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Free Damped Vibration of Rotating Truncated Conical

Sandwich Shells Using an Improved High-Order Theory

Abstract

In the present paper, an improved high-order theory is employed to
study the free vibration of rotating truncated sandwich conical shells
with laminated face sheets and a soft core. The formulation is based
on a three-layer sandwich model. First-order shear deformation the-
ory (FSDT) is used for face sheets and quadratic and cubic functions
are assumed for transverse and in-plane displacements of the core,
respectively. The governing equations of motion are derived accord-
ing to the Hamilton’s principle. Also, continuity conditions of the
displacements at the interfaces, as well as transverse flexibility,
transverse normal strain and stress of the core have been considered.
Analytical solution for free vibration of simply supported sandwich
conical shells is presented using Galerkin’s method. Effect of some
geometrical parameters is also studied on the fundamental frequency
of the sandwich shells. Comparison of the present results with those
in the literature confirms the accuracy of the proposed theory.
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One of the most widely used shell structures in the aerospace, aeronautic and other engineering
applications and industries such as nuclear fuels, petrochemical, submarine hulls, hoppers, vessel
heads, component of flying objects and space crafts is the shell of revolution especially in the forms
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of truncated conical shells and different shell theories have been presented to considering the shear
deformation behaviors. Most studies on these specific geometries have been limited to those with
uniform equivalent layer with isotropic, orthotropic and laminated composite materials or FGMs,
which has been of considerable interest over the past few years. For shells having a small thickness,
a first order shear deformation theory (FSDT) is good to consider the effects of rotary inertia and
transverse shear deformation but for thick shells especially those with thickness variation using a
high order shear deformation theory is inevitable (Amabili and Reddy, 2010- Amabili, 2013).
Sandwich structures with laminated face sheets are recognized for high-structural efficiency and are
used widely in different applications. These structures have been restrictively applied due to the
lack of sufficient information about dynamic behavior. These panels are usually contained of two
tough face sheets and a soft core, which are connected together. Usually, the core is contained of a
soft and thick material, when thin composite laminates are mostly employed as the face sheets. The
core holds the face plates at adequate space and transmits the loads. Therefore, there will be a
great bending stiffness and an excellent low weight. To date, there have been many efforts to
understand the mechanical behavior of sandwich panels and multiple theories have been proposed.
These are the 3D elasticity theory as in Kardomateas (2005)-Ji et al. (2010), equivalent single layer
(ESL) theories (Kant and Swaminathan, 2002- Matsunaga, 2005- Nayak et al., 2006), global-local
theories (Shariyat, 2012) and layer-wise (LW) theories (Frostig et al., 1992). Most of the studies
on sandwich analysis using these theories have been performed in static and buckling analysis fields.
The LW theories expand the separate displacement field expansions through each layer. Because of
capability of the LW theories, the development of accurate sandwich shell theories has been the
subject of significant research interest for many years. Noor et al. (1996) have classified sandwich
structures from simple beams to doubly curved shells. A comparison of different models for soft
core sandwich structures has been given by Carrera and Brischetto (2009). Higher order sandwich
panel (HSPT) theories are needed for thick sandwich shells. New sandwich structures are mostly
manufactured from two laminated face sheets and a soft material core. Cores are mostly thick and
transformative in all directions. This leads to unknown deformation patterns particularly through
the thickness of the structure. Also, the thin or moderately thick face sheets of the sandwich struc-
ture show various displacement patterns, thus the displacements of the upper and lower face sheets
may be different from each other (Reddy, 2004). These effects cannot be exactly specified by clas-
sical sandwich theories.

To study the effect of thickness and compressibility of the core, different theories have been
expanded (see for example Frostig et al., 1992 and Malekzadeh, 2005). In some of these theories, the
core is noted as a linear elastic material that has only vertical and shear stiffness and its longitudinal
stresses are omitted (Frostig et al., 1992). In the improved high-order theories such as the model
presented by Malekzadeh et al. (2005), the longitudinal stresses in the core have been considered and
successfully used to study different problems of these structures especially in vibration cases. However,
only a few researches on sandwich structures have investigated the coordinate in thickness direction
to radius of curvature ratio effect in formulation (Malekzadeh and Livani, 2015).

More works are focused on sandwich beams, plates and to some extents, cylindrical and doubly
curved shells compared with the conical shell, and just a few researchers have tried to deal with free
vibration analysis of sandwich conical shells with three distinct layers. Free vibrations of orthotropic
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sandwich shells of revolution have been done by Bacon and Bert (1962) and Bert and Ray (1969).
Wilkins et al. (1970) studied the free vibrations of sandwich conical shells with different boundary
conditions. The first-approximation shell theory of Love, with transverse shear strain added, was
applied and solutions were acquired by Galerkin's method. Gupta and Jain (1978) discussed the
axisymmetric free vibration of truncated conical sandwich shells applying FSDT and Rayleigh-Ritz
procedure. A specific finite element method was expanded by Ramesh and Ganesan (1994) to inves-
tigate the vibration specifications of some conical shells. By using a finite element method, Bardell et
al. (1999) presented an efficient approach to analyze the vibration of sandwich conical shells. Korjakin
et al. (2001), investigated the free damped vibrations of sandwich shells of revolution. Zhong and
Reimerdes (2007) used a higher-order theory to investigate the buckling of cylindrical and conical
sandwich shells having a flexible core. They applied the Kirchhoff-Love theory for the face plates and
omitted in-plane extensional and shear stiffness of the core. By using Fourier decomposition, they
solved the problem through a numerical integration procedure.

Sharnappa et al. (2009) presented free vibration analysis of truncated sandwich conical shells with
ER fluid core. Malekzadeh and Livani (2015) performed the buckling analysis of a truncated conical
composite sandwich panel with different boundary conditions. Seidi et al. (2015) studied the buckling
of a sandwich truncated conical shell. They used a high order theory for modeling sandwich shells, in
which FSDT has been used for modeling the displacements in thin FG face sheets and cubic functions
for core. Mozaffari and Morovat (2015) studied the buckling of laminated composite truncated conical
sandwich shells with flexible core subject to combine axial compressive load and external pressure

On the other hand, rotating conical structures are extensively used in many mechanical and
aerospace applications, such as in high-speed centrifugal separators, drive shafts of advanced gas
turbines, high-power aircraft jet engines, motors and rotor systems. The free vibration analysis of
rotating truncated conical shells has been carried out extensively in previous works as in Lam and
Hua (1999a,b) and (2000a,b,c), Civalek (2006) and Dey and Karmakar (2012). Lam and Hua (1997),
based upon Love's first approximation theory, presented a dynamic model for the rotating truncated
circular conical shells. Chen et al. (1993) studied the effects of Coriolis and large deformations on free
vibration of a rotating shell of revolution.

Using relatively thick shell theory, Sivadas (1995) studied the frequencies of a pre-stressed rotat-
ing conical shell. Lam and Hua (1999b) provided an approach to discuss the free vibration of a rotating
circular orthotropic conical shell. Hua (2000c) also studied the effect of boundary conditions on the
vibration specifications of a rotating multilayered conical shell. In another study, Lam and Hua (2001)
calculated frequencies of a truncated circular rotating conical shell. By using the generalized differen-
tial quadrature (GDQ) method, Ng et al. (2003) presented the orthotropic influence of composite
materials on frequency specifications for a rotating thin truncated circular symmetrical composite
conical shell. Hua et al. (2005) wrote a worthwhile book in this area.

Based upon the model of Lam and Hua (1997), Civalek (2006) presented an approach to study
the free vibration of rotating truncated conical shells. He used discrete singular convolution (DSC)
method to calculate frequencies of an isotropic conical shell. Recently, Chen and Dai (2009) and Chen
(2012) studied the nonlinear vibration of a rotating truncated conical shell. Talebitooti et al. (2010),
using an energy-based approach, presented an analytical solution for the free vibration of rotating
composite conical shells with axial and circumferential stiffeners. Talebitooti (2013) also studied free
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vibration of thick, rotating composite conical shells based on the 3D theory, using the layer-wise
differential quadrature method (LW-DQM). Qinkai and Fulei (2013) offered a modified approach for
rotating truncated conical shells. The instability behaviors of rotating truncated conical shells were
analyzed by Han and Chu (2013), who reported the rotating speed to be constant and the instability
to be induced by the periodic axial loads.

Malekzadeh and Heydarpour (2013) studied the free vibration of rotating FG truncated conical
shells. Heydarpour et al. (2014) presented the free vibration of rotating functionally graded composite
truncated conical shells. They used the FSDT theory and DQM method to study the free vibration.
Han and Chu (2014) studied resonance of truncated conical shells. They used the improved Hill's
method for parametric instability analysis. However, a thorough search of the relevant literature
revealed that the free vibration behavior of the rotating sandwich truncated conical shells with three
distinct layers and flexible core has not yet been investigated and just a few studies were presented
on frequency analysis of rotating sandwich conical shells with isotropic layers, an example of which
could be in book written by Hua et al. (2005).

Here, an improved high-order sandwich panel theory is employed to investigate the free vibration
of a rotating truncated sandwich conical panel with composite faces and homogenous soft core for the
first time, considering the effect of thickness to radius of curvature ratio. The first-order shell assump-
tions are applied to the face sheets, and cubic and quadratic functions are presumed for the in-plane
and transverse displacements of the core, respectively. Continuity conditions of the displacements at
the interfaces are satisfied. Also, transverse flexibility as well as transverse normal strain and stress
of the core are considered. The equations of motion and boundary conditions are derived via the
Hamilton’s principle. Analytical solution is presented for free vibration analysis of simply supported
rotating sandwich truncated conical shells. The system of partial differential equations is simplified
to an ordinary one. The effects of some geometrical parameters are also studied.

2 GEOMETRY

As shown in Figure 1, a truncated conical sandwich shell is considered, which rotates about its sym-
metrical axis with a constant angular velocity §2. This system is mentioned to as a curvilinear coor-
dinate system (s, ¢, 2), where s and # axes are along the generator and in the circumferential direction
on the reference surface of the cone, respectively, and the zaxis, is perpendicular to the plane of the
first two axes, lies in the outwards normal direction of the cone. Also, in Figure 1, r indicates the
radii of the cone normal to the axis of symmetry; f shows the semi-vertex angle of the cone and A,
ho and h; are the core, outer and inner face sheet thicknesses, respectively. The materials of the face
sheets are considered to be laminated composite, and the core is considered homogeneous. Ry is the
core radius in the thickness direction. Thus:

R, =s-tang (1)
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Figure 1: Geometrical parameters of a rotating truncated conical sandwich shell.

3 MATHEMATICAL FORMULATION
3.1 Kinematic Relations
Here, FSDT is adopted for the face sheets as:

uj(s,e,zj) = Uy, (5,9) + zjgog (5,9)

z , . .
v,(s,0,2;) = (1 + E)U(Jj (5,0) + 2,5 (5,9) , J=1(01) (2)
0

w,(s,0,2;) = w].(s,é)
where uo, w and woare the displacements of the mid-surface along the s, # and z direction and (psj and
@¢ are the rotations of the normal to the mid-surface along the s and  axis, respectively. Because,
the core layer is thicker and softer than the face sheet, the displacement fields for the core are assumed

to be cubic and have quadratic pattern for the in-plane and out-of-plane displacement components,
respectively (Malekzadeh and Livani, 2015):

uc(s,ﬁ z ) =, 5,9) +u1(5,9)zc +u2(5,9)zCZ +u3(5,9)263

UC<S,9,ZC> = (1+%)v0<570) +vl(5,9)zc +,U2(S’9)Z(‘,2 +y3(5,9)303 (3)
wc(s,ﬁ,zc) = wo(s,ﬁ) —l—wl(s,ﬁ)zc +w2(s,0)z02

where ur and vk (K = 0, 1, 2, 3) are the unknowns of the in-plane displacement components of the
core and wi(k = 0, 1, 2) are the unknowns of its vertical displacements, respectively. Here, there are
27 unknowns: ten displacement unknowns for both the face sheets, eleven displacement unknowns for
the core, and six Lagrange multipliers.

3.2 Compatibility Conditions

Here, the core is completely bonded to the face sheets. Therefore, there are three interface displace-
ments in each face sheet-core interface, which can be obtained as follows:
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uo(za :_—hO/Z) = uc(zC —_hC/Q); vo(za = —h0/2> = ’UC(ZC = hC/Q);
fa=n2)=ule= 2 uls=nf2)=ols=nf2) Y

3.3 Strain Components

The strain-displacement relations for the face sheets (j=o, i) are:

J = J
€ = u(]j.s + zjsos.s

. 1 z; . ) .
Ely = ;((1 + R—Jj)vojﬁ + zjqogﬂ + Uy, - sinf + zjqog - sinf + w; - cosf3)
j 9
el =0 o i=(o)
J % J
ely = (1 + E)UO]’,S + 205
0
j 1 j % ; i si
g, = ;(UOM + 20l — 1+ E)%j - sinB — Zipp - sin3) (5)
j 9
i o =L %) j j % »
Y =€l + &5, = ;(7”]((1 + E)%” + zjgogﬁ) Uy T 2000 — 1+ E)voj - sinf3
j 0 9

—zjgog - 8in3)
’y‘zz - gOf + wj,s

) 1 z; ) 1 )
Yo, = *(w]'_yg —(1+ fj,)voj - cosf — zjapg - cosf) + — vy, + o}
" B )

The strain—displacement relations for the core are:

c _ 2 3
Ess = U’O,s + uL,sZ(: + u2,sz + U’Z},szc

c

1 z .
g = — [0+ ﬁ)vo.e + U2, + g2 + 03927 + (“0 +ugz, +upz” + ugz? )Smﬁ
T, 5 ’
+(w0 + wyz, + wyz,? )cos 8]
6;(;2: = wl + 211)220
c tgﬂzc 2 2 3
659 = _( 2 )”0 + (1 + 7{,)”0,5 + U],szc + v?,szc + vB,szc
Ry By
e _ 1 2 3 _ e 2 3\ o (6)
€ps = (u09 + ul.ch + u2.9zc + u3.9z(: ((1 + R¢ )UO + Yz, + UgZ, + ’1_)321(: )Sln B)
r, s ; ) , ¢

Veo = Esp T+ b
fygz = (u] + 2u2ze + 3u3Z62) + (w(),s + wl,szc + 11)2)52:62)
1 z, .
ve, = T—(wo,‘9 + wy gz, + wwzc2 —(1+ R—‘C)UU + vz, + 1)2202 + vgzcj)cosﬂ)
¢ 0
1
+(E)UU + v, + 2vy2, + 3v,2,°
)

in which r; = (Ry/+z)cosp for (j=o, i, c).
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3.4 Stress Resultants

To determine the stress resultants for each face sheet, constitutive equations can be written as follows
(Figure 2):

. h . . h. .
N R (el] ) vlel]
_ j J _ j J
Ny = [ s Dz, My = [Ari i+ Dz, dz,
j h; j 0 j h; 0
&) 2|7 P -Zlme
Niy b | Tpg Mg, b |9 o (7)
j 2 j 2
N gs _ f 7-59 dz M gs _ f Tﬁ() 2 .dz
Q) o i X pi | S
M U v Ul
N 2 |07, M, 2 |07,
1 1 - 1 1 1 1
N Aryy EAIQ EAIQ Arg EAIG EAIG Bry, EBH Brg EBI()' .
5 - 5 - - = = s
N js A Ay Ay Ay Ay A By Byy By By jss
00 1 1 - 1 1 1 1 50_00
N7, Ang B Ay B Ay At B Age B Ags Brig B Bys B B Bgg oo
N 9Ja A éza /326 Age éﬁG 466 By ?26 Bgg ?66 E(J,)‘sf?
N _ Ay Ay Ay, Ay Ay A By Bsy Byg By y €1 (8)
M 1 1 = 1 1 1 1 el
* Bry —By, —By, Bng —Bg —Bg Dy —Dy Drg —Dy 00
M}, B’ B, B’ B B _ B’ k!
M By, By By By By By Dy Doy Dys Dy n}
0 1 1 - 1 1 1 1 o
Még Br Bi B Bi By By B By B Bgg  Drig Bi Dyg Drig B Dgs 6539
M, By ?26 EA’)% B ?66 ?66 Dy ?26 Dy 266 s
By By By, By By Bys Dy Dy Dyg Dy
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, 1 1 ,
Q7 Aty B_LA% B B;  Arg Vs
@, o Ay Ay By, Ay Vo602
‘= x| (9)
P/ 1 1 7
> Bry; — By — Dy DBry 10z
Z z
By By Dy By

Also, the stiffness matrices components for the outer and inner face sheets are as follows:

ij 1
B,j, hi/2 Z,
o 1= KoK [QUa 51z (L= 1.6)
U —h; /2 J
! 3
AT;j h; /2 ; 1
Bryt =K xK;x [ QGj( +R_]f) 2tz i g =1.6
Dr; —h;/2 v z?
é’ij h; /2 o 1 B (10)
liij =K, x K; x f Q(Z,]): zjpdz; 4,7 =1.6
_Dz'j 7h]/2 J 2]2
flij h /2 1
- ' a1 .
<Biij»:K7;><Kj>< f Q<H)r_,2 zjtdz; 0,5 =1.6
Dij‘ 7h1/2 J Z?
K — K — 72 /12 for (i,j = 4,5)
! J 1 for (1,7 = 4,5)

where the strain components for a sandwich truncated conical shell are defined as:

E(]]ss
€360
&g
5(])59
81j50
€305
K
’i(ge

J
€24

J
Eigs

qu,s
oo T Ugj - SInB + w; - cosp
0
Uy ; .
04,8 j
0 j O
) Y0s2 w,, — Vy,; - cosf
Uy g — Uy » SING ; % J
04,0 0j J
ol , ===y, cosB — gy - cos3 (11)
8,8 J RJ J
1 Yo 0
— ., 4+ 0l 4 ol - sing J 1 j
~ o0 0,0 s a0 J
Rj J z 7 Yoj + ¥y
_ 0
= J
Rj vOj,s + w&,s
0
j 1 . ] .
@l — ==, - sinf — @ - sinf3
b Rg .
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Initial hoop stress due to centrifugal force with constant angular velocity {2 is defined as (Hua et

al., 2005):

O p = p‘ﬂf r?

Thus, the stress resultants and moment resultant due to centrifugal force are as follows:

>
3
=

—|

2 1
= f"éen[z}d%‘:

J

h, +h,
@fﬁwymﬂ+@iczijﬂﬂtj%

1

W |
Sy

where plus and minus signs are for the outer and inner face sheet, respectively.
The stress resultants of the core are defined as:

C

h,
2
c c c c _ c 2 3
{sz’le’MZQ’Mz3} - fgzz<1’z(z’zc 1 %¢ )dZ
_h
2

h,
z 4
d d 2,3 c
{ scz’Mélsz’MéZsz’MéZ}sz} = f T«Sz(l’ Zc’zc 1 %¢ )(1 + R_:> dzc
_he v
2

2
2 3
(@6 Mg M Moy, } = [ 75,002,222 )z,

c '7c

2

{N;’Mfl’ MSQ’ Msc?) } O'; (1’ Zc’ zc ’203>(1 + %)dzr
0

Il
|
o | = \w |=

TEH (1’ Zer ZCQ’ ZCS )(1 + Z_{;)dzr
Ry

Il
\w =

{ Q5 Moy M9 M }

o |

Il
\w =

, 2,3
{Qgs’ Méws’ M(CQQHS’ Mé?ﬁs } 7'55 (1’ ZerZe 1%, )dzc

c %

o |

=

s

—

c c 4 C _ C
{NeevMepMewMes} = | oLz, 2

2 3
c ’zc )dzc

o |

(12)

(13)
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where oy, , is the initial hoop stress due to centrifugal force.

3.5 Governing Equations

The governing equations are derived through the Hamilton principle. Statement of the Hamilton’s
principle reads:

t, t,
f SLdt = f ST — U+ V)t =0 (15)
t t

where 7, U and V are the kinetic energy, strain energy and potential of external works of the shell,
respectively. Also, tis the time coordinate between the times #1 and #2, and § denotes the variational
operator.

Potential energy due to external works of the shell is absent for the free vibration problem.
Position, velocity and acceleration vectors of a rotating sandwich conical shell element are assigned
as follows:

r = ui+ vj+ wk
v=r+Qxr (16)
a=Qxr+Qx(Qxr)+2Qxv

where in acceleration statement, second and third parts exist due to centrifugal and Coriolis effects,
and 1, J and k are the unit vectors in s, ¥ and z directions, respectively. Also, £2is the angular velocity
of rotation:

Q = (—Qcos B)i + (Qsin Bk (17)
So, the first variation of the kinetic energy for the rotating sandwich shell reads:

6T = > [ oy, 60 + o, 60, + 1, 8w, )dV,

j=oci v, (18)

Here, symbol (') shows the derivative with respect to time ¢. Besides 86U is the virtual strain
energy of the panel, which can be derived as:
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oU = Z f of bel. + o)y be)y + ol bl + Ti &yl + 1L Syl + 7). 5'yez)dV

+5ff{Ro——[w(o(0:—h/2—u . =h,/2)
19
+>\(,0( v,(2, = =h, [2) = v,(z, = b, [2)) + A, (w, = w,(z, = h,[2))] (19)
+(R) + %)[Asi(uc(z = —h/2 —u,(z, = h./2
(v, (2, = =D [2) = 0,(z = 1 [2)) + A (w,(z, = —h, [2) — w,)]}d0ds

where o and o9/ (j = ¢, o, i) are the in-plane normal stresses and s’ and e9¢ (j = ¢, o, i) are the
in-plane normal strains of the core, outer and inner face sheets, respectively; s and }/sz‘}j (j=c¢ 0,1
are the in-plane shear stresses and strains in the core and face sheets; Uzz and Szz are the normal
stresses and normal strains in the vertical direction of the core; 7o/, 7o/, ysd and }/ﬁz are the vertical
shear stresses and vertical shear strains; V; (j = ¢, o, i) are the volume of the core, outer and inner
face sheets, respectively; and Asj, Agj and Az (7 = o, i) are the six Lagrange multipliers or compatibility
conditions at the outer and inner face sheet-core interfaces.

Because of the centrifugal force of rotation, initial hoop tension produces. This must be noticed
in potential energy:

Z fgga_h‘sgge av;

J=o,c Y

(20)

To see the effects of initial mechanical stresses in the equations of motion, the nonlinear terms in
the strain relations should be noticed (Malekzadeh and Heydarpour, 2013). By applying the resultant
forces and moments and using integration by part technique, as well as using Egs. (15)— (20), and
after some algebraic manipulation, the equations of equilibrium are calculated:

Five equations for the outer face sheet:
h

RN, + (N}, = Njy — Nj)tan § + ﬁNé’se (B =2, =

18(792 sin® Buy, — 02 blHﬂCOb ﬂwoo + iy, — 2 sin B7,,)

0 : 1. - 0
+10(—? sin? By + ¢° — QQsmﬂ(—OvOO + &)
Ry

h  h
RgMS, + (M, — Mg, — Mg,)tan § + BMZS(Q —BQL + (B - )5, =
(-0 0 sin® Buy, — 0 sin 8 cos ﬂwon + iy, — 2Qsin B7,,) + I"(fQ2 sin® B + &7)
0 1 0 0 0 0 0 0 tanﬁ 0
C%ﬁNéee +EM§0,9+WH5(N§9+N9)) R(Ns)ﬁs M€)€)S+ R Mg, (21)
h h ,
—(Bj - 5")(1 - 21;0 Moy = I5(=Q%,, + By, + 2Qcos By, + 2Qsin B, )
0 2 1. 20 : 20 2 1 5 1
+I7(—Q ( vy, + 0p) + (1, + ¢5) + 2Qsin Bp7 — Vv, — + by, —
Ry Ry Ry Ry
+2Q cos B i+2flsinﬁ7l i)+I"( QQ( Vo, + ©5)— ! ( +Lp)i+2qunB<p 1)
=00 Rg %00 Rg R9 0o (4 Re RO [)o 0 Rg s Rgn
1 h, . h,
onggW + (Mg + Mj,)tan 8 + ROMSGG — RjQy, + (1 — 50)5)‘00 =

I0(—Q%,, + 1, + 2Qcos By, + 2Qsin B, ) + 15(—20sin Bp) — Q)
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. . . 1 1 .. . . .
+¢5 + 2Qsin B! — 92(—1}00 +¢y) + (— 1y, + ¢5) + 2Qsin G7)
Ry Ry

_ C2(N¢, C2(M¢
g+ Wy 4 i), M),
B° cosﬁ B

ngﬂ —(Ry — 2\, = Ig(—Q2 sin 3 cos Bu,, — 0? cos? Bw,, + W, — 28 cos B1,,)

W, gy + tan 8Q;, + Ry

52,8

L1

os 3

+19(—? sin B cos B! — 2Q cos B —QQcosﬁR ¥y, )
(4

Five equations for the inner face sheet:

) . h,
RéN;ss+(N;s_N50 N()ﬂ)tanB+ ﬁNéal)"'(Ro 2))\% =
16(792 sin? Buy; — Q2 sin (3 cos ﬂwol. + iy, — 2Qsin B7,,)

+1(— sin® B + @} — Qlenﬂ( ~do; + ¢5))
ﬂ
1 iryi N
55 MW - M()ﬂ)ta’nﬂ + MOs() R Qsz + (R + i)i/\sz =
cos 8 2 2
I! (-7 sin? Buy;, — Q2 sin (3 cos B, + 1iy;— 2Q2sin 37,;) + I3(—Q 2 sin? Bl + @)

tan ﬁ

RIM! + (M, —

55,8

Née g+ — o M(;(w + tan ﬁ(N!e + N(;s) + R(;Nz(m + Mﬁe.s ML

cos ﬂ #

h. ) ;
};Z Mgy = 15 (=P, + By, + 2Q cos By, + 2Qsin Biiy,)
0

i h’i,
By + )

i 9, 1 i 1 .. NP . 1 L1 o1 PR |
+Ii(—QZ(—Z Vo; + ) + (71 By, + @) + 2Qsin B — QP — + 1y; — + 2Q cos By, — + 2Qsin iy, —)

R R R R} R} R (22)
i 2 1 i 1 1 1 1
+ I, (= vy + @) — + (— +500)f+2§2s1nﬁ<p —)
R Ry R R} R}

o bk
Méae + (M50 + M; )tan 8 + R;Mge.s - RQp + (B + )Ny =
cosﬁ ' 272

L(—Q%,, + 9, + 2Qcos ﬁu')m + 2Qsin Bi,) + 15 (—2Qsin B¢ —

+¢@, + 20 sin 5! —QZ( vy + o)+ (— iy + @) + 2Qsin B')
R Ly
C2AN,) C2(Mj,)
; W00 — ;
Blcosf B?

) . h. )
C—Qézﬁ + (R, + 5‘))\& = If,(fQ2 sin (3 cos ﬁ“m — 0?2 cos? By, + Wy, — 28 cos Biy,;)

*(Née + 1\7(39) + w; gp + tan ﬁQl + R Q:z s

+11(—? sin 8 cos B! — 20 cos Bl — 20 cos ,6 ”01)
Ry

Eleven equations for the core:

h o
RN, + (N3, = Nj = Npytan § 4+ ——Qpy + (B =2\, = (B + DA, =

88,8 ﬁ St
Ig(fQ2 sin? Buy, — 02 smﬂcos Bw,, + iy, — 28 sin B7,,)
+I{ (=02 sin® Buy, — O sin B cos Bwy, + iy, — 2Qsin B(1 / RS)v,, — 2sin Bv;,) (23)

+I5(—9? sin® Bu,, — Q* sin B cos Bw,, + ii,, — 2Qsin Bi,,)
+I5(—Q? sin® Bug, + iiy, — 2Qsin Biy,)
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Ry M

A, =

sl,s

(M, = My = ) tn 8 — =My, = IO + (B =250, + (B + 2,
I¢(—% sin® Bu,, — Q* sin (3 cos ﬁwoc + iy, — 2Qsin B, )

+I5 (—? sin® Bu,, — Q7 sin B cos Bu,, + i, — 2Qsin B(1 / R§)i,, — 2sin 7y,

—I—I:‘,;(—Q2 sin? By, — 02 sin 3 cos Bw,, + iy, — 28sin (v,,)

+I5(— sin® Bugy, + iy, — 2Qsin B,

2 2

h h N
REM 4 (RO — =) ) (Rl 4 —i)=e )\ =
+ (& 2)4 o ~ (g 2)4

52,8

Qlsz
IQC(—Q2 sin? By, — O sin § cos Buw,, + iy, — 2Qsin B,)
+I5(—? sin? Bu,, — O sin B cos fw,, + i, — 2Q2sin B(1 / RS )i, — 2Q2sin o),
+I¢ (=% sin? Bu,, — O sin B cos Buw,, + iy, — 202 sin B1,,)

+IE (=P sin? Buy, + iy, — 2Qsin By,

St

¢ c Vid 1 c
+ (Mg, — Mg, — Mg, ) tan 3 + —— My, ,— 2Ry M
cos 3

care ¢ 4 17¢ 1 ¢ cafse 0 hn hr'3 i h’i h(*
R Ms3 s (Ms3 - M93 - M93) tanﬂ + @MQ305,07 3R, MQQSZ (R0 - 5)?)\50 + (R0 + 5)?)‘ 0

I?f(—Q2 sin? By, — 02 sin 3 cos fw,, + i, — 282 sin (7, )
+I¢(—* sin” Bu,, — O sin B cos fw,, + i, — 2Q2sin B(1 / RS )i, — 2Qsin o))
+I£ (=% sin? Bu,, — Q7 sin B cos Buw,, + ii,, — 202 sin i)
+IE(—P sin? Buy, + iy, — 2Qsin Boy,)
1 1 o tanf h, h,
Nigg +— Mgy + RBiQ5 , +—=(Mp, 5+ Mp,,) + My 4 tan 5(Q% + Q5,) + (Bf —-2)(1 +
cos 3 o0.0 T e oo T T, RS 156 T Q16 QLsf 0 s 2R

b h,
—(R) + 5 )1 - " SN\, = 15(—,, + i, + 2Qcos By, + 22sin B,

+I (=1 ) Ry vy, — vy, + (1) RSy, + by, + 2Qcos By, + 2Qsin Bi,
v, (1/ R) + 4y, (1 /| Rf) + 2Qcos By, (1 / R) + 2Qsin By, (1 / Rf))

+15 (=P, + iy, + 2Qcos By, + 2Qsin Bi,, — (1 / RS vy, — Qv (1/ B)

+(1/ RS, + 1,,(1/ RS) + 2Q2cos B, (1 / R) + 2sin By, (1 / RS))

+15(— Py, + Uy, + 2Qsin iy, — D0, (1/ R) + i, (1 / B)

+2Q cos B, (1 / Ry) + 28sin By, (1 / Rf))

+I“(—Q%3C(1 / R§) + t, (1 / Ry) + 2Qsin Bu,, (1 / R;))

o

c c c c 0 ho h(’ i hl h(’
+ Ry M{, .+ tan BM Qw"‘ MQws) RGQy, + (Ry — _)?/\eo + By + ) Ay =

— M —=
2 272

01,0
cos ﬂ
IH (=%, + i, + 2Qcos By, + 2Qsin B, )
+IQC(7QQ (1 / Rg )UOC - Q vlr 1 / RC)UOC + vll’ + 202 cos Bwl" + 22sin /811/1 )
+I5(—QP,, + iy, + 2Q cos B, + 2 sin B, )
+IZ(_QQUSC + b.Sc + 22 sin ﬂﬂ:;c)

1 c c C C c c C C 0 h() h(’2
cos 3 Mg, g + Ry My 4 tan B(Mgy o4+ My, ) — 2BgM ey, — My, + (By — ?)T)‘H

o h b2
—(B + )

5 Ny = 15(—P,, + iy, + 2Qcos By, + 2Q2sin B, )
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(2 (1) By, — Doy, + (L) Bf)i,, + 2dcos fuy, + A2sin Fiy, )
‘|‘sz (_QQUQC + 1.)‘26 + 20 cos ﬁw?c + 22sin ﬁuQC)
+IE(—QP0,, + iy, + 2Qsin By,

c C C C c C C C 0 hU hC3
—— Mz + Ry My3  + (Mpa o+ Mppzp ) tan 8 — 3RgMp,p — 2M .. + (B — )= A,
cosﬁ 2° 8
. h A3
Ry + )7 dy, = I5(~Quy, -y, + A cos Biy, + 202sin By )
+I(—P(1 / R vy, — Qv + (1/ RSy, + 9, + 2Qcos Bu,, + 2Qsin B,
+IE (=P, + By, + 2Qcos B, + 2Qsin B, )
+IE(— Py, + 1y, + 2Qsin Bi,,)
. = O2ANg) C2(M¢,) C2.cos (M) C2.cos® B(ME,)
—(Ngy + Ngg) + c—%wo,eo - Telwo,eo + T(ﬂwo,eo - Tedwwe
B¢ cos 8 B B B
1 h s
+RCQ§z5 + tan ﬁng + _ng 0 + (Rtg - _U))\zo - (Ré + _L))\m =
cos(p 7 2 2

1'5(—92 sin 3 cos Bu,, — 0?2 cos? Bw,, + W, — 28 cos (Bv,,)

+I{(—$? sin B cos Bu,, — O cos® Bw,, + @y, — 2Qcos B(1 / R )i, — 2Qcos Bi,,)
—i—]é"(—Q2 sin 3 cos Bu,, — 0?2 cos? Bw,, + w0y, — 2Q cos By, )

+13 (=2 sin (3 cos Bu,, — 2Q cos (1)

(’ c o h hC
_(M(, + Mg]) + R Q]szs + tanﬁME)]sz + ﬂMQlt‘)zt‘) RgN;z - M§] + (Rﬁ - ?U)?)\zo
1N
+(Ry + L)t X, = I{ (= sin B cos Bu,, — 9 cos® Bw,, + ©,, — 20 cos B7,,)

+I§(—Qz2bm2ﬂ cos fu,, — Q? cos® Buw,, + W, — 2Qcos B(1 / RS)i,, — 2Qcos Bv;,)

—I-I?f{(—Q2 sin 3 cos Bu,, — 02 cos? Bw,y, + Wy, — 28 cos 1)

+I4C(fQ2 sin 3 cos Bu,, — 282 cos B, )

2
—(M§, + Mg,) + RfM,,,  + tan BM, . + Cosﬁ —— My, g — 2R§M S — 2M 5, + (R) — %)%)\m
. h. h? . .

—(Ry + ?)f/\zi = I{(—* sin B cos Bug, — 02 cos? Bw,, + i, — 20 cos Bv,,)
+15(—? sin B cos Bu,, — Q* cos® Bw,, + 1, — 2Qcos B(1 / RS )i, — 22 cos Bv,,)
—I-Ij(—Q2 sin 3 cos Bu,, — 02 cos? Bwy, + Wy, — 28 cos )
+I§(fQ2 sin 3 cos Bu,, — 282 cos B, )

in which,

Finally, the six compatibility conditions correspond to the perfect bonding at the interface:
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h, h, h(,2 h(,3
uoo*?‘ﬁ;*“o*ul?*“zjfus 3 =0
h h h h h? h,?
(1= =)y, — 2o =14+ ")y, —vy, L =0, —v, =0
2R 2 2R 2 4 8
h h?
wy, — W, W) —- — w, Z(l =0
hr hcz hcg (e (25)
u07u1?+u27'7u3?7u **%ZO
h h h? h? R, h,
(I——Jv, —v, L+, —v, = (1 + —)v,, — =& =0
2R 0 15 27, 378 2R; 0 o
h h2
wo*“ﬁ;*wz 1 —wy; =0

The governing equations of motion are formulated in terms of the following 27 unknowns: 10
displacements of the mid-plane of the outer and inner face sheets, 6 Lagrange multipliers and 11

polynomial coefficients of the core.

4 ANALYTICAL SOLUTION

In this section, the free vibration of a simply supported rotating sandwich panel is introduced. The
present structure consists of laminated composite face sheets that have especially orthotropic con-
struction with laminated composite materials. Furthermore, the core is assumed isotropic. Here, a
Galerkin’s solution method with 27 trigonometric shape functions is established. A closed form solu-
tion is used based on trigonometric functions for a harmonic excitation, which fully satisfy the bound-
ary conditions, including those of the higher-order of the core. Satisfaction of the simply supported
boundary conditions at the edges s = s1 and s2 meets:

Ng;:Mj:UOj:‘Pg:ijO (j = o,1)
Ny =My =M, =Mi =0, =v =0, =0v =w, =w =w, =20 (26)
So, the solution series reads:
Uy, (s,0,t) Z Z C’Z:‘ cos(— (s — 5,))sin(nd)))e™"
I (s,0,t) =" C;’;” COS(T(S — s,))sin(nd)))e™’
n]:vl m]\:{l ’ . |
voj(s, 0,t) = (Z(Z C’Z)L/” sin(T (s — sﬂ)cos(n&)))e“’t
| e - | (27)
AH(5,0.0) = (3 (2 €™ sin(™ s —s)) cos(nd) e
n;l m];l . |
w,(s,0,t) = (Z (Z o sin(T (s — s,))sin(nd)))e’™"
n;l m],wzl - |
u, (s,0,t) = (Z(Z o COS(T (s — s,))sin(nd)))e™’ (k =0,1,2,3)
n=1 m=1 '
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N M
u(s.0.0) = (- (- o sin(% (s — s,)) cos(nf)))e! (k = 0,1,2,3)
n=1 m=1
N M
ws,0,0) = (oo sin(% (s — 5,)) sin(nd)))e™" (1=0,12)
n=1 m=1
N M
A(s:0.0) = Q0 o cos(% (s — s,)) sin(nd)))e™"

N M - |
Ag;(s,0,) = 0D oy sin(T (s — 5,)) cos(nf)))e™!
N M
)\zj(S, 0,t) = (Z (Z o sin(% (s — ﬁ))sin(nﬂ)))em

where: Ci™ (kj=uoo, Wo, wo, @5’ @3°, U0, Vi, Wi, Ps'y Pi'y U01,2.3, W0,1.23, U012, Asos Aoy Azoy Asiy Aty Azi)
are the constants of the series solution to be determined.

After substitution of the shape functions into the equilibrium equations, Egs. (22)— (23), along with
the stress resultants of the face sheets and high-order stress resultants of the core, the free vibration
equations of motion are transformed into a system of ordinary differential equations as follows:

Md + Cd + Kd = 0 (28)

where d is the vector of degrees of freedom and (") and (") mean the differentiation of that variable
with respect to the variable t. The elements of the mass matrix M, damping matrix C and stiffness
matrix K are acquired from the discretized form of the equations of motion and related boundary
conditions (Malekzadeh and Heydarpour, 2013). It is notable that the effect of Coriolis acceleration
is included in the damping matrix C.

Here, since the set of equations is partially algebraic and partially differential, finding of the
stiffness matrix is 27, while that of the mass and damping matrices is only 21. However, the corre-
sponding mass, damping and stiffness matrices can be condensed into a dimension of fifteen by re-
moving the following dependent variables (Frostig and Thomsen, 2004):

Chso, Chido, Chzo, Chsi, Chi, Chai, Cuz3, Cvo,3, Cwio.

Thus, the number of eigenvalues is only 15 for specified values of m and n. 10 out of these 15
eigen frequencies correspond to local modes in the face sheets, and the additional five correspond to
local modes in the core. For the sake of brevity, just some nonzero elements of mass, damping and
stiffness matrices are presented in Appendix L.

By describing the new degrees of freedom vector q as:

d
q= {d} (29)

and using state space formulation we rewrite Eq. (28) as:

q=Aq (30)
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in which:
0 |
A= MK e (31)
Because Eq. (30) represents a homogeneous set of ODEs, the general solution has the form:
qt) = Qe (32)

in which p is a complex number. By substituting Eq. (32) into Eq. (30) a standard eigenvalue problem
can be obtained as:

(A—mQ=0 (33)

The imaginary parts of the eigenvalues of Eq. (33) are the damped frequencies of the rotating
sandwich conical shell.

5 NUMERICAL RESULTS AND DISCUSSION

Here, the accuracy of the presented solution method for the rotating sandwich conical shell is demon-
strated by comparing the results with those available in the literature (Hua et al., 2005). Also, the
convergence rate of the method is investigated for evaluating the frequencies of the rotating truncated
sandwich conical shell. In addition, for more validation, the results of the present formulation have
been compared with those programmed in ANSYS. Then, the effects of some parameters such as
angular velocity, cone angle, length to radius ratio and core thickness to radius ratio on frequency of
rotating sandwich shell have been investigated.

As a first example, since there is no study presented in literature on free vibration analysis of
rotating sandwich conical shells with laminated face sheets and isotropic core, the accuracy of the
frequency parameters of backward wave for a rotating sandwich conical shell with isotropic face sheets
and core is presented. The material properties are shown in Table 1. The results are prepared for the
different values of rotating angular velocity (Q) and five different semi-vertex angles. For the purpose
of comparison, the results of the reference by Hua et al. (2005) are also cited.

Layer E (N/m? v 0 (kg/m®) Thickness (mm)
Outer 4.8265 x 10° 0.3 1314 h/5
Core 2.0685 x 10" 0.3 8053 3h/5
Inner 4.8265 x 10° 0.3 1314 h/5

Table 1: Material property of the sandwich conical shell (Hua et al. (2005)).

The present results and the results given by Hua et al. (2005) has been shown and compared in
Table 2. In all cases, the convergence rate is acceptable and very good agreement of the results with
those of work by Hua et al. (2005) can be seen. The maximum discrepancy between the results is
about 2.54 percent.
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B=5° B=15° 3=30° B=45° B=60°

0 Hua Hua Hua Hua Hua

et al. Present et al. Present et al. Present et al. Present et al. Present

(2005) (2005) (2005) (2005) (2005)
0 0.0752 0.0735 0.2348 0.2321 0.4202 0.4175 0.4911 0.4887 0.4282 0.4266
2 0.0821 0.0811 0.2493 0.2476 0.4401 0.4392 0.5127 0.5059 0.4471 0.4357
4 0.0889 0.0872 0.2651 0.2587 0.4651 0.4644 0.5423 0.5411 0.4805 0.4796
6 0.1003 0.0981 0.2825 0.2832 0.4952 0.4839 0.5793 0.5681 0.5311 0.5332
8 0.1111 0.1115 0.3063 0.3051 0.5303 0.5321 0.6252 0.6268 0.5923 0.5829
10 0.1238 0.1245 0.3275 0.3263 0.5707 0.5623 0.6754 0.6730 0.6581 0.6524
12 0.1365 0.1345 0.3571 0.3554 0.6108 0.6093 0.7317 0.7321 0.7317 0.7176
14 0.1508 0.1501 0.3809 0.3802 0.6511 0.6447 0.7952 0.7941 0.8112 0.8109
16 0.1651 0.1626 0.4048 0.4033 0.7112 0.7106 0.8525 0.8507 0.8774 0.8754

Table 2: Comparison of frequency parameter (f = wry/p.(1 —v.2)/E,.) of backward wave for the rotating sandwich
conical shell with simply supported- simply supported boundary condition (m=1, n=2, h/r1=0.008, L/r1=20).

In addition, the convergence study of the frequencies of backward wave for the rotating truncated
conical sandwich shells with simply supported boundary conditions and material properties according
to Table 3 is shown in Table 4. The results are presented for the two different values of semi-vertex
angle (f) and angular velocity (€2). The numerical stability and convergence rate of the present ap-
proach show its computational efficiency and promise the correctness of formulation. One also sees
that about five circumferential wave numbers are sufficient to obtain the results convergence. Hence,
hereafter, five circumferential wave numbers are used to obtain the numerical results.

Layer Materials Thickness Elastic modulus Poison’s ratio Shear modulus Density
(mm) (GPa) (GPa) (kg/m?)
Outer Epoxy- 6 E1=45, vi2= 113=0.3, Gi12=G13=5, 9000
/Inner E-Glass Er=FE3=10 123=0.4 G23=3.846
core PVC Foam 30 E=0.070 v=0.3 G=0.027 60

Table 3: Material properties of the sandwich conical shell.

p (deg.) n 2 (rad/sec)=300 2 (rad/sec)=600

m=1 m=2 m=1 m=2

15 3 379.49 389.12 399.66 409.22
4 348.28 358.32 367.34 380.15

5 330.93 342.79 348.70 361.61

6 341.84 347.17 353.91 363.18

7 352.73 361.20 371.42 379.05

30 3 476.78 491.86 642.01 678.77
4 432.66 444.25 596.94 625.48

5 417.70 431.63 579.27 600.82

6 41591 429.89 574.21 592.46

7 421.42 437.04 586.39 607.08

Table 4: Convergence of frequencies (Hz) of backward wave for the rotating sandwich conical shell with
simply supported boundary condition (L/r1=3, he/r1=0.1, ho=hi=hc/5, (45/0/-45/ core/-45/0/45)).
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Since there is not any investigation in the literatures on the free vibration analysis of the rotating
sandwich conical shells with flexible core and for further validation, the free vibration analysis of the
rotating sandwich conical panel with a flexible core is carried out using ANSYS parametric design
language software (Figure 3).

Figure 3: Geometrical modeling of the rotating sandwich conical shell with simply supported
boundary conditions in ANSYS (he/r1=0.1, L/r1=38, he/hy=5, (45/0/-45/core/-45/0/45)).

The layered structural elements shell 281 with eight nodes are applied to model the composite
face sheets of the sandwich panel, and the higher order solid 186 elements with 20 nodes, are selected
to model the flexible PVC foam core (Figure 4).

Figure 4: The finite element model of the conical sandwich shell in

ANSYS representing the two used different element types.

In the modeling of sandwich structures, the correct finite element modeling and continuity con-
ditions is obtained using of a set of user-defined constraint equations. For this purpose, two types of
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face sheets with different fiber orientations have been considered. The material and geometry prop-
erties are presented in Table 5.

Laver Materials Thickness Elastic modulus Poison’s ratio Shear modulus Density
1 1 1
Y (mm) (GPa) (GPa) (kg/m®)
Outer/ E1—=24.51, v12= v13=0.078, G12=G13=3.34,
FRP 6 1800
Inner FEo=E3=7.77 v23=0.49 G23=1.34
core PVC Foam 30 E=0.10363 v=0.33 G=0.039 130

Table 5: Material and geometric properties defining the conical sandwich shell used to

assess the validation and convergence behavior of the present methodology in ANSYS.

In order to show the vibration modes of the rotating conical sandwich shell intuitively, Figure 5
gives some sample vibration mode shapes with several circumferential wave numbers. Table 6 shows
that the results of the present study are in good agreement with the results of the present ANSYS
model.

(a) (b)
() (d)

Figure 5: Some modes for the rotating conical sandwich shell with simply supported boundary

condition for different circumferential wave numbers (m=1, he/n1=0.1, L/11=3, hc/ht=5,
(45/0/-45/core/-45/0/45)). (a) mode (1,4) (b) mode (1,6) (c¢) mode (1,8) (d) mode (1,10).
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Material properties n Present ANSYS Discrepancy (%) Present  Ansys Discrepancy (%)
wh wf

(0/90/0/ 3 262.34 271.32 3.31 335.53 347.41 3.42
G 4 238.61 245.18 2.68 314.29 322.48 2.54
0/90/0) 5 227.02 233.54 2.79 304.48 313.12 2.76

6 224.78 229.22 1.94 302.93 309.05 1.98

(45/0/-45/ 3 311.67 321.90 3.18 351.70 362.76 3.05

4 290.32 298.16 2.63 326.09 335.07 2.68

_4;%% 5) 5 28206 289.32 2.51 316.40  324.25 2.42

6 280.40 285.74 1.87 314.00 319.53 1.73

Table 6: Comparison of frequencies (Hz) of the rotating conical sandwich shell with simply
supported boundary conditions (L/r1=3, f=15°, he/r1=0.1, m=1, Q=300 rad/sec).

After displaying the good convergence rate and accuracy of the approach, some parametric studies
for the frequencies of the rotating truncated conical sandwich with material properties shown in Table
3 and having simply supported boundary conditions are done. As a first example, the influences of
the angular velocity on the frequencies of backward and forward waves for the rotating truncated
conical sandwich shells are shown in Figure 6. It can be seen that, by increasing the angular velocity
of rotation, the fundamental frequency of forward waves decreases for all the values of semi-vertex
angles, whereas that of backward waves has direct relation with angular velocity. If both the Coriolis
and centrifugal effects are considered, the natural frequencies of backward waves increase monoton-
ically with the rotating speed, and those of forward waves decrease but if only the centrifugal effect
is included, the natural frequencies of both the backward and forward waves increase monotonically
and there is very Little difference between the natural frequencies of the two waves (Hua et al., 2005).
It is observable from the Figure 6 that the angular velocity has significant effect on the frequencies
of such structures. In larger cone angles, the diagram has a much greater slope. As can be seen, by
increasing the angular velocity and cone angle, the difference between the frequency of backward and
forward waves has grown. In velocity of 600 rad/s, for the semi-vertex angle 5°, value of the backward
frequency is near that of the forward one while the ratio is more than 13 in both of them for the angle
60°. In a similar manner, in ref. (Hua et al., 2005), the backward frequencies of the rotating sandwich
shell increase while the angular velocity rises; however, the forward frequencies firstly decrease and
then, increase in cone angles more than 45°. Also, in larger cone angles, the backward and forward
frequencies go far from each other by growing of the velocity.

In another part of investigations, the influence of the angular velocity, as an important parameter,
on the fundamental frequencies of the rotating conical sandwich panel accompanied by converging
rate of the method has been surveyed (Figure 7). It is obvious that the angular velocity has a direct
effect on the frequencies of the backward wave, i.e., the frequency amount rises by increasing this
parameter. However, as can be seen, the effect of circumferential wave number on the value of fre-
quency is obvious. Also, in circumferential wave number between 4 and 6, the minimum value of
frequency is achieved. Comparing the results with those of refs. (Civalek, 2006, Hua, 2000a, Hua et
al., 2005) reveals that the frequency of backward waves in all the studies has a straight relation with
angular velocity of rotation.
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Figure 6: Relationship between the fundamental frequency of the forward and backward wave

and rotating speed at various cone angles for a simply supported conical sandwich shell
(m=1, he/r1=0.1, L/r1=3, he/hy=5, (45/0/-45/ core/-45/0/45)).
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Figure T: Relationship between the frequency of backward wave and circumferential wave

number at various rotating speeds for a simply supported conical sandwich shell
(m=1, he/r1=0.1, L/m1=3, he¢/hf=5, f=15°, (45/0/-45/core/-45/0/45)).
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As another research on geometry effects and convergence rate, the effect of the semi-vertex cone
angle on the backward frequencies of the rotating sandwich conical shells for different values of the
circumferential wave number has been examined and the results are presented in Figure 8. It can be
seen that, at velocity of 300 rad/s for cone angles from 15° to 45°, the backward frequency increases
by increasing the cone angle, but this routine defers for the cone angle values of 60° and 5°. It is
obvious that the impact of the semi-vertex cone angle on the frequencies is very considerable. In refs.
(Hua et al., 2005, Talebitooti, 2013), the backward frequency of the conical shell and the semi-vertex
angle of the geometry have direct relationship with angles below 45°, as by increasing the angle from
45° to 60°, the frequency of the backward wave decreases.

800 A
700 ”
600 -

500 A

Frequency (Hz

400 A

300 T T T T T T

Figure 8: Relationship between the frequency of the backward wave and circumferential wave

number at various semi-vertex cone angles for a simply supported conical sandwich shell
(m=1, he/r1=0.1, L/11=3, he/hy=5, Q=300rad/s, (45/0/-45/core/-45/0/45)).

The variations of the backward frequencies against the ratios of cone length to small-mean-radius
and the core thickness to small-mean-radius of the rotating sandwich conical shells are presented in
Figures 9 and 10, respectively, as the two important geometrical parameters for two different values
of the angular velocity () For comparison and validation, the results of FEM have been shown.

Figure 9 shows that the length-to-small mean radius ratio has significant effect on the frequencies.
This ratio also has a contrary effect on the backward frequency and as can be seen, the influence of
this parameter is more important in smaller length-to-small mean radius ratios. For angular velocity
of 600 rad/s, the slope in the smallest ratio is more than 29 times of that in the largest ratio and
more than 8 for velocity of 300 rad/s. When the L/r1 ratio is small, the decrease in the frequency
with the L/m ratio is rapid. With subsequent increase in the L /r1 ratio, the decrease in the backward
frequency with L/r1 becomes relatively more gradual. Also, as can be seen in works by Hua et al.
(2005) and Malekzadeh and Heydarpour (2013), the same trend is obvious, as by increasing this ratio
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in a rotating sandwich type or simple conical shell, the frequencies of both the backward and forward
waves decrease first rapidly and then, in a more gradual manner. Also, by increasing the angular
velocity, the frequency of backward waves is growing.

800 —=— FEM(Q=300 rad/s)
750 - —= - present
—*— FEM(2=600 rad/s)
— —e - present

(= BN

Frequency (Hz)

L/r

Figure 9: Relationship between the frequency of the backward wave and length-to-small

mean radius ratio at two rotating speeds for a simply supported conical sandwich shell
(m=1, he/r1=0.1, he/hs=5, f=30°, (45/0/-45/core/-45/0/45)).

In addition, the effects of core thickness-to-small mean radius ratio on the backward frequencies
of rotating conical sandwich shell are presented for eleven ratios and two different angular velocities.
Figure 10 shows that, by increasing the core thickness-to-small mean radius ratio, the backward
frequency decreases for the ratios less than 1/15 and also for those more than 1/7.5, but increases for
ratios between 1/15 and 1/7.5. This behavior is duplicated for the two different velocities, although
as can be seen, the ascending and descending rate of frequency changing has a considerable grow up
to twice by increasing the angular velocity. Hence, this geometrical parameter has considerable effect
on the backward frequencies as the values of the ratio vary. In Hua et al. (2005), it is also observed
that the increase in the frequency for both the backward and forward waves is very minimal with
increasing the thickness to radius ratio. Also, it is observable from research done by Malekzadeh and
Heydarpour (2013) that the more thickness-to-mean radius ratio is, the more frequency parameters
becomes. The differences between the results of the previously mentioned researches and also the
results obtained in the present work show that parameters such as boundary conditions, geometry of
rotating structure, flexibility and material properties can affect this non-predictable behavior.

In Figure 11, the relation between the backward frequency and the ratio of core-to-face sheet
thickness is investigated for twelve samples of this ratio and two different angular velocities. It is
observed that the frequency slopes decline in ratio values from 1 to 3 and also more than 6, whereas
they ascend in ratios between 3 and 6. As can be seen, the ascending and descending rate of frequency
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changing has a considerable growth up to twice by increasing the angular velocity. This treatment is
similar in different angular velocities. Also, as was shown previously and can be seen from Figure 9
to 11, the backward frequency rises with increasing the angular velocities.
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530 ~ = = Present(2=300rad/s)
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o
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380
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he/r,

Figure 10: Relationship between the frequency of the backward wave and core thickness-to-small

mean radius ratio at two rotating speeds for a simply supported conical sandwich shell
(m=1, L/r=3, hy/r1=0.02, §=30°, (45/0/-45/ core/-45/0/45)).

Finally, the effects of the semi-vertex cone angle on the backward and forward frequency of
rotating conical sandwich for three different ratios of the length to small mean radius are presented
for velocity value of 300 rad/s. As is clear in Figure 12, and also according to results shown in Figure
8, in cone angles lower than 15° and greater than 45°, the backward frequency decreases by rising the
cone angle, but between these angles, it ascends by growing the slope of the angle. Besides, the L/
ratio has a contrary effect on both the forward and backward frequencies, such that the frequencies
decline by increasing the ratio. Again, in contrast with the backward frequency, the forward frequency
declines with growth of the cone angle. Comparing the present results by those in ref. (Hua et al.,
2005), it is clear that, except for the descending behavior of backward frequencies between angles 5°
and 15°, the residual results of backward frequencies manners are the same in both the activities.
However, forward frequency has a different trend, and increases by growing the angle. Oppositely, in
refs. (Talebitooti, 2013, Malekzadeh and Heydarpour, 2013 and Heydarpour et al., 2014), in a similar
manner with the present work, the frequency decreases with increasing the cone angle, although in
refs. (Malekzadeh and Heydarpour, 2013, Heydarpour et al., 2014), the authors do not mention back-
ward or forward frequencies clearly. It can be due to difference in geometrical parameters, material
isotropy and flexibility, and mode number or the range of velocities given in that work.
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Figure 11: Relationship between the frequency of the backward wave and core thickness-to-face

sheet thickness ratio at two rotating speeds for a simply supported conical sandwich shell
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Figure 12: Relationship between the frequency of the backward and forward wave and semi-vertex

cone angle at three different length-to-radius ratios for a simply supported conical sandwich

shell (m=1, he/r1=0.1, he/h=5; Q=300 rad/s, (45/0/-45/core/-45/0/45)).
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6 CONCLUSION

Free vibration response of the rotating sandwich truncated conical shells was investigated for the first
time based on an improved high-order shear deformable theory of sandwich panels with laminated
composite face sheets and a homogenous soft core¢ considering the effect of thickness to radius of the
curvature ratio. By considering the centrifugal and Coriolis accelerations as well as the initial hoop
tension, the free vibration equations of motion were derived based on the Hamilton’s principle. The
Galerkin’s method accompanied by trigonometric double Fourier series which satisfy the boundary
conditions, as an efficient and accurate method, was employed to reduce the governing partial differ-
ential equations system to an ordinary one. Then by solving the eigenvalue problem analytically,
convergence rate of the approach was shown and its accuracy with small computational efforts was
displayed.

One sees that the minimum value of the frequency can happen for a circumferential wave number
more than (n=4). It was concluded that, the circumferential wave number, angular velocity, semi-
vertex cone angle, length-to-small mean radius and thickness-to-small mean radius ratios have signif-
icant effects on the frequencies of the rotating sandwich conical shells. Based on the presented nu-
merical results, the following conclusions can be made:

e By increasing the angular velocity of the rotating conical sandwich panel, the frequencies of the
backward waves increase for different values of the semi-vertex angles while those of the for-
ward waves decrease for all cone angles. In velocity of 600 rad/s, for semi-vertex angle 5°, the
value of the backward frequency is near the value of the forward frequency while their ratio is
more than 13 for angle 60°.

e For angular velocities between 200 and 400 rad/s and semi-vertex angles less than 15° and
more than 45°, the semi-vertex angle has a contrary effect on the backward frequency, i.e., the
backward frequency is reduced by increasing this parameter while the relationship between the
cone angle and forward frequency of the rotating conical sandwich is straight.

e The length-to-small mean radius ratio has significant effects on the frequency, and by increasing
this ratio, the frequencies of the forward and backward waves decrease. For angular velocity of
600 rad/s, the slope in the smallest ratio is more than 29 times of that in the largest ratio and
is more than 8 for velocity of 300 rad/s. When the L/r1 ratio is small, the decrease in the
frequency with the L/r1 ratio is rapid. With subsequent increase in the L /71 ratio, the decrease
in the backward frequency with L/r1 becomes relatively more gradual.

e The core thickness-to-small mean radius ratio has considerable effects on the frequency of the
rotating sandwich, and by increasing this ratio up to around 1/15 and more than 1/7.5, the
backward frequency decreases. In ratios between 1,/15 and 1/7.5, the frequency of the backward
wave increases. The ascending and descending rate of frequency changing has a considerable
growth (up to twice) by increasing the angular velocity.

e The dependency of frequency is noticeable on the core-to-face sheet thickness ratio. For the
ratios between 3 and 6, their relationship is almost linear with rising the slope.
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K(11,3) = +

2 )

3]

202 2R — h
S PR ~ho) ge y 2 e 4 pe 4 2 ey
h Ry h, h? h,

C(11,3) =

K(13,5) =

1 1 2 2
T QG + Ay + —— A + QG + A +——A))
h, cos 3 h, cos 3

1 1 2 2
+——(2Gpy + Ay + —— X\ + —(2Gpy + Ay +
Reh ( I2 T2 cos ﬂ 1 hc ( I'3 T3 cos /8

C

2))
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2
(2Grs + Apg + )‘2 + - (2GF4 + Ay + ﬂks))

1 2 2
o Q6 + Ay + (26 A+ —— )
Rgh(, e A TR h( s A T3 1))
S8Ry 8
Ty h? ;(Gry +— h GFB) + E(Gm + h_CGM) Reh? =5 Gy + o h, GFS))w00,9
2Q cos B 1 2 2 4 8 4 8 .
C(13,5) = — If 4 (—+ ) + - - (= + I - 1)y,
( ) hC ( ! (Rg hC) ? (Rgh(,’ h(,’Q) ’ (h(33 RghCQ) ! Rghlfg 5) "
4 4 4 1 4 4 4
K(15,15) = +tan B((Gpy — — Gpy) — — (Gpy — —Gp,) — — (G, — —G,) + ——(G; — —G;))wf,
hCZ h02 h02 R& h02 h02 R& h02 ’
. 4 4 4 . 1 4 4 4 .
TRy ((Gpy — h_chRZ) - E(Gm B2 GR4))“’ +— cos 3 ((Grg — h_fGFZ) - h_cz(Gm - h_chF4)>wU,(99
SRy 8 4
+( o O (cos BA, — = (2)\2 + 4G, + cos BAp;)) + — —5 (cos BAp, — . —(2\; + 4G, + cos BA,))
‘ y 2 " ' 4 2
—c08 B2Grg + Ay — — (2Gpy + Ay + ——A)) + Cosﬁ (2Gpy + Apy — — (2Gp, + Apy + —— )
hCQ cos 3 ) hCQ cos 3
8 16
+02 cos® B ——[C +—I‘
( I W ))wg
M(15,15) = —(If — 1% + ;—im i
where
h,/2
. k
G, = G(zc)x(z(,) dz, , Ek=0-6
—h, /2
h, /2
. k z
Gp, = G(2,) % (2,) (1+R—Cc)dzc, k=0-6
~h, /2 o
h, /2 1
k
Gr), = f Gc(zc)x(z> P—dzC , k=0—-6
7hc/2 c
h, /2 . (A-2)
. k
f G(zc)x(zc) Fdzc , k=0-3
h, /2
f )\C(zc)x<zc)k dz, , k=0-6
_hzr/2
h,/2
k z
[ ) x(2) 0+ 2, k=0-6
—h, /2 R@
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h, /2
My = [ A x(2,) e, : k=0-6
—h./2 FC
h, /2 1
. k
Mo = [ XN (2 ) =5l k=0-3
—h./2 I‘c
n ZLH»I
1 =3 [ 2t (B] +z)dz , L=0.6
k=1 Z,
I‘J :(Rej—i—zj)cosﬁ , j=o,i.c
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