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Abstract 
The comparison of the failure state for composite laminates under 
bending and tensile loads is a well-known issue which has been 
intensively discussed in the literature. The scope of the current 
work is to investigate the appropriate method of the flexural modu-
lus of the composite laminates by the aid of experimental and nu-
merical approach. The primary objective of this study is to com-
pare the experimental measurements of the elastic modulus of the 
composite laminates under the tensile and flexural tests. The nu-
merical study is performed through progressive damage analysis 
(PDA) approach which is verified by simulation of the tensile spec-
imens. This procedure is then used to predict the failure of the 
beam specimens under three-point-bending (3PB) test. Both inter-
laminar and intra-laminar damages are included in the developed 
models. The first type of damage is examined based on the contin-
uum damage mechanics (CDM) approach and the second one based 
on the virtual crack closure technique (VCCT). The variation of 
the flexural modulus and ultimate strength of the composite beams 
is considerably depends on loading types and lay-up configurations. 
In this study, it is proven that the strain-based failure criterion can 
predict the realistic failure mode of the composite beams in con-
sistency with the ultimate strains which was obtained from a sim-
ple tensile test. 
 
Keywords 
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1 INTRODUCTION 

In the last decades, application of fiber reinforced polymer composites has remarkably increased in 
the infrastructures under various loading conditions (Jones, 1999). Composite materials are usually 
employed for the numerous kinds of loading such as in-plane and out-of-plane situations. As the 
mechanical properties of the polymeric materials appear to be variable under various loading types, 
numerous researchers attempted to explain this phenomenon on the fiber reinforced polymers. The 
existing papers indicate that in some cases considerable differences have been detected between the 
mechanical properties of the composite laminates measured under bending and tensile loads. The 
ultimate flexural strength is reported generally larger than the tensile strength. This subject has an 
old background in the literature. Bullock (1974) reported the ratio of strengths between 3PB and 
tensile loadings of 1.35 and 1.49 for two types of graphite-epoxy composites. Whitney and Knight 
(1980) measured this ratio as 1.04 to 1.33 for the graphite-epoxy laminates. Weibull theory (Bull-
ock, 1974) predicts a higher strength for material under bending load than its tensile strength since 
it assumes that the strength of materials is affected by some critical defects which are distributed 
statistically in the material. Cattell and Kibble (2001) examined 3PB beams with the span-to-depth 
ratio (L/D) of 20 and measured the ratio of flexural to tensile strength equal to 1.4. They tried to 
predict this ratio using Weibull theory. Ullah et al. (2012) reported the flexural strength of the wo-
ven fabric CFRP laminates under bending load of 10% larger than the tensile strength. Although 
there are some researches which show that prediction of the flexural strength using Weibull theory 
often produces satisfactory results, sometimes large discrepancies have been reported between the 
results predicted by this theory and the experimental results (Wisnom, 1992). 

For the polymeric materials, two different moduli are determined as the tensile and flexural 
moduli that the first parameter is measured based on the tensile stress-strain curve and the second 
one is calculated according to the load-deflection curves from the bending tests. Jones (1978) de-
rived the elastic moduli of various composite materials under tension, compression, 3PB (three-point 
bending) and 4PB (four-point bending) conditions and deduced that no clear pattern of larger ten-
sion than compression modulus or vice versa exists for these materials. Zweben (1994) and Smith et 
al. (1979) introduced the value of the flexural modulus smaller than the tensile modulus for the 
unidirectional kevlar 49/polyester composite beams. Tolf and Clarin (1984) measured the flexural 
modulus 11% smaller than the tensile modulus for the E-glass/polyester specimens. Roopa et al. 
(2014) reported the ratio of flexural to tensile moduli equal to 4 and 2.67 for glass/polyester and 
glass/vinyl ester specimens, respectively. The complexity of the flexural behavior of the polymeric 
materials is understood when it is considered that the flexural properties vary with specimen depth, 
temperature and rate of straining (loading) (ASTM D790–07, 2007). There are some investigations 
in the literature indicating that the main cause of inconsistency between the flexural and tensile 
moduli in the composite laminates is related to the difference between the compressive and tensile 
moduli of the materials. By consideration of a lower compressive modulus than the tensile modulus 
for carbon/epoxy laminates, Mujika et al. (2006) and Moreno et al. (2015) estimated a lower flexur-
al modulus for these composite laminates than the tensile modulus. Of course, this reason is not the 
only factor for difference of the flexural and the tensile moduli. For example the flexural modulus is 
not a constant value and changes for various L/D ratios of the beams, however, both the tensile and 
the compressive moduli are constant values. In the FRP materials, the fibers have usually linear 
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elastic behavior and the polymeric matrix is subjected to nonlinear behavior due to the occurrence 
of damage and plasticity. Variation of the mechanical properties under different loading conditions 
is also attributed to the nonlinear behavior of the polymeric part of the composite materials. For 
the composite laminates made of high modulus fibers, a lower difference is usually expected between 
the flexural and the tensile moduli as reported in the literature and also a higher difference is ex-
pected for the composite laminates made of vinyl ester and polyester resins in comparison to the 
laminates made of epoxy resin. 

For the sake of accurate investigation of the mechanical properties of the composite laminates 
up to the failure state, taking into account of the influence of the various damage modes on the 
material behavior is an essential task. The damage of the composite laminates is usually initiated by 
matrix cracking and delamination modes which degrade the stiffness of the laminates prior to the 
ultimate strength. So a more accurate simulation of the load carrying of the composite laminates 
under bending is accomplished using progressive damage analysis (PDA). By considering of material 
nonlinearity and more accurate simulation of the boundary conditions, the presented results in the 
recent researches are more accurate than those, obtained by the earlier numerical researches (Ec-
haabi et al., 1996; Smith and Ogin, 1999). Of course, PDA of the composite laminates has a great 
background in the literature. Ochoa and Reddy (1992) presented a comprehensive review of the 
basic steps for performing progressive failure analysis. Garnich and Akula (2009) reviewed a brief 
summary of the major classes of failure criteria pertaining to the degradation models. Generally, the 
progressive damage studies investigate two main stages as (i) initiation of damage in various dam-
age modes which are characterized by interactive or non-interactive failure criteria and, (ii) evolu-
tion of damage in each mode to accomplish complete failure. Soden et al. (1998) and Soden et al. 
(1998) presented a comprehensive comparison between the predictions of recognized failure theories 
for fiber-reinforced composite laminates. The strain-based and energy-based failure criteria produce 
more reliable results for composite components under multi-axial stresses or bending conditions than 
the results obtained by the stress-based criteria (Wolfe and Butalia, 1998; Mines and Alias, 2002; 
Doudican et al. 2012; Meng et al. 2015). Also, the interlaminar failure is examined by cohesive ele-
ments and virtual crack closure techniques. Of course, recent advances of various FE codes have 
provided a unique opportunity for researchers to implement more accurate analyses with consider-
ing of damage effects on the performance of the composite laminates (Lade`veze and Lubineau, 
2002; Sadeghi et al. 2014). 

In this paper, the load carrying capacity of the glass/vinyl ester composite laminates was exam-
ined under 3PB flexural loading conditions up to the failure state. The variation of the bending 
modulus and ultimate stress under various loading is examined for the various layups configuration 
of the laminates by the experimental and FE simulation. The experimental program includes tensile 
tests to verify the developed PDA procedure for composite laminates. Then, the objective of the 
paper is followed by examining 3PB laminate beams with various layups comprising of 0˚ and 90˚-
plies. For a description of the material response, the experimental specimens are simulated by the 
nonlinear FE analysis. The flexural failure of the glass/vinyl ester composite beams was observed 
different with the failure of the carbon/epoxy laminates, addressed in the literature. The reason for 
the difference between the flexural and tensile modulus was attributed to the different response of 
the 90˚-plies on the laminates under tensile and flexural loads. The progressive failure analyses are 
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performed on the composite beams by considering the intralaminar damage modes based on the 
CDM approach and the interlaminar damage using VCCT. By considering the various damage 
modes and nonlinear behavior for the contact of the specimens and supports, the FE model achieves 
to accurate results about the mechanical properties of the laminates. To predict the intralaminar 
failure, the strain-based failure criteria are implemented in the developed subroutine, linked to 
ABAQUS software. It is shown that the developed FE models estimate the flexural moduli of the 
composite laminates for various layups, accurately. The strain-based failure criteria on the basis of 
the ultimate strains, measured for the tensile specimens, can predict the failure load of the compo-
site beams with acceptable accuracy. 
 
2 EXPERIMENTS 

The density and tensile strength of the fibers sheet implemented for the production of the specimens 
were considered as 400 gr/m2 and 600 MPa, respectively. The laminates composed of 0˚ and 90˚-
plies. The resin was a vinyl ester with the nominal tensile strength of 30 MPa. Three layup methods 
were employed for fabrication of the laminate plates using compact molding technique. The fiber 
volume fraction was considered around 65%. The laminates were cured at a temperature of 60˚C 
for the duration of 48 hours. In the exterior side of the laminates, a blue color coating gel with a 
thickness of 0.1 mm was applied to protect the specimens from weathering, moisture and chemical 
exposure. Table 1 shows the mechanical properties of the produced GFRP layers, obtained from the 
standard characterization tests (Nazari, 2016). The tensile and 3PB experiments were conducted at 
the room temperature when the laminates density was 1800 kg/m3. The tensile test setup is pre-
sented in Figure 1. Two strain gages were attached to each specimen: one in the longitudinal and 
the other in the transverse direction to measure the Poisson ratio of the laminates. All experiments 
were conducted by a ZWICK machine under displacement controlled loading conditions when the 
crosshead velocity of the servo-hydraulic testing machine was 1 mm/min. The load was measured 
by the machine load cell and the mid-span deflection for the composite beams under flexural test 
was measured equal to the displacement of the cross-head. Zweben (1994) and Smith et al. (1979) 
recommended the L/D (span to length) ratio of 60 and 16 for measuring the flexural modulus and 
the ultimate strength of the composite beams, respectively. ASTM D790–07 (2007) recommends 
L/D ratio of 32 for highly orthotropic laminates. Therefore, in this study, two L/D ratios were ap-
plied for 3PB tests as 67 (large span) and 33 (small span). The dimensions and layups of the beam 
specimens are listed in Table 2. Three coupons for each specimen were tested to assure the con-
sistency of the experimental results and the average data were depicted. In this table ST represents 
the tensile specimen and SF stands for the flexural specimens. 
 
 

Properties E1 (MPa) E2 (MPa) E3 (MPa) ν12 ν13 ν23 G12 (MPa) G13 (MPa) G23 (MPa) 

Glass/Vinylester 11900 1350 1350 0.2 0.2 0.35 1070 770 770 

Table 1: The Mechanical properties of the UD GFRP laminas (Nazari, 2016) 
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Figure 1: Test setup for the tensile specimens. 

 
Specimen L1 L2 W D Layup 

ST-1 100 151 20 4×0.75 (0)4 
ST-2 100 153 19.5 4×0.75 (90)4 
ST-3 100 153 19.6 4×0.75 (90,03) 
ST-4 100 152 20.3 4×0.75 (0,903) 
ST-5 100 149.5 19.5 4×0.75 (0,90,0,90) 
ST-6 100 148 20.3 4×0.75 (90,0,90,0) 
SF-1 200 255 50.5 4×0.75 (0)4 
SF-2 100 150.5 19.5 4×0.75 (0)4 
SF-3 100 151 19.5 4×0.75 (90)4 
SF-4 100 151 20.7 4×0.75 (90,03) 
SF-5 100 152 19.6 4×0.75 (0,903) 
SF-6 100 150.5 20.3 4×0.75 (0,90,0,90) 
SF-7 100 150.3 20.3 4×0.75 (90,0,90,0) 

Table 2: Dimensions and layup of the experimental specimens according to the geometry presented in Figure 2. 

 

 

Figure 2: Geometrical parameters of the (a) tensile and (b) flexural specimens. 

(a) 

(b) 
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Table 3 shows the results of the various coupons for each specimen, examined in the experi-
ments. The results, addressed in the other sections of this paper, indicate the mean value of the 
results obtained by various coupons for each specimen. Figure 3(a) shows SF-2 beam specimen un-
der loading and Figure 3(b) shows failure mode of the SF-2 specimen. Based on the elementary 
mechanics of materials the flexural modulus of 3PB beams is calculated by (ASTM D790–07; 2007): 
 

33 4/ bdmLE B  (1) 
 
where EB is the modulus of elasticity in bending, L is the support span, b and d are the widths and 
the depth of the beam specimen, respectively and m is the slope of the tangent to the initial 
straight-line segment of the load-deflection curve. ASTM D790 denote that Equation (1) produces 
reliable results for small deflections when (dw/dx)2 is noticeably small compared to unity (Timo-
shenko and Gere, 1972). The large deflection of the composite beams, examined in this study, 
showed that the obtained result by this formula will not accomplish a reasonable accuracy, however, 
there is no other standard code to be referred for determination of the flexural modulus in the com-
posite beams with large deflections. Of course, Equation (1) can achieve an approximate value from 
the real flexural modulus of the composite beams. The stress at the outer surface of the beam spec-
imen is estimated by (ASTM D790–07; 2007): 
 

)]/)(/(4)/(61)[2/3( 22 LDLdLDbdPLf   (2)

 
where σf is the stress in the outer fibers at the midpoint, P is the load at a given point on the load-
deflection curve, D is a deflection of the centerline of the specimen at the middle of the support 
span. ASTM implies that the accuracy of the results obtained by Equations (1) and (2) will de-
crease if the beam specimen slips excessively between the supports due to large deflections. 
 
 

 
 

 

Figure 3: (a) SF-2 specimen under 3PB test; (b) Failure of SF-2 specimen by rupture of the tensile fibers. 

 

(b) 

(a) 
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Tensile 
specimens 

Maxi-
mum 
stress 
(MPa) 

Mean 
value 
(MPa) 

Standard 
deviation 
(MPa) 

Elastic 
modulus 
(Mpa) 

Mean 
value 
(MPa)

Standard 
deviation 
(MPa) 

Flexural 
specimens

Maxi-
mum 

load (N)

Mean 
value 
(MPa)

Standard 
deviation 
(MPa) 

Maxi-
mum 

deflection 
(mm) 

Mean 
value 
(N) 

Standard 
deviation 

(N) 

ST-1 

331.72 

329.92 6.71 

11,826  

11,822 13 SF-1 

112.32 

113.03 2.25 

12.10 

12.25 0.74 335.55 11,807  111.22 11.60 

322.50 11,833  115.54 13.05 

ST-2 

39.18 

38.18 1.69 

1,338  

1,335 7 SF-2 

634.70 

637.02 16.25 

20.51 

22.14 2.31 36.23 1,327  622.05 21.12 

39.12 1,341  654.30 24.78 

ST-3 

264.14 

263.82 10.79 

11,235  

11,236 41 SF-3 

153.80 

154.44 4.59 

21.43 

20.61 2.12 274.45 11,195  150.20 18.21 

252.87 11,276  159.32 22.20 

ST-4 

110.87 

111.85 6.94 

4,146  

4,165 52 SF-4 

359.00 

356.53 5.89 

22.90 

24.71 2.75 119.23 4,125  349.80 23.35 

105.45 4,223  360.78 27.87 

ST-5 

191.33 

190.26 12.41 

11,471  

11,441 27 SF-5 

106.26 

105.31 2.64 

13.72 

13.45 1.13 177.34 11,433  102.32 12.21 

202.10 11,420  107.34 14.41 

ST-6 

189.32 

192.96 7.27 

11,511  

11,570 83 SF-6 

323.81 

324.48 5.86 

20.94 

22.38 1.87 188.23 11,534  318.98 21.70 

201.34 11,665  330.65 24.50 

- - - - - - - SF-7 

312.54 

316.65 6.74 

19.71 

18.97 1.93 312.98 16.78 

324.43 20.43 

Table 3: The results of three coupons, obtained for various specimens in the experimental program. 

 
3 FINITE ELEMENTS MODELING 

Finite elements (FE) simulations of the experimental specimens were carried out using ABAQUS 
software. The composite laminates were modeled using eight-node solid elements while the supports 
and the loading head were simulated by rigid shell elements. For simulation of the tensile tests, 
fixed boundary conditions were applied to the end plates. The axial load was applied by considering 
a velocity load on the top rigid plate when the bottom rigid plate was considered to be fixed. The 
degrees of freedom (DOFs) at two ends of the specimens were constrained to the DOFs of the rigid 
plates using “Tie” interaction in ABAQUS. Half of the beam span was modeled due to the sym-
metry conditions of the 3PB specimens, while the appropriate boundary conditions were employed 
on the symmetry surface. The contact between the specimen and the supports was defined in both 
normal and tangential directions with a proper friction coefficient to control slippage of the speci-
mens on the supports during the loading state. By physical evaluation of the contact surfaces, the 
friction coefficient between the rollers and the specimens was assumed to be μ=0.3. Batra et al. 
(2012) assumed this coefficient as μ=0.25 for simulation of the contact between the composite 
beams and metallic supports. The mesh convergence study showed that discretizing the thickness of 
the UD laminates by one element per layer produces a sufficient accuracy but in the laminates with 
different orientation of the adjacent layers, each layer must be discretized by at minimum two ele-
ments. At the mid-span area, the beams were meshed by smaller elements because larger defor-
mation gradient is seen in this area. 
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Both inter-laminar and intralaminar damage modes were included in the FE models. The 
intralaminar damage was modeled based on the CDM theory while the inter-laminar (delamination) 
damage was modeled using Virtual Crack Closure Technique (VCCT). Based on the CDM concept, 
at each integration point of the elements, a framework which accounts for the stiffness degradation 
of the material was employed. For this purpose, VUSDFLD subroutine, predetermined by 
ABAQUS, was developed and linked to the main program. This subroutine determines the material 
mechanical properties dependent of some updating damage variables. Delamination was simulated 
by definition of a contact interaction between the various layers of the laminates where may be 
debonded due to excessive inter-laminar stresses. The explicit dynamic technique was employed for 
numerical progressive damage analyses.  
 
3.1 Intra-Laminar Damage Model 

Based on the CDM theory, the damaged state of the material is related to its intact state by im-
plementing damage variables in order to degrade the mechanical properties. The ABAQUS software 
(2010) proposes a PDA model for 2D elements based on the cohesive constitutive model of Caman-
ho and Davila (2002) in combination with the Hashin damage initiation criteria (Hashin, 1965; 
Hashin and Rotem, 1973). In this study, the same procedure was extended by a user subroutine 
(VUSDFLD) to implement PDA on the 3D elements. 

The first subject for investigation of the progressive damage in the composite laminates is a 
determination of the damage initiation state using well-known failure criteria. Degradation of the 
elements’ stiffness is activated by initiation in one failure mode and then growths through the dam-
age variables. The accuracy of the various failure criteria may depend on the type of the composite 
material, structural configuration and loading conditions. Sometimes prediction of the flexural fail-
ure using the stress-based criteria may be followed by considerable errors so, in this research, initia-
tion and progression of damages in various modes are predicted using strain-based criteria. These 
criteria are associated with the Hashin failure theory, however, regarding the difference between the 
maximum stress measured under bending and tensile loads, they are calculated based on the strain 
components. The considered intralaminar damage modes are as: 

 Fibers rupture in tension (f1); 
 Fibers buckling and kinking in compression (f2); 
 Matrix cracking under transverse tension and shearing in local 2 and 3 directions (f3); and 
 Matrix crushing under transverse compression and shearing in local 2 and 3 directions (f4); 
On the basis of these damage modes, four damage criteria are introduced to check damage 

probability when they are violated as (Hashin and Rotem, 1973): 
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where єij are the strain components in 3D elements, єft and єmt are the tensile failure initiation 
strains in fibers and transverse directions, respectively, єfc and єmc are the compressive failure initia-
tion strains in fibers and transverse directions, respectively, єls is the shear failure initiation strain in 
the fiber and transverse planes (1-2 and 1-3) and єts is the shear failure initiation strain in the 
transverse and normal plane (2-3). The abovementioned criteria include the effects of 3D stresses 
through the Poisson effect. The effective stresses on the damaged elements are obtained by: 
 

M σσ   (7)
 

where M is the diagonal matrix of the damage operators as [Lapczyk and Hurtado, 2007]: 
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where, df, dm, dl
s and dt

s are damage variables associated with fibers, matrix, shear damage in the 
fiber and transverse planes, and shear damage in the transverse and normal plane, respectively. 
Since the majority of the composite laminates have different failure mechanisms under tensile and 
compressive loads, df and dm are distinguished by t and c subscripts for tension and compression 
performances as (Lapczyk and Hurtado, 2007): 
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The damage evolution is established based on the progression of the complementary free energy 
density in the material which is determined as (Maimi et al., 2007): 
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where the operator of “<>” is Macaulay bracket, defined for every ωєR as <ω>= (ω+|ω|)/2.  To 
ensure the irreversibility of the damage process, the rate of change of the complementary free ener-
gy Ġ minus the externally supplied work to the solid at constant strains,  : , must be non-
negative: 
 

0:  εσG   (14)
 

and expanding the inequality in terms of the stress tensor and the damage variables gives (Maimi et 
al., 2007): 
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Since the stresses are variables, the expression in the parenthesis must be equal to zero to en-
sure positive dissipation of the energy (Maimi et al., 2007): 
 

σH
σ

G
ε :




  (16)

 

εCσ d  (17)
 

H is the flexibility matrix and Cd is the stiffness matrix of the damaged element. Using the 
above relation and the quantitative assessments for degradation of the Poisson ratio, the compo-
nents of the degraded stiffness matrix are obtained as presented in App. A. By separating the influ-
ential terms of the complementary free energy about the various modes of failure, an equivalent 
energy (Geq) for each mentioned mode is established for investigation of the damage evolution in the 
elements. Since the dissipated energy is proportional to the volume of the elements, it varies with 
mesh refinement so the equivalent energies (Geqs) are normalized regarding a characteristic length 
for the elements, Lc, which is defined by Bazant and Oh (1983) for brick elements as: 
 

3
el

C VL   (18)
 

where Vel is the volume of the elements. The equivalent energy is defined as the area under the 
curve of equivalent stress versus equivalent displacement for various failure modes (see Figure 4) as: 
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for fibers in tension )0( 11  ; 
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For fibers in compression )0( 11  ; 
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For matrix in tension and shear )0( 3322  ; and 
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For matrix in compression )0( 3322   . The damage variable associated with each failure 

mode i, takes values between zero (undamaged state) and one (fully damaged state) as (Maimi et 
al., 2006): 
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Figure 4: Schematic of equivalent stress versus equivalent displacement diagram (Maimi et al., 2006). 

 
Using Table 4 and those obtained by characterization tests (Nazari, 2016), (δij,eq)0 are achieved 

by damage initiation strains, (δij,eq)u are obtained by the final failure strains and δij,eq  is derived 
from the available strains in the material after damage initiation. Figure 4 shows that when the 
values of δij,eq and σi

j,eq are determined for a material, the value of equivalent energy (Geq) for each 
mentioned mode of failure is definite for investigation of the damage evolution in the elements. 
 
3.2 Inter-Laminar Damage (Delamination) Model 

Delamination may occur in three modes of inter-laminar failure between the plies as opening, sliding 
and tearing. Previously, the achieved investigations reported the occurrence of delamination during 
the flexural failure of the composite beams (Wisnom and Atkinson, 1997) so delamination initiation 
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and propagation were considered for simulating the ultimate state of the beam specimens using the 
Virtual Crack Closure Technique (VCCT). The complete explanation of this procedure can be 
found in the related researches (Rybicki and Kanninen, 1977; Krueger, 2002) and the details are 
omitted here to keep conciseness. Based on this technique and considering Figure 5, the strain ener-
gy release rates (SERRs) for three inter-laminar damage modes are calculated as: 
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Where ΔA=b.Δa is the virtually closed crack surface area, Δa is the length of the elements at the 
delamination front and b is the width of the element. In this procedure, the assumption of a small 
cracked area between the susceptible layers for delamination is necessary. Therefore, in the FE 
models, a small delaminated area (with 0.1 mm length) was replaced between the layers of the lam-
inates at the beam mid-span region. Of course, negligibility of the influence of this small delamina-
tion on the load carrying capacity of the beams was checked. In order to examine the influence of 
the mixed-mode delamination, the Power law (Wu and Reuter, 1965) was utilized as: 
 

0





























IIIC

III

IIC

II

IC

I

equivC

equiv

G

G

G

G

G

G

G

G nm

 (27)

 
The introduced parameters in this formula, GIC, GIIC, GIIIC, αm, αn and α0 must be character-

ized. With acceptable accuracy, αm, αn and α0 have assumed unity since the FE results showed the 
occurrence of delamination in the beams mainly due to one mode (the influence of other modes was 
negligible). The critical values of the SERRs between the UD layers of the examined laminates were 
measured as GIC=0.9 N/mm and GIIC= GIIIC=1.5 N/mm. 
 
 

Properties UD Lamina Properties UD Lamina
(єtf)0 0.029 (єcm)0 0.002 
(єtf)u 0.029 (єcm)u 0.065 
(єtm)0 0.0013 (єsl)0 0.0019 
(єtm)u 0.0255 (єsl)u 0.037 
(єcf)0 0.032 (єst)0 0.0022 
(єcf)u 0.032 (єst)u 0.043 

Table 4: Ultimate strains of the examined GFRP laminas (Nazari, 2016; Nazari et al., 2017). 
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Figure 5: Modified virtual crack closure technique for eight-node  

solid elements (Rybicki and Kanninen, 1977; Krueger, 2002). 

 
 
4 DISCUSSIONS OF THE RESULTS 

In this section, the developed PDA procedure is verified using the obtained results for the tensile 
tests. Since the damage evolution rule adopted for simulation of the laminates is assumed to be 
identical under bending and tensile loads, the variation of the mechanical properties measured for 
the laminates under the bending and tensile loads is determined based on the FE study. 
 
4.1 Verification of PDA 

The stress-strain curves, obtained from experiments and FE models, are shown in Figure 6 for vari-
ous specimens. Comparison of the presented results in Figure 6 shows a good agreement between 
the numerical analyses and experimental results. The size of the elements at the surface of the ten-
sile specimens was 5 mm while the thickness of each ply in the laminates was discretized by one 
element. Figure 7(a) shows the longitudinal stress distribution for the FE model of the ST-1 speci-
men prior to the failure state. In this figure, the boundary conditions of the tensile models are also 
observed. Figure 7(b) shows the distribution of the tensile fibers failure criterion at the same state. 
The FE model shows that the maximum tensile stress occurred in this specimen was achieved 
around 345 MPa. The difference between the stress measured by the FE model as 345 MPa and the 
experimental result as 330 MPa is ascribed to the difference of the true and engineering stresses. 
Figure 6 indicated that the stress-strain curve of the specimen with UD 0˚-plies is linear however 
considerable nonlinearity is observed for the specimen with UD 90˚-plies. 
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Figure 6: Tensile stress-strain response obtained from experiments and FE models  

for (a) ST-1, (b) ST-2, (c) ST-3 and ST-4, (d) ST-5 and ST-6 specimens. 

 
4.2 Bending Specimens 

4.2.1 UD Laminates 

The failure behavior of the various beam laminates with different layup configuration containing 0˚ 
and 90˚-plies are investigated in this section. The beams with UD 0˚-plies were examined for two 
L/D ratios: 33 and 67. The thickness of the UD beams was discretized by four elements (one ele-
ment per layer) while the general size of the elements along the length of the beams was 5 mm 
which decreased to 1 mm close to the mid-span area. The load-deflection curves obtained from the 
experiment and FE models for SF-1 specimen are shown in Figure 8. In this figure, P and Δ denote 
the applied load and the mid-span deflection, respectively. No visible macro damages were observed 
for SF-1 specimen with L/D=67 during the loading state and the FE results also were verified.  So 
the concerned issue for this beam was an inspection of the cause of reduction of the load carrying 
capacity in the absence of the macro damages in this beam. The FE results for this model showed 
that due to slippage of the beam at the support positions, resulted in an excessive increase of the 
beam deflection, the beam bending span was increased which led to a reduction of the load carrying 
capacity. Variation of the load versus the curved length of the span, L, in Figure 9 shows a signifi-
cant effect of the beam span length on the load bearing capacity. 
 

(c) (d)

(a) (b)
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Figure 7: (a) Longitudinal stress distribution in the FE model of the ST-1 specimen prior to the  

rupture state, (b) Tensile fibers failure criteria (obtained by Equation (3)) at the same time. 

 
 
 

 

Figure 8: Load-deflection variations obtained by experiment and FE model for SF-1 specimen. 
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Figure 9: Variation of load versus the span length “L” measured for the SF-1 specimen. 

 
The curved length of the beam span was measured by subtraction of the overhang length of the 

beam from the total length. Table 5 compares the elastic modulus and the ultimate strength meas-
ured for the bending UD specimens with those obtained for tensile specimens. Equation (1) gives 
the flexural modulus of the SF-1 specimen as E=13400 MPa. There is no doubt that the results, 
obtained by FE simulation of the composite beams, were more accurate than which were obtained 
by Equation (1). Based on the consistency of the FE modeling procedure, the load-deflection curve 
obtained by experiment was simulated by the FE model which showed that the most acceptable 
response of the beam was obtained when the flexural modulus was considered as E=13000 MPa 
(10% larger than the tensile modulus) through a try-and-error practice. The difference between the 
flexural moduli estimated by the numerical model and the analytical equation is attributed to the 
slippage of the beam on the support due to the large deflection and the non-ideal contact conditions 
which are not accounted for in the analytical formula (ASTM D790–07; 2007). It must be noted 
that the selection of a finer mesh did not make a significant influence on the accuracy of the flexural 
modulus estimated by the FE model.  
 
 

Properties Modulus of elasticity (MPa) Ultimate strength (MPa) 

Specimens 
Tensile 
modulus 

Flexural modulus 
by Equation (1) 

Flexural mod-
ulus by FE 

Tensile 
strength 

Flexural 
strength by 
Equation (2) 

Flexural 
strength by FE 

SF-1 11822 13400 13000 - - - 
SF-2 11822 13600 13000 330 668 400 
SF-3 1335 4440 4000 38 155 80 

Table 5: Comparison of the mechanical properties obtained for the UD  
beam specimens by analytical formulas and FE models. 

 
The L/D ratio of the SF-2 specimen was 33. Based on the load-deflection data depicted in Fig-

ure 10(a) and using Equation (1), the value of the flexural modulus for this case is determined as 
13600 MPa , however, the FE results were in closer agreement with the experimental ones when the 
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flexural modulus of the beam was determined as E=13000 MPa. It is seen that by variation of the 
L/D ratio from 33 to 67 for the composite beams with UD 0˚-plies, the flexural modulus remained 
almost constant. Smith et al. (1979) reported the flexural modulus of a kevlar 49/polyester compo-
site beam with L/D ratio of 16, 35% lower than the modulus measured for a similar beam with L/D 
ratio of 60. The collapse load of SF-2 specimen occurred when a perpendicular crack in the tensile 
fibers appeared at the beam mid-span. The flexural strength, estimated by Equation (2), shows 
considerable discrepancy with the reality while this parameter can be estimated using FE numerical 
analysis to get more accurate results. Table 5 shows that the maximum experienced tensile stress at 
the outer tensile side of the beam is equal to 400 MPa (21% larger than the tensile strength of the 
specimen). By increasing the flexural modulus with respect to the tensile modulus and applying the 
strain-based failure criteria, a higher ultimate stress was estimated for the beams. Figure 11(a) 
shows the longitudinal stress (S11) in SF-2 specimen prior to the failure state and Figure 11(b) 
shows the failed elements at the beam mid-span. This figure shows the boundary conditions which 
were applied for the beam models. The FE load-deflection curves (see Figure 10) show that if in-
stead of strain-based failure criteria, the failure criteria was chosen based on the ultimate stresses 
(with the tensile strength of 330 MPa), the maximum peak load of this specimen would be consid-
erably underestimated. Although the estimated ultimate load using the strain-based failure criteria 
is almost identical with the ultimate load measured in the experiment, the failure deflection esti-
mated by the FE model is smaller than what is measured in the experiment. At the final part of the 
experimental load-deflection curve a slight softening region is observed prior to the failure point 
which is not accounted for in the FE model, so a larger failure deflection is observed in the experi-
ment. Experimental observations showed that failure in the UD composite beams occurred in the 
whole tensile part of the beam cross-section, simultaneously. Around the cracked area, a delamina-
tion region was observed which will be discussed later on. Wisnom and Atkinson (1997) reported 
that the flexural failure of the UD carbon/epoxy laminates is usually a gradual process, with bun-
dles of fibers breaking first at the surface and then progressively through the thickness. 
 
 

 

Figure 10: Comparison of the load-deflection curves obtained by experiment  

and FE models for (a) SF-2 and (b) SF-3. 

 

(a) (b)
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Figure 11: FE model of SF-2 specimen, (a) Longitudinal stress in the beam prior to cracking,  

(b) Fibers failure index in the beam after the collapse of the load-deflection curve.  

 
Huang (2004) also conducted some experiments on the composite laminates made of knitted 

carbon fibers and reported a gradual flexural failure process under 4PB (four-point-bending) load. 
The load-deflection curves measured by Huang show a considerable softening behavior prior to the 
collapse load for UD specimens. Since in the present research the failure of the glass/vinyl ester 
beams was observed suddenly, it is concluded that the flexural failure for the laminate beams made 
of various composite materials may be different. 

The load-deflection curves of the SF-3 specimen (with UD 90˚-plies), obtained from the FE 
model and the experiment, were depicted in Figure 10(b). Table 4 shows that by Equation (1) the 
initial flexural modulus of the as E=4.44 GPa. The FE model-predicted this parameter as E=4 
GPa. This experiment displayed a considerable increase of the flexural modulus relative to the ten-
sile modulus for the laminate beam with UD-90˚ plies (about 250%) compared to the increase ob-
served for the beam in the fibers direction. Roopa et al. (2014) also reported such an increase in the 
flexural modulus of the glass/vinyl ester laminates compared to the tensile modulus. 

There are some researches in the literature which relate the difference between the tensile and 
flexural modulus to the different response of the material under tensile and compressive loads. Mu-
jika et al. (2006) derived a formula to estimate the flexural modulus of the composite beams based 
on the difference of the elastic modulus of the material under tension and compression loads. Ac-
cording to this formula, if λ is the ratio of the elastic modulus under tension and compression loads 
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(λ=Et/Ec), and β is the ratio of the elastic modulus under bending over the tensile elastic modulus 
(β=Ef/Et), the relation between these parameters is written as: 
 

2)1(
4





  (28)

 

For SF-3 specimen, the flexural and tensile moduli are considered as (Ef)0=4000 MPa and 
(Et)0=1335 MPa, respectively, so by the aid of Equation (28), the compression modulus is obtained 
as (Ec)0=39000 MPa which is not a reasonable value for the examined material. So, it seems that 
the mentioned hypothesis (difference of the tensile and compressive moduli) is not the only factor 
that justifies the difference of the flexural and the tensile moduli.  

Collapse of the SF-3 specimen occurred due to a through the thickness crack. The FE results 
showed that the maximum stress, experienced on the tensile side of this beam, was 80 MPa, howev-
er, the pure tensile strength for the same material was measured as 38 MPa. By the considerable 
increase of the flexural modulus with respect to the tensile modulus, prediction of the flexural 
strength of SF-3 specimen using the stress-based failure criteria did not lead to an acceptable result. 
But the strain-based failure criteria gave accurate results. There was not any indication of delami-
nation around the ruptured area for SF-3 specimen (see Figure 12), denoting lower inter-laminar 
stresses for this specimen. 
 

 

Figure 12: The tensile side of the SF-3 specimen after test shows no delamination. 

 
4.2.2 Cross-Ply Laminates 

Experimental observations about the UD laminate beams in the fibers and transverse directions 
indicated that the difference between the flexural and tensile moduli for the composite beams made 
of UD 0˚-plies is negligible compared to the difference which is measured for the laminates made of 
UD 90˚-plies. Therefore, for the beam specimens made of a combination of both 90˚ and 0˚-plies, 
a variation of the flexural modulus is just attributed to the variation of the flexural modulus of the 
90˚-plies. For SF-4 and SF-5 specimens, the orientation of fibers in the top ply was different from 
that of the three bottom plies. The load-deflection curves, obtained from experiments and finite 
elements analyses are shown in Figure 13 for SF-4 and SF-5 specimens. The mesh convergence 
study showed that when the orientation of the fibers at the adjacent plies was different, each ply of 
the laminate must be discretized with at minimum two elements to consider the edge effect in the 
laminate. Based on the above assumptions, while the elastic modulus of the 0˚-plies was assumed 
to be a constant value, equal to 13 GPa, by simulating the experimental curves the flexural modu-
lus of the 90˚-plies in the FE models of SF-4 and SF-5 specimens was estimated as 1.5 GPa and 2.2 
GPa, respectively. The maximum load carrying capacity of SF-5 specimen reduced about 45% in 

Crack at the beam mid-span 
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comparison to that of the SF-3 specimen. Due to the reduction of the thickness of the 90˚-plies in 
SF-5 specimen, compared to that in the SF-3 specimen, the flexural modulus of the 90˚-plies de-
creased about 35%. Using the strain-based failure criteria the maximum experienced stress in the 
90˚-plies was estimated equal to 45 MPa (18% larger than the strength measured in the associated 
tensile specimen). 
 

 

 

Figure 13: Load-deflection curves obtained by experiments and  

FE models for (a) SF-4, (b) SF-5, (c) SF-6 and SF-7 specimens. 

 
The SF-6 and SF-7 specimens were cut from two perpendicular directions of an asymmetric 

cross-ply laminate. The load carrying capacity of these laminates was identical under tensile load, 
however, a larger flexural load carrying capacity was observed for the specimen which contains the 
90˚-plies closer to the tensile side of the beam (from top→0,90,0,90). The mid-span crack in these 
specimens penetrated through the whole thickness. In these specimens, there was not any delami-
nated area around the cracked region. The flexural modulus of the separate 90˚-plies for the FE 
models of both specimens was determined as 1.5 GPa. Figure 13 shows the validity of the obtained 
FE results. The experimental specimen. Examination of these specimens showed that the flexural 
modulus of the 90˚-plies does not increase by an increase in the number of the separate 90˚-plies 
while by an increase in the number of the adjacent 90˚-plies, the flexural modulus of these layers 

(c)

(a) (b)
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increases considerably. The results, obtained from the finite elements analyses, showed that failure 
of both SF-6 and SF-7 specimens are controlled by the failure of the 0˚-plies. Figure 14 shows an 
outcome of all observations about the variation of the flexural modulus of 90˚-plies versus the 
thickness (number) of the adjacent 90˚-plies for various layups of the composite beams, examined 
in the experiments. This figure shows that variation of the results show that the flexural modulus of 
the SF-7 specimen is slightly higher than that of the SF-6 flexural modulus does not have a linear 
trend. The results, obtained by progressive failure analyses for all specimens, showed that by esti-
mation of the flexural modulus of the composite beams and using the strain-based failure criteria, 
one can achieve acceptable prediction about the maximum load carrying capacity of the beams with 
various layups. 
 

 

Figure 14: Variation of the flexural modulus of 90˚-plies by variation of the  

thickness of the adjacent 90˚-plies observed in the various specimens. 

 
4.3 Influence of Delamination on the Flexural Failure 

Physical observation of SF-2 specimen showed a delaminated area near the ruptured region of the 
beam (see Figure 15(a)). The occurrences of delamination in the UD composite beams was also re-
ported by Wisnom and Atkinson (1997) which was simulated by Li et al. (2013) using cohesive zone 
elements. Ullah et al. (2012) also used cohesive elements to simulate delamination of the bending 
CFRP laminates. In the experiments examined in the present research, the delamination occurred 
at the stage of the final failure of the beam. In the present research, the capability of delamination 
feature was included in the finite element analysis of the SF-2 specimen to estimate the effect of 
delamination on the load carrying capacity of the beam. Simulation of delamination using VCCT is 
seen in Figure 15(b). “CSDMG” index in this figure denotes the Gequiv/GequivC ratio presented in 
Equation (27). When this value becomes unity it indicates debonding between the contacted nodes 
in the adjacent layers. The finite element results showed that no delamination is observed prior to 
the fibers rupture. Actually, in the experimental observation, the delamination was detected be-
tween the ruptured tensile and compressive layers, so it seems that the reason for delamination was 
referred to the breakage of the tensile fibers. This description indicates that although inter-laminar 
damage was observed in the ultimate state of the composite beams it was occurred in following of 
the tensile failure of the fibers. Therefore, the delamination does not have considerable influence on 
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the failure of the composite beams. Figure 16 shows a variation of SERRs in the mentioned modes 
of inter-laminar failure at node “i” shown in Figure 15(b) versus the beam mid-span deflection. 
These curves indicate the occurrence of delamination due to the second fracture mode (sliding). The 
delaminated area in the other specimens was ignorable. 
 

  

 

 
Figure 15: (a) Backside of the SF-2 specimen shows delamination around  

the ruptured fibers, (b) Delamination simulated in the FE model. 

 

 
Figure 16: Variation of SERRs in three modes of inter-laminar failure at  

node “i” (shown in Figure 15(b)) versus the beam mid-span deflection. 

 
5 CONCLUSIONS 

In this paper, the variation of the flexural modulus in the composite beams was investigated for 
various layup methods of the laminates by the aid of the experiments and finite element analyses. It 
was shown that the damage occurrence in the polymeric part of the composite materials is mainly 
responsible for the nonlinear behavior of the beams. Variation of the elastic modulus in the compo-

(a) 

Contact domain defined 
for delamination investiga-

Simultaneously with rupture of 
the fibers tensile in the beam 

(b) 

Node “i”

Delamination around the ruptured 
fibers at the tensile side of SF-2 
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site beams was mainly attributed to the nonlinear response of the 90˚-plies in the laminates. The 
first step of the experimental program consisted of tensile tests which yielded the stress-strain re-
sponse of the laminates under tensile tests. The same data were exploited for verification of the 
developed progressive damage analysis procedure. The flexural behavior of the composite beams was 
examined by conducting of the 3PB experiments. For simulation of the flexural failure mechanism, 
both intra-laminar and inter-laminar damage modes were included in the FE models. Prediction of 
the intralaminar damage was carried out based on the CDM theory while the inter-laminar damage 
(delamination) was simulated using VCCT. The obtained results showed that the progressive dam-
age analyses with consideration of the strain-based failure criteria could predict the flexural strength 
of the composite beams accurately. The strain-based failure criteria indicated that due to the 
growth of the elastic modulus of the laminates under bending load, the measured ultimate stress in 
the composite beams increases relative to the tensile strength. The flexural modulus of the lami-
nates was observed dependent on the layup method of the laminates. Simulation of the composite 
beams by FE models showed that the flexural modulus of the 0˚-plies in the various laminate beam 
specimens remained almost constant, however, when the number of the adjacent 90˚-plies increased 
in a laminate, the flexural modulus of these plies improved considerably. Of course, by increasing 
the number of the separate 90˚-plies in the beam specimens, little growth was seen in the flexural 
modulus (the great enhancing influence was observed due to the presence of the adjacent 90˚-plies). 
At the ultimate state of the composite beams, delamination damage was observed for the specimen 
with UD 0˚-plies simultaneously with rupture of the tensile fibers of the beam and therefore it did 
not have a considerable influence on the ultimate strength of the composite beams. 
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APPENDIX A 

The non-zero components of Cd matrix are derived as: 
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