction u = ) € ](;T L(Q;T)3, normalized by
condition (14), is smooth in the interior of the domain .

Columns of the matrices d(x) and D(z) " form a basis in twelve dimensional space of linear
vector functions in R3. In this way, the Taylor formula takes the form

u(z) :d(:):—Pj)aj—i—D(m—Pj)Tsj+O(\x—Pj|2) , (22)
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and, by equalities (4), (5) and (8), the columns
o =d(Vy) w(P?), & =D(Vy)u(P?),

represent the column of rigid motions, and of strains, at the point P7. Since in the vicinity of

h

the inclusion wj we have

e(u;zr) =€ + O(z) =&/ + O(h) ,

the main terms of discrepancies, left by the field u in the problem (12)" for the composite body
Q. appear in the system of equations in w;? and in the transmition conditions on 8w§‘. For the
compensation of the discrepancies are used the special solutions of the elasticity problem in a
homogenuous space with the inclusion w; of unit size

LY (Ve )WE(€) := D(=Ve) TA(P/)D(Ve)WH(€) = 0, € € ©; = R*\@j,
LI, Ve)WH(€) := D(=Ve) T A (E)D(Ve) W (€) = D(Ve) A (E)er, € € wj,
W E) = W), Dw(E) (A ﬂ(f) (Ve W2 ()

- A(PJ)D(%)W”“(&)) D(v(€)) T (APY) — A (€)er, € € duw.

(23)

Here v is the unit vector of the exterior normal on the boundary dw; of the body wj, e =
(01,ks - - - ,667143)1— is a orthant in the space RS, W, and W_ are limit values of the function W
on the surface dw; evaluated from outside and from inside of the inclusion w;, respectively.

We denote by ®/ the fundamental (3 x 3)-matrix of the operator L% (V¢) in R3. This matrix
is infinitely differentiable in R3\ @ and enjoys the following positive homogeneity property

O(te) =t~ ®(€), t>0. (24)

It is known (see, e.g., [[20], Ch. 6]), that the solutions W7* of problem (23) admit the expansion
Wk ZM;ZP ZDQ J2I() + O] ?), € € R*\Br, (25)

where D, = (Dp, D2, D;) is a line of the matrix D (see (3)), &1, ®72 7% are columns of the
matrix ®7, and the radius R of the ball B = {{ : |{| < R} is chosen such that w; C Bp.
The coefficients M: Izp in (25) form the (6 x 6)-matrix M7 which is called the polarization matriz
of the elastic inclusion w; (see[28, 41] and also [[20]; Ch. 6], [5], [21]). Some properties of the
polarization matrix, and some comments on the solvability of problem (23) are given in section
4.

The columnes W7l ... W5 compose the (3 x 6)-matrix W/ and we set

w'(€) = W (€)e’ . (26)

In section 5 it is verified, that the right choice of boundary layer is given by formula (26), since
it compensates the main terms of discrepancies. From (25) and (26) it follows that

w'(€) = (MID(Ve)® (&) ) el + O(1¢]7?) . £ eRNBk . (27)
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Relation (27) can be differentiated term by term on the set R¥\ B under the rule V:O(|¢|7F) =
O(|¢|7P~1) for the remainder.
In view of (24) the detached asymptotics term equals

RA(MID(V,)® (z — PT)T)Ted (28)

It produces discrepancies of order h3 (we point out that there is the factor h on w'/ in (21)),
which should be taken into account when constructing the regular type term h3v. On the other
hand, discrepancies of the same order h3 are left in the problem for v by the subsequent term
h2w(h~!(x — P7)), which solves the transmission problem analoguous to (23)

LY (Vew™ (&) = FY(¢), £€©;, LI Vuw? (€)= F/(§), §ewj, (29)
wi (&) =w? (€); D) (A (E)D(Ve)w? () (30)

— A(PIYD(Ve)w? (€)) = GI(€), € € duy,

and with the decay rate O(|¢|7!) at |¢] — oo, smaller compared to the decay rate of w'.
Now, we evaluate the right-hand sides of the problems (29), (30). First, by the representa-
tion of the stiffness matrix

A(z) = A(PY) + (x — P TV, AP + O(|x — P?)?) (31)

and the corresponding splitting of differential operator with the variable coefficients £°(x, V)
from (10), we find that the right-hand side of system (29) is the main term of the expression

L%z, Vo)w (W (@ —P7)) = h'D(Ve) (€T VL AP))D(Ve)w' (§) +- - = h ' FY (&) +....

(32)
We note that L% (V,)w'(h~!(x — P7)) = 0 in (32), and the dots ... stand for the terms of
lower order, which are unimportant for our asymptotic analysis. The following discrepancy
appears in the second transmission condition (30) :

GI(€) = DW(E)) (€ VaAP))(D(Ve)w (€) + &) (33)
+D(v(€)) T (AP?) = A (€)D(Ve)U? (§).

The second term comes out from the elaborated Taylor formula (31)
u(x) = d(z — P)a! + D(xz — P))Tel + U¥(x — P7) 4+ O(|z — PI?) (34)
and involves the quadratic vector function

3
. . y j j ] 1 aQu
Ui (2 — PV) = p;l(mp = B)(eg = POUP, U = 5o

(P7). (35)
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Finally, the right-hand side of system (29) takes the form
FI(€) = =M (§)u(P?) + D(Ve) ' Ay (§)D(Ve) U7 (§). (36)

Besides the term obtained from the quadratic vector function (35) in the Taylor formula
(34), the expression (36) contains the discrepancy Ay;u(P’) which originates from the inertial
term A*y;u” in accordance to the asymptotic ansitze (35) and (35).

In order to establish properties of solutions to the problem (29), (30), we need some com-
plementary results.

Lemma 3.1 Assume that Z(£) = D(Ve) 'Y (€) and

Y () =p9(0), Z(€)=p"3(0), (37)

where (p,0) are spherical coordinates and Y € C®(S?)%, 3 € C>(S?)3 are smooth vector
functions on the unit sphere. The model problem

LY(Ve)X(€) = Z(€), € eRN{0}, (38)

admits a solution X (&) = p~1X (), which is defined up to the term ®(&)c with ¢ € R3, and
becomes unique under the orthogonality condition

| P& APV X (€)dse =0 € B, (39)
S2

Proof After separating variables and rewriting the operator L% (V) = r=2£(6, Vg, rd/0r) in
the spherical coordinates, the system (38) takes the form

£9(0,Vg, —1)X(0) = 3(0), 6¢cS° (40)

Since £(6,Vy,0) is the formally adjoint operator for £/(6, Vg, —1) (see, for example, [[20];
Lemma 3.5.9]), the compability condition for the system of differential equations (40) implies
the equality

/3(0)d89 =0€cR3. (41)
SZ

The equality represents the orthogonality condition in the space L?(S?) of the right-hand side
3 of system (40) to the solutions of the system

£9(0,V9,0008(00) =0 6HeS?, (42)

which are nothing but constant columns. Indeed, after transformation to the Cartesian coor-
dinate system & equations (42) take the form LY(V¢)V(€) = 0, £ € R\ O, and any solution
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V(&) = p"B() is constant. Let b > a > 0 be some numbers, and let = be the annulus
{£ : a<p<b}. We have

1n2/3(9)dse = /bp_ldp/fi(e)dsa = /0_33(9)d§ =

— [ D(veTY (€t - /Dy%ﬂw&m—/Dw%fw&m—O-

SZ

We have used here the Green formula and the fact that the integrands on the spheres of radii
a and b are equal to b=2D(0)"Q) and a~2D(0) "), respectively, i.e., the integrals cancel one
another.

Therefore, the compability condition (41) is verified and the system (40) has a solution
X € C>™(S?)3. The solution is determined up to a linear combination of traces on S? of
columns of the fundamental matrix ®(§); recall that the columns of matrix ®(&) are the only
homogenuous solutions of degree —1 of the homogenuous model problem (38).

According to the definition and utility the columns ®7 verify the relations

—/D@iawwwww@m%—/UWWﬁMo%—/&awﬁ—% (43)
S2 B,

B,

where ¢ is the unit outer normal to the sphere S? = 9By, By = {¢ : p < 1}, J is the Dirac
mass, g = (01,4,02,4, 537(])T is the basis vector of the axis x4, and the last integral over B; is
understood in the sense of the theory of distributions. Thus, owing to (43), the orthogonality
condition (39) can be satisfied that implies the uniqueness of the solution X to the problem
(38), (39). m

In view of (32) and (27), (28), the right-hand side of (38) takes the form

Z(€) = D(Ve) ' (€' VeA(P?))D(Ve)(MID(Ve) @7 (€) ") " (44)

General results of [7] (see also[[20]; §3.5, §6.1, §6.4]) show that there exists a unique decaying
solution of problem (29), (30), which admits the expansion

W () = XI() + D (7 + O(p (L + | In|pll), € € R\ Br. (45)

In the same way as in relation (27), the relation (45) can be differentiated term by term under
the rule VeO(|p|7P(1 4 [In p])) = O(|p| P71 (1 + [In p])).
The method [16] is applied in order to evaluate the column CV.

Lemma 3.2 The equality is valid

€9 = =\ = A(P)eslu(P) - P, (46)
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where |wj| is the volume, and 75 = |w;|™" [ ~;(£)dE the mean scaled density of the inclusion
wj, i.e., its mass is 7y |w;|, and

= [ DET(EVeAP)D(Ve) (MID(Ve) @ () ) Tdsee . (47)
SZ

Proof In the ball Bg we apply the Gauss formula and obtain, that for R — oo,

/ FYq¢ + / FId¢ + / Gldse = / L% d¢ / Liw*de¢

Br\\ w; Ow; Br\\w;
+ [ DO (AGOD(Vew? ~ AP)D(Ve)u)dse
Ow; ' ' (48)
- / D(p'€) T API)D(Ve ) (¢)dse
OBRr
- / D(R1€)TA(PIYD(Ve) (XP(€) + @ (£)CI)dE + o(1) = 7+ o(1).

OBRr

We have also taken into accout equalities (39) and (43). On the other hand, in view of formulae
(36) and (32) it follows that

/ Fi(€)de = —\ / 7 (€)dEu(PY) + / D(Ve) T Ay (E)D(Ve) U9 (€)dé

— Tl u(PY) + / D) T A (E)D(VOU? (€)de,
. o . (49)
/ FO(¢)de = / D) (€T VeA(P)))D(Ve)w (€)dse
Br\wj Ow,
+ / D(R€)T(€TV,A(P)))D(Ve ) (€)dse.
OBRr

We turn back to the decomposition (27), and taking into account the homogeneity degree of
the integrand, we see that the integral over the sphere S% = OBpR equals

/ D) (€T, AP))D(Ve) (MID(V)i(€) ) dseed + O(R™). (50)

The integrals over the surfaces dw; in the right-hand sides of (49) cancel with two integrals,
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which according to (33) appear in the formula

/ G (€)dse = / D(€) (€T VL AP?)D(Ve)w' (€)dse

Ow; Ow;

- / D((€)) " Ay (©)D(Ve)U? (€)dé + / DW(€))T (€T Vo A(P?))dsee? (51)
Ow; O,

+8f' D(v(§)) T A(PI)D(V)U (€)dse.

Finally, by the equality
D(—Va) " AN P)D(=Vo)UI (§) + D(~ V) (2T Vo A (P))ed = MO (P u(PY)

resulting from equation (33) at the point = P’ the sum of the pair of two last integrals in
(51) takes the form

/ (D(=Ve) A (P)D(Ve)U () + D(=Ve) ' (6 Va A (P7))el)dE = Xy (P7) |wjlu(P?) .
It remains to pass to the limit R — +oco. B

Now, we are in position to determine the terms v and p in the ansétze (21) and (20), which
are given by solutions of the problem

L(z, V) v(z) = M (@)v(z) + py(x)u(z) + f(z), e NP, ..., P}, (52)
D(w(z)) " A(@)D(V)v(z) =0, z€¥%, v(@)=0, zel. (53)

The weak formulation of (52)-(53) is given below by (59) in the subspace ﬁl(Q;I‘)?’ of the
Sobolev space H'(£2). The right-hand side f includes the discrepancies, which results from the
terms of boundary layer type and of the order h3. By decompositions (27) and (45) we obtain

J
fla) =Y (L, Vo) = M (@)3)x; (@) {(MID(V,) @ (z — P) 1) Ted + X (2) + &7 (z — PT)CV}.
=1
’ (54)
The terms in the curly braces enjoy the singularities O(|x — P7|~2) and O(|x — P7|71),
respectively, therefore, it should be clarified in what sense the differential problem (52), (53)
is considered. Equation (52) is posed in the punctured domain €2, thus the Dirac mass and its
derivatives, which are obtained by the action of the operator £ on the fundamental matrix,
are not taken into account. Beside that, by virtue of the definition of the term X7 implying
a solution to the model problem (38) with the right-hand side (44), and according to the
estimates of remainders in the expansions (27), (45), the following relations are valid

f@)=0(r?(1+1nry)), rji=lz—P[=0, j=1,...,J (55)
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which accept the differentation according to the standard rule
VoO(r;P(1+ [Inry)) = O(r; P~ (1 + |Inry)))) -

In other words, expression (54) should be written in the combersome way
J . .
= > {UL ] = 27! + 572)+ (56)

+x;D(Va) (A= APT) = (z — P)) 'V, A(P))D(Va) ST + (A~ A(Pj))D(Vx)Sﬂ} :

Here, [A, B] = AB — BA is the commutator of operators A and B, and S/, §72 = S 4 XJ 4
®ICI are expressions in curly braces in (54).

Lemma 3.3 Let A be a simple eigenvalue in the problem (10), (11), and u the corresponding
vector eigenfunction normalized by the condition (14). Problem (52), (53) admits a solution
v e HYQ)? if and only if

p=—1lim [ wx)' flz)de, (57)
0—0 Jo

where Q0 = O\ (B U --- UBY) andIB%g ={z : r; <4}.

Proof The variant of the one dimensional Hardy’s inequality

1 1 ) 1
/ \U(r)|2dr < ¢ /r2 C;—U(r) dr + / |U(r)|?dr
0 0 " 1/2
provides the estimate
IV L) < ellVs HY Q)] (58)
In this way, the last term in the integral identity serving for problem (52), (53)
(AV,v, VoV = A, Vg = plpu, Via + (£ V)a, V€ H (D), (59)
is a continuous functional over the Sobolev space H'(2)3, owing to the inequalities
1/2 1/2
(. V)al < e | IV: Lo + Z [rt@pan| | [rvapds| | <dviat@l,
; g
1)
/ Q\f [dx < c/r i + |Inrj])%dr; < +oo.
B 0

Thus, Lemma follows from the Riesz representation theorem and Fredholm alternative, in
addition, formula (57) is valid because the integrand is a smooth function in Q\{P!,..., P’},
with absolutely integrable singularities at the points P!,...,P/. B
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Remark 3.1 If the points P are considered as tips of the complete cones R3N\P7, the elliptic
theory in domains with conical points (see the fundamental contributions [7, 16, 17] and also
e.g., monograph [20]) provides estimates in weighted norms of the solution v to problem (52),
(53). Indeed, owing to relation (55) for any T > 1/2 the inclusions r7 f € L2(U7)? are wvalid,
where U7 stands for a neighbourhood of the point P, in addition UI NU* = @ for j # k,

T

therefore, the terms T 2y, T;flvxv and r;ng are square integrable in U7 . B

We evaluate the limit in the right-hand side of (57) for 6 — +0. By the Green formula and
representation (54), the limit is equal to the sum of the surface integrals

/E)Bj (S7(2) "D (z — P7)) T A(@)D(V, )u(z) — u(z) "D (z — P7))T A(z)D(V,) S (x) + $72) ds,, .
5 (60)

We apply the Taylor formulae (31) and (22) to the matrix A and the vector u, and take into
account relations (8) for the matrices d and D. We also introduce the stretched coordinates
¢ =071 (x — P7). As a result, up to an infinitesimal term as § — +0, integral (60) equals to

—(571[0 + L+ 1+ I3+ I+ 0(1)
-0 /“(Pj)TD(f)TA(Pi)D(Vs)Sﬂ(§)d’5§
S2

- / (d(©)a? — u(P7))TD(E)T API)D(Ve) S (€)dse
SQ

— [ WP DT VLAP)DVES (st (61)
SQ

- / u(P)TD(E)TAPID(Ve) (X (€) + B (€)CT)dse
SQ

+ / (579(6)TD(&) T AP )D(Ve)D(£) el

(D)) TD(E) T APID(Ve) S €)dse + o(1).

The integrals Iy and I; vanish. Indeed, due to the second equality in (8) we have

RO 5 / 4(€)TD(E) T A(PIYD(V) ST (€)dse
J

== / d(€) 'D(&) " AP)D(Ve) M'D(Ve) (€) )" elde (62)
By

= —/d(ﬁ)TD(rS)Td(f)déM%j = —(D(Ve)d(€)) " |g=oMIe? = 0.
B,

These equalities are understood in the sense of distributions. By formula (47), we obtain

Iy = —u(P)HTD .
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Relations (39) and (43) yield
Iy =u(P)Co .

Finally, in the same way as in (62), we obtain

I = / (D(E)Te)TD(Ve)TAPI)D(Ve) S (€)de

B . o (63)
= @) [ DODT) M) = ()M
B,

Now, we could apply the derived formulae. We insert the obtained expressions for I, into
(61) — (60) — (57) and in view of equation (46) for the column C7, we conclude that

J
=" (1) M + A((PT) = 7) s |u(P) ) (64)
j=1

If equality (64) holds, then problem (52), (53) admits a solution v € H'()3. The construction
of the detached terms in the asymptotic ansétze (20) and (21) is completed.

In the forthcoming sections the formal asymptotic analysis is confirmed and generalized
into the following result.

Theorem 3.2 Let A\, be an eigenvalue in problem (12) with multiplicity s, i.e., in the se-
quence (13)
)\p,1 < )\p == )\ZH*%p*l < )\er%p . (65)

There exist hy, > 0 and ¢, > 0 such that for h € (0, hy| the eigenvalues )\Z, ‘e ,)\Z+%p_1 of the

singularly perturbed problem (12)", and only the listed eigenvalues, verify the estimates
[Aptg—1— Ap — hglh(;p)| < cp(a)h3+°‘ =1, (66)

where cp(v) is a multiplier depending on the number p and the exponent oo € (0,1/2) but

independent of h € (0, hy|, while ugp), e ,,ugfp) stand for eigenvalues of symmetric (3¢, X »p)-

matriz MP with the entries

J
M= (E(Up+k—1; P7) T M e (up 13 P) = Ap(77 — V(Pj))le|Up+k—1(Pj)TUp+k—1(Pj)) )
j=1
(67)
M7 is the polarization matriz of the scaled inclusion (see (25) and (27)), Up)s " s Ulptse,—1)

are vector eigenfunctions in the problem (12) corresponding to the eigenvalue A, and orthonor-
malized by condition (14), finally the quantities 7; and |w;| are defined in Lemma 3.2.

We explain which changes are necessary in the asymptotic ansétze (20), (21) and in the asymp-
totic procedure in order to construct asymptotics in the case of a multiple eigenvalue \,. First,
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for p, and w,) in (20) and (21) should be selected unknown number ugp ) and the linear com-

bination

UEZ; - bgq)“(p) +ot bg?gu(er%p_l) (68)
of vector eigenfunctions; the column b(@ = (bgq), e ,b(;?p) )T € R* is of the unit norm. After

the indicated changes the formulae for the boundary layers w'? and w?? remain unchanged.
The same applies to problem (52), (53) for the correction term ’UEZ; of regular type. However,
the compability conditions are modified, and turn into the s, relations

1P (u®) iy m1)e = Jim | Upsm1 () f@)dz, m=1,...,5, . (69)
The left-hand side of (69) equals to ,uép 5@ by (14) and (68). It can be evaluated by the same
method as for formula (57), that (69) becomes the system of algebraic equations
pPBD =S MPD  m=1,.. 5, . (70)
k=1

with coefficients from (67). In this way, the eigenvalues of the matrix M®) and its eigenvectors
b(@ € R*» furnish the explicit values for the terms of the asymptotic ansitze (20) and (21).
We emphasise that by the orthogonality and normalization conditions (b(q))Tb(k) = g4, for the
eigenvectors of the symmetric matrix M®)| it follows that the vector eigenfunctions Uy =

(“8;;7 ... ,uEZ)’”)> ,p=1,--+ 3, in problem (12), which are given by formulae (68), are as well
orthonormalized by the conditions (14).

If we have good luck, and from the beginning the eigenvectors u,), -+, U(pts,—1) have
the required form (68), then the matrix M®) is diagonal and the system of equations (70) is
decomposed into a collection of s, independent relations, fully analoguous to relations (64)
in the case of a simple eigenvalue. Such an observation is the key ingredient of the algorithm
of defects identification which will be described in a forthcoming paper, and it makes the
identification method insensitive to the multiplicity of eigenvalues in the limit problem.

4 REMARKS ON POLARIZATION MATRICES

The results presented in this section are borrowed from [28], and paper [24].
Variational formulation of problem (23) for the special fields W7* which define the elements
of the polarization matrix M/ in decomposition (25), are of the form

2EI(WIk W) := (A(PI)D(Ve)WI* D(Ve)W)e, + (A D(Ve) Wk D(V )W),

= (R(j)er D(Ve)W)u,, W € Vi (RY)?, (71)

where V' (R?) is the Kondratiev space [7], which is the completion of the linear space C°(IR3)
(infinitely differentiable functions with compact supports) in the weighted norm

W3 Ve (R = (IIVeWs LARY) |2 + [[(1+ p) ='W LA(RY) 2) /2 (72)
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The following result, established in [24, 28] can be shown by using transformations analoguous
to (62) and (63) operating with the fields W7* and Q9™ = D(¢) Tey, + W™,

Proposition 4.1 The equalities hold true

M, = —2E (Wk wim) — / (Akm (P?) = (A)) em (€))dE . (73)

Wi

From the above representation it is clear that the matrix M7 is symmetric, the property
follows by the symmetry of the stiffness matrices A%, A7 and of the energy quadratic form F7.
In addition, the representation allows us to deduce if the matrix M7 is negative or positive
definite. We write M < M? for the symmetric matrices M! and M? provided all eigenvalues
of M? — M are positive.

Proposition 4.2 (see [24]) 1° If A(;)(&) < A(P?) for £ € wj (the inclusion is softer compared
to the matriz material), then M7 is a negative definite matriz.
2° If the matriz A;) 1is constant and A(_ﬁ < A(P))™1 (the homogenuous inclusion is rigid

compared to the matriz), then M7 is a positive definite matriz.

It is also possible to consider the limit cases, either of a cavity with A7 = 0, or of an absolutely
stiff inclusion with A(;) = co. For the case of a cavity the diifferential problem takes the form

LY(VOWIFE) =0, €€0;=R\g;, (74)
D(w(€)) " AP)D(Ve )Wk (€) = —D(w(€)) TA(P ey, € € dw; .

For an absolutely rigid inclusion the integral-differential equations occur as follows
LY(VoWh(E) =0, €€0;, W =d€)d" -D(¢) er, €€dw;,  (75)

| e D) T AP DV (€) —en)dsg =0 € B

where the matrices D and d are introduced in (3) and (7), respectively.

The Dirichlet conditions in (75) contains an arbitrary column ¢/* € RS which permits
for rigid motion of w; and can be determined by the integral conditions which annulate the
principal vector and moment of forces applied to the body w;. The variational formulation
of problems (74) and (75) can be established in the Kondratiev space Vj (0;)3 (see [7], and
e.g., [20]) normed by the weighted norm (72) (cf. the right-hand side of (76)) and in its
linear subspace {W € Vi (0,)%: W |3wj € R}, respectively, where R is the linear space of rigid
motions (6). The asymptotic procedures of derivation of problems (74) and (75) from problems
(23) and (71) can be found in [11, 36]. The required estimates can be extracted from these
references as well.

In accordance with Proposition 4.2 the polarization matrix for a cavity is always negative
definite, and that for an absolutely rigid inclusion, it is always positive definite. Theorem
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3.2 gives an asymptotic formula, which can be combined with the indicated facts and the
information from Proposition 4.2, and it makes possible to deduce the sign of the variation of
a given eigenvalue in terms of the defect properties. For example, in the case of a defect-crack,
with the null volume and negative polarization matrix, the eigenvalues of the weakened body
are smaller compared to the initial body. Such an observation is already employed in the bone
China porcelane shops by the qualified personel.

5 JUSTIFICATION OF ASYMPTOTICS

We proceed with the following statements, which are fairly known for the entire body (see
[6, 32]) but should be verified for a body with small cavities (see (16)). We emphasize that
a body with small inclusions is to be regarded in some sense as an intermediate case. In this
way, some of given below axiliary results for the intact body are fit for the body with foreign
inclusions, however, in some situations it is much simpler to compare the latter with the body
with small voids. On the other hand, the whole justification procedure works for any sort of
defects.

Proposition 5.1 For a vector function u € ;II(Q;F)?’ the inequality
75 s L) + [ Vau; L2(Q)]| < ¢l|D(Va)u; L (Q)]] (76)

holds true. The above inequality remains valid with a constant independent of h € (0, ho), if
the domain Q) is replaced by the domain Q(h) with defects.

Proof For analysis of displacement fields in the domain (h) with cavities (in particular, with
cracks) we apply the method described in review papier [[31]; §2.3] - in this framework the
body with elastic inclusions is considered as intact or entire. Let us consider the restriction

@ of u to the set Q" = O\ UL, B}y, where B) ., = {z : |z — PJ| < hR} and radius hR of
the balls is selected in such a way that w;? C IB%{Z - We construct an extension u to € of the

field . To this end, we introduce the annulae EiL = th R\]B%{L g and perform the stretching of
coordinates x + &/ = h=!(z — P7). The vector functions % and u written in the £/-coordinates
are denoted by @/ and u/, respectively. It is evident that

WID(Ve)w; LA(E)|* = [D(Ve)u: LGN < ID(Va)u; L2 (Q(R)]1%: (77)

where Z = Bop\Bg. Let ‘
W (¢) =) (&) +d(€)d, (78)

where d is the matrix (7), and the column @’/ € RS is selected in such a way that

[ e @)ag —oe e, (79)

[
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where the matrix d is given by (7). By the orthogonality condition (79), the Korn inequality
is valid

@ H'(E)| < erlD(Ve)a; LA(E)| = crl|D(Ve)a; L*(E))| (80)
(see, e.g., [6], [[31]; §2] and [[19]; Thm 2.3.3]), and the last equality follows from the second
formula (8) since the rigid motion da’ generates null strains (4). Let @/ denote an extension
in the Sobolev class H' of the vector function ﬂi from Z onto By, such that

@ H' (Bzr) || < crl@; H' ()] (81)

Now, the required extension of the field u onto the entire domain € is given by the formula

~ v Joul), ze Qh
v = { A&l + (&), ¢ €Blp j=1....J (82)
In addition, according to (78) and (77), (80), (81) we have
ID(Va)u; L2(Q)]| < e D(Va)u; L2 (2(R))]I- (83)

Applying the Korn’s inequality (80) in €2, we obtain
Iy s Q)|+ | Vaws L2QM)|| < lrf s La(Q)]| + |V Lall < ¢ D(Va)a; LA(Q)]]. - (84)
We turn back to the function %/ and find
@ HH (B < el a; L)) + || Vot LA(Q)]%). (85)
The other variant of the Korn’s inequality
lw?; H' Bar\wi)lI* < c(ID(Va)u?s L2 (E\w)) |* + u?; L*(2) %) (86)
(see e.g., [6], [[31]; §2] or [[19]; §3.1]), after returning to the x-coordinates leads to the relations

h=2[lus L2 Bonp \w))|1? < || Vou; L (Banp N\

< (I D(V ) (B2 + h=2 s L2(E) ) [2) (&7)

By virtue of Ch > r; > ch > 0 for x € BQhR\wh D :71}@ the multiplier A~! can be inserted
into the norm, and transformed to r; ~1 but the norm Hr u; Lg(uh r)|| is already estimated in

(84), owing to & = u on =) 5. Estlmates (87), j =1,...,J, modified in the indicated way along
with relation (84) imply the Korn inequality in the domain Q(h). B

Remark 5.1 Ifw; is a domain, then in the proof of Proposition 5.1 we do not need to restrict
u to O, but operate directly with the sets Q(h) and Bagp\w; since there is a bounded extension
operator in the class H over the Lipschitz boundary Ow; with the estimate of type (81). The
presence of cracks w;l makes the existence of such an extension impossible. However, the Korn’s
inequality (87) is still valid in this case, since to maintain the validility the union of Lipschitz
domains is only required (see [6]). B
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The bilinear form
(u,0) = (A"D(Vz)u, D(V)v)q (88)

o
can be taken as a scalar product in the Hilbert space H'(;T)3. In this way, the integral
identity (12)" can be rewritten as the abstract spectral equation

fhul = mhul (89)
where m” = (A\")~! is the new spectral parameter, and R is a compact, symmetric, and
continuous operator, thus selfadjoint,

(RMu,v) = (Y'u,v)g, w,veH. (90)

Eigenvalues of the operator & constitute the sequence
mif>my > >mh > 540, (91)

with the elements related to the sequence in (18) by the first formula in (90).
The following statement is known as Lemma on almost eigenvalues and eigenvectors (see,

e.g., [40]).
Proposition 5.2 Let m and u € § be such that
Julls =1, &*u —mufly =6 . (92)
Then there exists an eigenvalue mz of the operator 8", which satisfies the inequality
|m — m§§| < 0. (93)
Moreover, for any de > § the following inequality holds
[t —uels <25/ (94)

where uq is a linear combination of eigenfunctions of the operator 8", associated to the eigen-
values from the segment [m — do, m + o], and |Jute]|s = 1.

For the asymptotic approximations m and u of solutions to the abstract equation (89) we take
m=(\p+ W) u= US| TU (95)

where U stands for the sum of terms separated in the asymptotic ansatz (21). Let us evaluate
the quantity 0 from formula (92). By virtue of A, > 0, for h € (0, hy,] and h), > 0 small enough,
we have

0 = &' —ms 9] = (O + hp) MU BT sup (O + B ) (RO, V) = (U, V)] (96)

< esup [(A"D(V)U; DIVa)V ) — (p -+ H5ay) (00", V)l
ve
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where & = {V € 9 : ||V; 9| = 1} is the unit sphere in the space $. In addition, to estimate
the norm ||U; $|| the following relations are used
;DI = (A"D(Va)ug), D(Va)up))a = ¢ > 0, (97)
I xgwiy; 9l < k™20 0= 1,2, ||hPug); I < ch?,
where the first relation follows from the continuity at the points P? of the second order deriva-
tives of the vector function u,) combined with the integral identity (12) and the normalization
condition (19). We transform the expression under the sign sup in (96). Substituting into the
expression the sum of terms in ansatz (21), we have
Io = (A"D(Va)ug), D(Va)V)a = (Ap + K2 up) (V" u), Ve
= 572 {((AG) = DTV = 2 = 7)), V) | (95)
_hglup(fyhu(p)v V)Q = Zj:l I{) - 187

I/ = h'(AD(V.)xjw(), D(Vo)V)a = b (A + W) (" xjwiy Ve = B =T, i =1,2, (99)

(») (
L = B3 ((AD(V2)vp) D(Va)V)a = A1), V)a) = Bopp(v0,V)a
+h3 3 {((A(j) — A)D(Va)v(p), D(Va)V)wr = Ap((15 = M) V)wy} (100)

= BP9 + K1t + 13 Y T,
In (98) we used that wu(, and ), verify the integral identity (12). Furthermore, by the Taylor
formulae (34) and (31), we obtain

B — T" = T2 < e(h?||D(Va)V; LHw)? || + RV LH(wh)]|
+/ |V = V|dx) < ch®h?|D(Vo)V; L2 (Q)]| = ch/?,

. wj o 101
I{)I = (("4(]) - A(P]))€J7D(vx)v)wa7 A o ( )
I’ = (Ag) — AP))D(Va)UL, D(Va) V), + (& = P TV APl D(Va)V),,

Let explain the derivation of above formulae. The following substitutions are performed
D(Va)ug)(x) = &) + D(Va) Uy (),
A(x) = A(PY) 4 (z — P) TV, A(P?),
u(p) (@) = ug) (P,

with pointwise estimates for remainders of orders h?, h?, and h, respectively. These gave rise
to the following multipliers in the majorants

ID(VL)V; LY (W) < ch®?|D(V,)V; L2(Q)]],
1V L (wl)] < chS/QHv";lV;LQ(mH :
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Note that the factor h3/2 is proportional to (mes;»,w]h)l/ 2 and h_lrj does not exceed a constant
on the inclusion w?. Beside that, the Poincaré inequality

/|V(m) —V|dz < ch3/2/|V(x) —V?Pdx < ch3/2h2/]VxV(m)|2dx, (102)

is employed together with the relation

/(’Yj(w) — 7)) (P) 'V (x)de = /(’Yj(x) =)y (P (V (@) = V) da. (103)

Wi Wi

Here 7 stands for the mean value of V over w;-l. Finally, all the norms of the test function V'
are estimated by Proposition 5.1. .
In similar but much simpler way, by virtue of Remark 3.1, the term I’ from (100) satisfies

WG| < eh® (BT (] Vavgy: W)+ BT 2o L @HIDIV 9 < eh*7, (104)

where 7 > 1/2 is arbitrary. It is clear that hS|I3'| < ChS. The integral h*I{ cancels the integral
—h31Y in (98) and some parts of the integrals I/ from (99), which we are going to consider.
In the notation of formula (56) we have

E = b { (A D(Va)uwdy, DTV )y + (AP)DTa)wdy, DTGV o ot
+h™18;0((x — PJ)TV A(PJ)D(V:E) i D(Va)x V)n\wy}
+{ADV.) Tl DV = (DTl [D(V2). 31V )a } (105)

+H((A = A7) = u(w — P TV A(P))D(Va)w(y, D(Va) XV o wr
S A (A Co

Furthermore, the integrals hiIg 0 and Iil cancel each other according to the integral identities

2B (w7, x;V) = ((A(P7) = A(j))ep DVEXGV ),

] ) ) 106
SE2(w, x;V) = (F, i V)gona, + (F), V), + (G, V), (106)

The latter formulae are provided by (71), (26) and (29), (30), (32), (33), (36). We point out
that the test function € — x;(hé + PP)V(hE + P7) in (106) has a compact support, i.e., the
function belongs to the Kondratiev space VO1 (R?), and in the analysed integrals the stretching
of coordinates z — £ = h™!(z — P?) has to be performed. )
The expressions including asymptotic terms S{;)(h_l(w — P7)) = h?’_ng;) (x — P7) are

detached from the integrals Ig ! and Ig 2,
By = 1 {(AID(.), 3150 DVa)V ) — (AD(.)SE [D(V2), 331V )a |

= B X187, V)a, (107)
B2 = WA= A(P) — 6ia(z — PI)TV,A(P)D(TL)SE DY)V oot
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and the remainders are estimated by virtue of the decompositions (27) and (45), namely,

1/2

'~y < ch|V;H| / (L+h7r) O+ h2(L+ A7 lry) %) da < ch?,

up [Vax;
B -1 < ch?|Vi9| / (L+h7 ) ™+ 721+ 27 hry) O (1 + | In(h ™ ry)) d

up |V x|

< ch*(1+|Inh|),
1/2

|I%'1_Ij2%)| < ch||V; 9| /r?(1+h—1rj)—6dx < ch?,

N

1/2

j2 152 2111/, 2 —1,. \—4 —1,.\\2 4
" =T < ch?||V; 9| ri(L+h" ;) (14 [In(h™ r;)|) "dx < ch*(1+ |Inh|).

\wy
A (108)
Inequalities for the integrals Igo from (99) are obtained in a similar way and look as follows :

0 — 10| < cl|r; 'V L2(Q)[|WThYTH(1 + 65| In ) < ch?(1 + 62| In b)),

g = WA (X550, V)a -

According to formula (56) for the right-hand side f of the problem (52), (53) and the associated
integral identity (59), the sum of the expressions h%I} from (100) and I} from (107), (109)
(the latter is summed over j = 1,...,J and ¢ = 0,1,2) turns out to vanish. As a result,
collecting the obtained estimates, we conclude that the quantity § from formula (95) (see also
(92)) satisfies the estimate

(109)

§ < coh3te (110)

for any a € (0,1/2).

Now we are in position to prove the main theorem on asymptotics of solutions of singularly
perturbed problem.
Proof of Theorem 3.2 From the columns b1, ... b(%) of matrix M) with elements (67)
can be constructed linear combinations (68) of vector eigenfunctions U(pys - -+ s U(pysc,—1) aS well
as the subsequent terms of asymptotic ansatz (21). As a result, for ¢ = p,...,p + 35, — 1
the approximate solutions {()\p + R3pu,) 1, HU((;I)) ] ¥ ((g)) } of the abstract equation (89) are
obtained, such that the quantity 0 from relations (92) verifies the inequality (110). We apply
the second part of Proposition 5.2 with

Se = ceh3T | e € (0,a) . (111)

Let the list
h h\— h h —
m, = ()‘n) 17 e 7mn+N—1 = (/\n—‘rN—l) ! (112)
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include all eigenvalues of the operator £, located in the segment
[(Ap) ™ = cah®T (X))~ + cah®o] (113)

for sufficiently small he > 0, such that (A, +h3u,) ™! with h € (0, he] belongs to segment (113).
Our immediate objective becomes to show that

n=p, N =y. (114)

The quantities m” for m > n+ N — 1 are uniformly bounded in h € (0, he]. By Proposition
5.1, the same assumptions provide the uniform boundedness of the norm ||17€°m); o L 1)3| of

the vector functions ﬁhm € H" constructed for the vector eigenfunctions uhm in (12)" according
to (86). Hence, there exists an infinitesimal sequence {h;}, such that the limit passage h; — +0
leads to the convergences

>

m? S md =)tk u?m) weakly in H'(Q)? and strongly in L*(Q)3 . (115)

We substitute into the integral identity (12)" the test function v € C°(Q\(TU{P!,--- , P'}))3.
According to definition (17) and for sufficiently small & > 0, the stiffness matrix A" and the
density v" coincide on the support of v with A and ~, respectively. Therefore, the limit passage
h; — 40 in the integral identity (12)" leads to the equality

(AD U(()m),D'U)Q =\ (vl v)g . (116)

Since CX(ON\(T'U{PL,---, P’}))? is dense in ﬁ[l(Q; )3, the integral identity (116) holds true

for all test functions v € I(;Tl(Q; [')3. We observe that the weighted norms Hrj_lu?m); L2(Q)|| are

uniformly bounded by virtue of inequality (76), thus

(fyh u?m),u?l))g — (v u?m),u?l))g =o(l) for h— +40.

In this way, taking into account formulae (19) and (115), we find out that

(v u(()m),u‘()l))g = Om,l - (117)

Hence, \), is an eigenvalue, and u?m) is a normalized vector eigenfunction of the limit problem

(12). This implies that p + s¢, > n+ N. Considering consenquently the eigenvalues A, ..., A1,
we conclude that

p=zn, xp=>N. (118)

In order to establish the inequalities p < n and s, < N we select the factor ¢, in (111) such
that for uz(,k) #* ,uéq) the number (A, + h3u1(3k))*1 is excluded from the segment

[(Ap + h3ﬂ1(oq))_l — cah®F (N + hgﬂz(aq))_l +coh?t] (119)
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Let néq) be the multiplicity of the eigenvalue ,uéq) of matrix M®) . By Proposition 5.1 and esti-

mate (120) there are, not necessarily distinct, eigenvalues mf‘(q), . ,m?(q Frg—1) of the operator
q
8" such that

mif — p + HPuf) 7 < o p¥te (120)
In addition, Proposition 5.1 furnishes the normalized columns a(®) = (a%k.), e ,aﬁﬁl N.—1)Tv
such that
0SS 0 (B o _c
Upy = 1039l Zl G| S s S (121)
where uz., e ,uZ. 4 N,—1 are normalized in §) vector eigenfunctions of the operator £ corre-

sponding to all eigenvalues from segment (119). By formulae (97), and (12), (14),
(U8 UL = Aot = 0(1) for h—+0.

Furthermore, owing to formula (121), we have

Uy (@) Tal] = 6(1) for h— +0.

Thus, for sufficiently small A the number N, cannot be smaller than /f](ﬁ)

. h h
eigenvalues m}, - - - P

the exponent « € (0,1/2) is arbitrary, we can choose ae < a without loosing of the precision
in the final estimate (66)). Selecting all eigenvalues of the matrix M®), and subsequently

. Hence, there are
which verify inequality (120) with the majorant ¢gs h3+< (since

the numbers A\p_1,---, A1, it turns out that necesserily the equality in (118) occurs, and also
No = /il(gq).

The proof of Theorem 3.2 is completed. W

Remark 5.2 Theorem 3.2 provides inequality (121), which allows for derivation of some
asymptotic formulae for vector eigenfunctions u?p) of the problem (12)". We emphasise that,
first, the estimates of remainder are not as good as in the case of eigenvalues, and, second,
for multiple eigenvalues of matriz MP) even the initial approzimation for ul' . is not available.
And this is not a lack of the obtained estimates but just the matter of asymptotic procedures;
we refer the reader to the chapter 7 of book [19] and to papers [11, 29], where is discussed the
notion of individual and collective asymptotics of solutions to spectral problems. We present
one variant of the estimates proved above.

If ,u,éq) is a simple eigenvalue of the matriz M®) (for example, A, is a simple eigenvalue of
problem (12)) and b9 the corresponding normalized eigenvector, then there is an eigenvalue
/\g in problem (12)) (if A, is simple than p = q), which is simple, and together with the
corresponding vector eigenfunction verifies the estimates

X = X — B3] < p(a)h*

ey = (07 ug) + -+ bDugye 1)) HNQ)| < Cpla)h®
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where a € (0,1/2) is arbitrary, and the factors cp(a), Cp(er) are independent of parameter
h € (0, hy).
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