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Two-scale topology optimization of macrostructure and porous
microstructure composed of multiphase materials with distinct

Poisson’s ratios

Abstract

Negative Poisson’s ratio (NPR) material attracts a lot of attentions for its
unique mechanical properties. However, achieving NPR is at the expense of
reducing Young’s modulus. It has been observed that the composite stiffness
can be enhanced when blending positive Poisson’s ratio (PPR) material into
NPR material. Based on the respective interpolation of Young’s modulus and
Poisson’s ratio, two concurrent topology optimization problems with differ-
ent types of constraints, called Problem A and B, are respectively discussed
to explore the Poisson’s ratio effect in porous microstructure. In Problem A,
the volume constraints are respectively imposed on macro and micro struc-
tures; in Problem B, besides setting an upper bound on the total available
base materials, the micro thermal insulation capability is considered as well.
Besides considering the influence of micro thermal insulation capability on
the optimized results in Problem B, the similar and dissimilar influences of
Poisson’s ratios, volume fractions in Problem A and B are also investigated
through several 2D and 3D numerical examples. It is observed that the con-
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1 INTRODUCTION

With a near 30-year development, the structural topology optimization has emerged a variety of approaches
including homogenization method [Bendsge and Kikuchi 1988], solid isotropic material with penalization (SIMP)
method [Bendsge 1989, Mlejnek 1992, Zhou and Rozvany 1991], evolutionary structural optimization (ESO)
method [Xie and Steven 1993] and the updated version, bi-directional evolutionary structural optimization (BESO)
method [Querin et al. 2000], level set method [Wang et al. 2003] and phase field method [Bourdin and Chambolle
2003]. Quite recently, an explicit topology optimization approach based on so-called moving morphable compo-
nents (MMC) solution framework was presented by [Guo, Zhang, and Zhong 2014].

The concept of concurrent design can be traced to [Lakes 1993]. The pioneering work of [Rodrigues, Guedes,
and Bendsoe 2002] was to introduce the topology optimization technique into concurrent design. However, any
variable microstructure causes a high computational cost and manufacture difficulties. Later a more popular con-
current design method was developed by [Liu, Yan, and Cheng 2008]. In this method, uniform microstructure can
be achieved which overcomes the issues mentioned above. During the optimization process, effective material
properties are computed through the numerical homogenization technique and integrated into the analysis of
macrostructure. Subsequently, a series of researches were carried out under this framework. [Yan, Cheng, and Liu
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2008] suggested that the structure composed of porous material has lower stiffness than the fully solid material
structure. Moreover, [Niu, Yan, and Cheng 2009] also observed that the structure without porosity on micro-scale
has higher fundamental frequency than the structure with porosity on micro-scale. A similar viewpoint is expressed
in literature [Vicente et al. 2016]. Taken minimized frequency response as the objective, under the BESO framework,
[Vicente et al. 2016] revealed that the fully solid material structure has a better result compared to the structure
consisted of porous microstructure. The same conclusion can be obtained through porous microstructure converg-
ing to isotropic solid material under coupled volume constrains [Sivapuram, Dunning, and Kim 2016]. The above
researches manifest that the structure made of porous material should consider the multifunctional demands. Bas-
ing on this idea, [Yan, Cheng, and Liu 2008], [Deng, Yan, and Cheng 2013], [Yan et al. 2014] and [Long, Wang, and
Gu 2018] discussed the concurrent optimization of thermoelasticity and thermal conduction. Besides the discussion
about the multifunctional applications, the concurrent approaches in considering multiphase materials are con-
cerned as well in recent years. Especially Xu et al. [Xu, Jiang, and Xie 2015, Xu and Xie 2015, Xu et al. 2016] built the
concurrent optimization models in regard to multiphase materials respectively under harmonic, random and me-
chanical-thermal coupled loads. [Da et al. 2017]) focused on the super multiphase materials problem in concurrent
optimization. Besides the homogenization theory, other approaches are also employed in concurrent optimization.
Basing on super element technique, [Zhang and Sun 2006] achieved the scale-related cellular materials and layered
structures. [Yan, Hu, and Duan 2015] adopted extended multiscale finite element method to study the size-effect in
concurrent structure which is composed of lattice materials. [Xia and Breitkopf 2014] introduced FEZ model into
concurrent optimization to solve the computational cost problem caused by multiscale nonlinearity.

Recent researches indicate that exceptional Poisson’s ratios, e.g., Poisson’s ratio towards to the thermody-
namic limit 0.5, negative Poisson’s ratio (NPR), are helpful to improve the composite stiffness, called as Poisson’s
ratio effect [Liu, Zhang, and Gao 2006, Lim 2010]. Moreover, when Young’'s moduli of the positive Poisson’s ratio
(PPR) and NPR base materials are close to each other, the maximum enhancement in stiffness is observed to happen
with the PPR and NPR respectively approaching to the thermodynamic limits 0.5 and -1 [Kocer, McKenzie, and Bilek
2009]. Successive investigations validate that Poisson’s ratio effect is influenced by Poisson’s ratio, Young’s modu-
lus, dosages, shapes and distributions of base materials [Zuo and Xie 2014, Shufrin, Pasternak, and Dyskin 2015].
Young’s modulus and Poisson’s ratio are respectively interpolated for employing topology optimization technique
to exploit Poisson’s ratio effect in sandwich structured composites [Strek et al. 2014]. Besides maximizing the ef-
fective Young’s modulus [Long et al. 2016], Long et al. [Long, Han, and Gu 2017, Long et al. 2018] extended the
above model to reveal the Poisson’s ratio effect in concurrent structure under volume fraction constraint and mass
constraint.

In this paper, basing on the respective interpolation of Young’s modulus and Poisson’s ratio, Poisson’s ratio
effect in porous microstructure is revealed. Taken structural compliance as the objective, two optimization prob-
lems with different types of constraints, named as Problem A and B, are respectively discussed. In Problem A, the
independent volume constraints are respectively imposed on macro and micro structures; in Problem B, besides
setting an upper bound on the total available base materials, the thermal insulation capability in microstructure is
also considered. The effective elasticity and thermal conductivity matrices obtained from the homogenization tech-
nique are respectively used in macro structural analysis and micro thermal insulation constraint. The remainder of
the paper is organized as follows. Two concurrent optimization problems considering Poisson’s ratio effect are
established and described in Section 2. Section 3 provides the sensitivity analyses. The numerical implementation
is given in Section 4. Section 5 presents several 2D and 3D numerical examples to illustrate the proposed models
are effective to reveal the Poisson’s ratio effect in concurrent optimization. Concluding remarks are given in Section
6.

2 CONCURRENT TOPOLOGY OPTIMIZATION PROBLEM WITH PPR AND NPR MATERIALS

Considering a two-scale system, as shown in Fig. 1, the macrostructure (Fig. 1(a)) is comprised of periodic
materials (Fig. 1(b)) whose unit cell (Fig. 1(c)) is constituted by isotropic PPR and NPR base materials. The micro-
structure is assumed to be orthotropic. In Fig. 1(c), the PPR and NPR base materials are respectively represented

by blue and red. Pl (Pi € [5, 1], i=1, 2, ..., M, Mis the total number of elements on macro-scale) is taken as the

macro design variable, with representation of the relative density of the h macro element. 9 is a small predeter-

mined value to avoid numerical singularity in optimization whose value is 0.001 in this paper. T and Tia

(7}.1 € [(‘5, 1] T € [0, 1] ,7=1, 2, ..., N, Nis the total number of elements on micro scale) are micro design variables,
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where T characterizing the given micro element is solid material (rﬂ = 1) orvoid (7}1 =6),and T’ Tepresent-

ing the existence of PPR (7“].2 =1)or NPR (7’].2 = () base material. Adopting the structural compliance as the ob-

jective, two kinds of concurrent optimization problems are discussed to reveal the Poisson’s ratio effect. In Problem
A, the independent volume fraction constraints are imposed on macrostructure and microstructure; in Problem B,
besides the coupled volume relationship between the macrostructure and microstructure, the thermal insulation
constraint is conducted on micro-scale.

Macrostructure Microstructure
F

PPR material

NPR material

y
OLVX
Macro design variable Micro design variable
P(F1,2 ., M) (/=12 ,N)
(a) (b) (0

Figure 1: A two scale system: (a) macrostructure; (b) periodic porous material; (c) porous microstructure.

2.1 Problem A
In Problem A, the independent volume constraints are imposed on macrostructure and microstructure, the
corresponding mathematical formula can be expressed as

Find : X = {P,r,,r,}(i=12,.,M;j =1,2,....N)

M
Minimize: C= ZUZ.TKZ.UZ,

i=1
Constraint I : KU=F

Constraint IT: [ =

M=

oL

PV /VH]&C Sfmac (1)

11
K3

Constraint III : fmi“‘b = Zrﬂv. / pmie < fmicvb
j=1

J

J27]

N
Constraint TV : f™ePt = Zrﬂr. V. ymie < pmiebl
j=1

where C' denotes the macro structural compliance. UZ. and U present the macro elemental and nodal

displacement vectors, respectively. Ki and K are the macro elemental and global stiffness matrices, respectively. F
is the external load vector applied on the macrostructure.
Constraint II defines the dosages of porous materials on macro-scale. V', and V" respectively characterize

the ith elemental volume and the volume of the macro design domain. ™ denotes the prescribed volume fraction
on macro-scale.
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Constraint III and IV respectively set the upper bounds on total base materials and PPR base material in mi-

crostructure. Vj and V™ representthe jth elemental volume and the volume of the micro design domain. /™

ic,bl . . . . .
and """ are the prescribed volume fractions of base materials and PPR base material on micro-scale.

As known in Eq. (1), the volume fractions of the macrostructure and microstructure are respectively defined
and there is no coupling relationship between the macro and micro design variables. That is to say the porous re-
quirement on micro-scale is mandatory.

2.2 Problem B
In Problem B, the total dosages of the base materials and micro thermal insulation capability are simultane-
ously defined. The concurrent optimization model can be correspondingly expressed as

Find: X = {Pr, v }(i=12..,M;j =12,....N)

M
Minimize: €= U'K,U,

=1
Constraint I: KU=F

M N
2RV, 2,

Constraint II : f® = =L _
Vlnac anlc

M N

DBV, eV

Constraint IIT : f? = =L e <M
VIIlaC VIIHC

2
Constraint IV : %Z/{H <k

ss — lim
s=1

< @)

In Eq. (2), Constraint II and III respectively set the dosages of the base materials and PPR base material in
macro and micro design domains. That is to say the macro and micro design variables have strong coupling rela-
tionship in volume fraction constraints.

Constraint IV describes the thermal insulation capability related to the microstructure. As to orthotropic ma-
terial, the thermal insulation capability can be appraised according to the average of the diagonal elements in the

effective thermal conductivity matrix [de Kruijf et al. 2007]. Iig is the $h diagonal element in the effective thermal

conductivity matrix. A}, = is the upper bound of the thermal conductivity. Actually, the thermal insulation con-

straint can also be understood as a porous requirement like volume fraction constraint, which not only restricts the
dosages of the base materials on micro-scale but also plays a role of connecting the base materials.

2.3 Material interpolation scheme

2.3.1. Material interpolation scheme for structural analysis
Using SIMP scheme, the Young’s modulus and Poisson’s ratio in micro element j can be written as

E, =i (ryBY + (1— 1) E®) (3a)

v, = rjgv(l) +(1- r]‘g)v@) (3b)
in which £ and v respectively denote the Young’'s modulus and Poisson’s ratio. Superscript numbers 1 and 2
characterize the PPR and NPR base materials, respectively. The penalization factors have the values of =4 and
(8 =1 for better convergence and clearer topologies [Long et al. 2016].

For succinct programming, the Young’s modulus and Poisson’s ratio are substituted by the Lamé’s parameters.
As to 2D plane stress problem, the Lamé’s parameters can be expressed as
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N =Euv [(1-0)) (4a)
w =B, /201 +v) (4b)

In 3D problem, the first Lamé’s parameter needs to be modified as )\7 = E/'L‘Ui /(1 —H)Z.) / (1 —2117:) , while the second

Lame’s parameter [t ; is kept the same with Eq. (4b).
With the help of Eq. (4), the elasticity matrix in microstructure can be split into

MI _
D —)\jDA—i-u].DN 5)
110 200
where D)\ and Du are the constant matrices with the expressions of D =110 D# =10 2 0| in 2D plane
00 O 001
111000 200000
111000 020000
111000 002000,
stress problem, and D, = , D = in 3D problem.
Al00000O0" ™ 0001 00O
000000 0000 10
000000 0000 01

Effective elasticity matrix DH can be calculated by the numerical homogenization theory with the format of
Lamé’s parameters[Andreassen and Andreasen 2014, Hassani and Hinton 1998]

1
H _
D" = v V()\jD)‘ + 1D, )I—bu)dV (6)

where | /] is the volume of unit cell; I is the identity matrix; b is the micro strain-displacement matrix; the micro
displacement field u can be acquired through the FE analysis with applying the periodic boundary conditions within
the unit cell

(beTDMIde)uz fv bTDVMIqV (7)

The right hand side in Eq.(7) defines the external forces corresponding to the uniform strain fields, e.g., two
normal unit strains in » and ¥ directions and one shear unit strain for 2D cases, and three normal unit strains in z,

Y and » directions and three shear unit strains for 3D cases.
The macro elasticity matrix can be determined by the following interpolation

MA _ pppH
D" =FP'D (8)
where the penalization factor pretains the typical value of 3.
From the above analysis, effective elasticity matrix DH plays a connection role between macrostructure and

microstructure.
On macro-scale, FE analysis is again performed to obtain the displacement vector. The macro global stiffness

matrix K can be assembled by the elemental stiffness matrix Ki

M M
K= ;K =)/ B'DBaY, ©

where B denotes the macro strain-displacement matrix.
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2.3.2 Material interpolation scheme for thermal insulation constraint

When considering the Problem B, the effective thermal conductivity of the porous microstructure is needed.
Similarly, the elemental thermal conductivity can be interpolated with the SIMP scheme

1t + (1 =)k (10)

K. _7]1

where «Y) and () are respectively used to represent the thermal conductivity of PPR and NPR materials. It is
supposed that x!) > (). 7 is the penalization factor with the value of 4 [Jia et al. 2016].
Furthermore, the micro thermal conductivity matrix can be obtained as

M= 'S (11)

where ko is the basic thermal conductivity matrix when thermal conductivity is 1.

Similarly, the effective thermal conductivity matrix k" can also be evaluated through the numerical homoge-
nization method

1 ,
kH:—f KMI —ydV 12
TR (12)
where I; represents the identity matrix in the process of thermal conductivity homogenization; X denotes the

induced temperature gradient field which can be computed from the uniform gradient temperature fields.
More details in implementation of homogenized elasticity and thermal conductivity matrices can be referred
to literature [Andreassen and Andreasen 2014].

3 SENSITIVITY ANALYSES FOR MACROSTRUCTURES AND MICROSTRUCTURES

Basing on the adjoint variable method [Haug, Choi, and Komkov 1986], the derivatives of the objective to the
design variables can be calculated as

86’ T aK —1r 7T TnH
—=-U — —pPP~U. B D 'BdVU. 13
a0 r 0K A T

- _U U=-— }:PIU B BdVU 14
87"jk arjk f 14

According to the mapping method [Liu et al. 2002], the expression of 8DH/5'rjk (k=1,2) in Eq. (14) can be written

as

H MI
oD \V\f TaD D 1 buyav (15)

Oy, Oy,

With the aid of Eq. (5), the above equation can be further given as

op" 1 T OA 1 o,
=— | a-» D (I-bu)dV+— | I-—bu)! —_D (I-bu)dV 16
o = Tr7 B 5 D= Al D= bu) (16)

in which 8)\] / 87’],k and a,uj / 07’% can be attained by the chain rule

ON. OE. O\ Ov.

o\ Jor, = J Ly L (17a)
R 9F. Or, Ov. Oy,
i i
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auj 6Ej 8uj 8Uj

ou, /or, = 17b

il 9T oE. Or,  Ov, Or, (17b)
J J J J

where 8)\j / 8Ej has distinct expressions in 2D plane stress and 3D problems, as

8)\]./8Ej =, /(11— vf) (2D plane stress) (18a)

ON JOE; =v, [ (1+v,)/(1-2v,) (3D) (18b)

Furthermore, the expression of 8Ej/8r7k in Eq. (17) can be calculated as

O, Jor, = pri VBV + BP(1—1)) (19a)

OF, [Ory, = prﬁr;g*l) (EY — E®) (19b)

Similar as 0)\j/0Ej , 8)\]./81)]. also possesses distinct expressions in 2D plane stress and 3D problems, as

oA, /avj =B (1+ vf) /(1— vf )? (2D plane stress) (20a)

O, [0v, = B,(1+207) / (1+v,)" / (1-20,)" (3D) (20b)

For T is independent of v, it only has

Ov, [Or,, = qrj(f_l)(v(l) — @) (21)

In Eq. (17b), 8uj/8Ej and 3,uj/c%j can be respectively derived from Eq. (4b)

O, [OE, =1/ (21 +v,)) (22)

Op; [ov; = —E, [ (1+v,)" /2 (23)

Egs. (14)-(16) clearly indicate that the sensitivity expressions for micro design variables are split into two parts
with the help of Lamé’s parameters, which simplifies the deduction process and programming.

In Problem A, the derivatives of volume fractions with the design variables on macro and micro scales can be
respectively given as

mac mac mac
o™ v /Vdc of™ _ 0, of™ 0 (24)
oP, ! ar, ar,
? J J
mic,b mic,b V. mic,b
OF7" _o o™ _ % ot (25)
a_PZ 67}'1 1/ mic 87}2

afmjc,bl 0 afmic,bl _ 7},21/], afmic,bl _ rﬂVj (26)
oF, Ory yme Om, v

When considering Problem B, the derivatives of volume fractions with respect to the design variables can be
followed as
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N M

2V 2P, b
afb _ Vl_ ] JLy ’ 6fb _ = VJ l 8f -0 (27)
a[)z Vmac Vmic 8Tj1 Vmac Vmic 87}_2

r.r. V. PV PV
afbl B Vi = J1 g2 8fb1 = i erVj fbl = il rﬂvj ’8
ap - mac mic ! a B mac mic 8 B mac mic ( )
A v Ty yme y ry VU Y

Moreover, the derivatives of /{S with respect to design variables are needed. Due to ﬁg is independent of the macro

design variable Pl , ani/{?})j = 0. With the help of Egs. (10) and (11), the derivatives of /ig with respect to Tk

can be written as

Ok vr(?’l)(ffmy;’é +rP- )

$s s s\T s s

o T V] Jo @ =) (@ = v, (292)
J1 J

ort iy VY k)

or, IV Jo @ =2 k(T = 2}V, (290)
j J

4 NUMERICAL IMPLEMENTATION AND PROCEDURE

In this article, the heuristic sensitivity filtering technique [Sigmund 1997] is adopted to eliminate checker-
board patterns and mesh dependence.

For design variables PZ and T respectively representing the material or void on macro and micro scales, the

classical mesh-independency filter with weighting the element density is employed. Taken PZ as an example

EZ ;ZH P % (30)
OF, F) H, ' ‘0L,
e€R, '

where Rl. is the set of elements e for which the center-to-center distance A(z’,e) to element % is smaller than the

filter radius 7. . and H i 1s aweight factor determined by

e

H. = max (0, T —A (i,e)) (31)
For 7, isno longer a simple density variable and the suggested filter should be expressed as [Sigmund 2001]
oC 1 Z I oC

ov __ —
87}2 Z Hje ceN, ar,,

eENj

(32)

Averaging of the sensitivities will produce blurry boundaries in final topologies. For eliminating the intermediate
density, the filtering programs are terminated after || x4 _x /1l X+ |<0.5% , where X=PUr (
P={P,i=12..,M};r :{%,jzl, 2,..,.N;k=1,2} ) and [ stands for the current iteration. Then the

optimization procedure will continue without filtering until || X(I + 1) — X({) || / [| X( + 1) ||< 0.1%.

In Problem A, the optimality criteria (OC) method is employed in macro-scale optimization, and the method of
moving asymptotes (MMA) [Svanberg 1987] is utilized as the optimizer in micro-scale. In Problem B, only MMA is
adopted as an optimization solver.

Latin American Journal of Solids and Structures, 2018, 15(11), e133 8/21



Jiao Jia et al.

Two-scale topology optimization of macrostructure and porous microstructure composed of multiphase materials with distinct
Poisson’s ratios

Key steps for the concurrent design of macrostructure and microstructure with PPR and NPR base materials
are given in Fig. 2.

Define initial design variables including
F Tﬂ ’ T}Q

Initialize iteration counter [ =0

In Problem A, only the Young's modulus and
Poisson’sratioare interpolated

in Problem B, besides the above interpolations,
the thermal conductivity isalso interpolated

In Problem A, only the effective elastic matrix
DHisneeded (Eq.(6))
in Problem B, besides DH, the effective thermal

matrix k™ (Eq.(12))isalso needed

!

Structural analysis on macro-
scale, using DH

y

Calculate the sensitivities according to Eqgs
(13)-(23) and derivatives of constraints
according to Egs. (24)-(26) (Problem A) orEgs.
(27-29) (Problem B)

Filter the sensitivities and
update design variables using
optimization solver

!

No
[=[+1

Optimum search
convergence

Stop

Figure 2: Flowchart of concurrent design with PPR and NPR base materials
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5 ILLUSTRATIVE EXAMPLES AND DISCUSSIONS

In this section, we present several 2D and 3D numerical examples for concurrent design with considering the
Poisson’s ratio effect in concurrent structure. Where two 2D examples and one 3D example are discussed in Prob-
lem A corresponding to two 2D examples for Problem B. For easier discussions, the structural sizes, material prop-
erties and external loads are all dimensionless. In 2D examples, the microstructure is discretized into 60Xx60 4-
node quadrilateral elements, and 26X26X%26 8-node solid elements in 3D example. The macro element edge is 1.
As shown in Fig. 3, two types of non-uniform initial distributions on micro-scale are adopted in this study. Where
initial design I and II are applied in 2D problem and initial design III is used in 3D problem. The density in initial
design [ and III is proportional to the distance from the element center to the center of the microstructure. The

initial design II originates from the literature [Zhou et al. 2012]. In Problem A, T, starts from the initial design I
(2D) or l1I (3D) and 7}, starts from the uniform density distribution. In Problem B, T, starts from the initial design

Il and T, starts from the initial design I.

1 1 1

0.9 0.9 0.9
0.8 0.8 0.8
0.7 0.7 0.7
0.6 0.6 0.6
0.5 0.5 0.5
0.4 0.4 0.4
0.3 0.3 0.3
0.2 0.2 0.2
0.1 0.1 0.1
0 0 0

(a) (b)

Figure 3: Density distribution in micro design domain: (a) initial design I; (b) initial design II;(c) initial design I1I.

For ensuring close Young’s moduli to each other, the base materials are assumed to be polymers and designed
in the form of porous microstructures. In all the numerical examples, the Young’s modulus of the base material 1 is

definedas E(") = 2.1.The Poisson’s ratio of the base material 1 is supposed to be v} = 0.4 in the first four exam-

plesand vV = 0.35 in the last example. For easy identification, PPR and NPR base materials in microstructures are
respectively plotted in blue and red. Although the strategy with overcoming intermediate densities is adopted, a
handful of intermediate densities still exist in the final topologies. For more meaningful comparisons, all the opti-
mized results are executed with the 0-1 post processing [Sigmund and Maute 2013].

5.1 Problem A

In Problem A, the Young’s modulus of the base material 2 is set as E® =18.

Example |

The Poisson’s ratio effect in concurrent design is illustrated in this example. As shown in Fig. 4, the dimensions
of the macro design domain are: length =50, height #/=100. The left edge is fully constrained and subjected to a

(2)

vertical downward load, /=10, at the center of the right edge. v'"’ is allowed to vary from -0.4 to -0.9. The target

ic,b ic,bl
macro and micro volume fractions are predefinedas | =50%, fmlc' =50% and fmc =40%.
Fig.5 plots the evolution histories of the macro and micro densities with v® =-0.4. This process clearly illus-
trates that the macrostructure and microstructure rapidly converge to stable topologies within fewer iteration

steps. Fig. 6 provides the resulting compliance under various v?). Several quintessential topologies with v = -
0.4,-0.6,-0.7 and -0.9 are inserted above the resulting compliance curve. For the sake of comparison, the optimized
results with exclusive NPR base material are also presented in Fig. 6. At the mean time, the optimized macrostruc-
ture and microstructure from exclusive PPR base material are shown in Fig. 7. The corresponding compliance is C'

=3946.37. From Figs. 6 and 7, it is known that the macrostructure composed of PPR and NPR base materials can
provide a lower system compliance than that from the exclusive PPR or NPR base material. Moreover, the resulting

compliance presents a tendency to decline with the decrement of v‘* (from -0.4 to -0.9) and the minimum

Latin American Journal of Solids and Structures, 2018, 15(11), e133 10/21



Jiao Jia et al.

Two-scale topology optimization of macrostructure and porous microstructure composed of multiphase materials with distinct

Poisson’s ratios

compliance occurs when the difference of v and v‘* reaching the maximum (v* =0.4 and »*) =-0.9 in this

example).

Figure 4: A 2D cantilever beam for example I with length L=50, height H=100.

6.0E57

=
=
=
&

2.0E57

1.OE5T 0 o o
Lo 4

COMPLIANCE
&
9

L=50

F=10¢ |H=100

o O

T T T
0 10 20 30 40 50 60 70 80
ITERATION

4

0

Figure 5: Evolution histories of macro and micro densities.

4600+

4400+

.
)
oS
<

RESULTING COMPLIANCE
S
o
<
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(b)

(a)

Figure 7: The optimized results composed of exclusive PPR base material:

(a) macrostructure; (b) microstructure.

Example II

In this example, a long beam is optimized to investigate the influence of volume fractions on the final solution.
As shown in Fig. 8, the overall sizes of the macro design domain are: length Z=300, height #=50. A concentrated
downward load is applied vertically at the center of the top edge with the bottom corners fully fixed. Considering
the symmetry, only right half of the structure is used for optimization and result discussion. The load magnitude on

the half beam is assumed to be #=5. The permitted variation ranges of v are from -0.4 to -0.7. The volume frac-

ic,bl ic,b
tion of PPR base material on micro-scale fmc' changes from 10% to 40% while fm and fmlc' are both fixed at
50%.

: L=150 >
| H=50
|
|

Figure 8: A 2D long beam for example IIl with length L=300, height H=50.

. . . . . . ic,bl .
Fig. 9 provides the variation trend of resulting compliance under various fmc . Moreover, the resulting to-

ic,bl
pologies with fmc' =10%, 25% and 40% when v‘?) =-0.4, -0.7 are inserted at intervals in Fig. 9. To aid compari-

sons, the objective values and topologies with exclusive PPR and NPR base materials (only v?) =-0.4) are included
as well in Fig. 9. All the detailed data are summarized in Table 1. Unlike the Poisson’s ratio, in Fig. 9, the resulting

ichl ) , ic,bl
compliance does not present a monotonic relationship with increasing of fmc’ ,1.e., there is an optimal fmC cor-
responding to the minimum compliance with a fixed v‘*. In addition, from Fig. 9 and Table 1, it is observed that

ic,bl ic,bl
the optimal volume fraction ]mc’ varies with v‘?). The detailed variations of fmc’ are followed as: as to v?) =-
icbl ,
0.4 and v*) =-0.5, the summit of the resulting compliance occurs when fmc is approximately 40%, and as to

ic,bl o .
v?® =-0.6 and v*) =-0.7, the minimum resulting compliance transfers to near fmc =35%. This is primarily due

to the stiffness of NPR base material is improved when v is constantly decreasing. Furthermore, the ranges of
fmiebl whose objective values can exceed the results of exclusive PPR and NPR base materials are gradually en-

ic,bl ic,bl i
larged with decreasing of v?, ., fmc' varies 35% to 40% when v*) =-0.4 and v‘¥ =-0.5, fmc') varies from

ic,bl
25% to 40% when v‘*) =-0.6, and fmc’ varies from 20% to 40% when v =-0.7. For clarity, the objective values
corresponding to the above mentioned volume fractions are highlighted in Table 1.
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Figure 9: The influence of the volume fraction of base material 1 on the resulting compliance.

Table 1: The resulting compliance under various ™" .

) Resulting Resulting Resulting Resulting
fm“?vbl (%) compliance compliance compliance compliance
when 1?=-0.4 when ?=-05 when ?=-0.6 when ¥ =-0.7

0 5081.84 5076.73 5066.70 5036.28
10 4781.77 4730.34 4694.58 4569.17
15 4673.54 4600.76 4532.29 4381.39
20 4636.04 4515.19 4396.53 4329.66
25 4524.70 4403.61 4315.74 4249.85
30 4426.43 4361.56 4288.50 4178.48
35 4321.60 4246.08 4193.36 4148.40
40 4271.43 4237.43 4216.97 4191.12
50 4335.96 4335.96 4335.96 4335.96

Example III

A 3D cantilever beam is optimized in this example to demonstrate the adaptability of the proposed model in
3D concurrent design. Fig. 10 shows the admissible design domain in macrostructure with sizes of length 2=48,
height /=30, and width B=8. The left hand side surface is fully constrained and an evenly distributed load F=5 is
applied at the middle of the right surface. The Poisson’s ratio of the base material 2 is set as v?) =-0.7. The volume
fraction constraints at two scales are setas f"* =30%, f™"=80%, and f™"' =40%.

Table 2 lists the resulting two-scale topologies and effective elasticity matrix from hybrid of PPR and NPR base
materials. At the mean time, the results of traditional structures made of exclusive PPR and NPR base materials
with identical macro volume constraint f™*°=30% are provided as well in Table 2. According to the previous re-
search [Niu, Yan, and Cheng 2009, Vicente et al. 2016, Yan, Cheng, and Liu 2008], the macrostructure composed of
porous microstructure cannot provide higher stiffness than the traditional structure without porosity on micro-
scale. However, from Table 2, a lower resulting compliance is observed in the concurrent design from porous mi-
crostructure. It is should be attributed to the Poisson’s ratio effect.
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B=8
Figure 10: A 3D cantilever for example IIl with length L=48, height H=30 and width B=8.

Table 2: The comparisons of concurrent structure and traditional structure.

fmic,b (%) f mic,b1 (%) Resulting Macro- Micro-

. Elasticity matrix
compliance structure structure Y

100 100 7021.37
2.5683 -0.0935 -0.1389  0.0000 0.0001 0.0000
80 40 6 1 2 5 68 -0.0935 2.0672 0.4953 -0.0000 0.0002  0.0000
. -0.1389  0.4953 1.1611 -0.0000 0.0000  0.0000
0.0000 -0.0000 -0.0000 1.1608 -0.0000  0.0000|
0.0001  0.0002  0.0000 -0.0000 0.6976 -0.0000
10.0000  0.0000  0.0000  0.0000 -0.0000 0.9563

100 0 6982.06

5.2 Problem B

In Problem B, Young’s modulus of the base material 2 is assumed to be £* =1.7. The thermal conductivities
b
of the base materials are kept to be ! = 6, x® = 4. The total dosages of the base materials are fixed at f =50%.

fmic’b2 is used to represent the volume fraction of the base material 2 in microstructure.

Example IV

The influences of NPR and volume fraction f*' are investigated in this example. As shown in Fig. 11, the macro
design domain has sizes of length L=160, height /=100 with the same boundary condition and external load as
illustrated in example I. Poisson’s ratio of the base material 2 is set to be ¥ =-0.3,-0.4 and -0.6, respectively. f* is

allowed to vary from 10% to 40%. The upper limit of the effective thermal conductivity is defined as K | =2,
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Figure 11: A 2D cantilever beam for example IV with length L=160, height H=100.

bl bl
Fig. 12 supplies the resulting compliance under various f . In addition, several typical topologies with f ’

=10%, 20%, 30% and 40% when ” =-0.6 are inserted in Fig. 12. For comparison, the optimized results with ex-

clusive base material 1 and 2 (only ¢/” =-0.6) are also given in Fig. 12. All the detailed data are summarized in Table

3. From Fig. 12, it is can be easily found that the macro and micro structures respectively exhibit the disparate
bl

topological configurations with increasing of f . In order to manifest the stiffness enhancement is not caused by

the variations of the macro and micro topological configurations, the optimized results with ¥ =0.4 are also pre-

sented in Fig. 12. In Fig.12, it is noted that the resulting compliance from exclusive base material 2 is lower than the

value of exclusive base material 1. Moreover, when ©” =0.4, the minimum resulting compliance from multiphase
materials is found to be between the values of exclusive base material 1 and 2, i.e., the concurrent stiffness is not be

enhanced by blending two PPR base materials. However, when 1?=-0.3, -0.4 and -0.6, the resulting stiffness can

bl
be enhanced at certain ranges of f " . The above analysis proves that the stiffness enhancement is caused by the
hybrid of PPR and NPR base materials. Similar with the Problem 4, in Problem B the resulting compliance also
decreases monotonically with the decrement of ¥'* (from -0.3 to -0.6). Moreover, with the reduction of ©?, the

bl bl bl
ranges of f for enhanced stiffness are keeping expanding, i.e., f is equal to 10% when ¥ =-0.3, f varies

b1
from 10% to 15% when v?=-0.4and f  varies from 10% to 20% when v® =-0.6. For clarity, the objective values

corresponding to the above mentioned volume fractions are highlighted in Table 3. However, unlike in Problem A,
the optimal volume fraction does not change with the variation of NPR in Problem B. That is to say the resulting

. . . . . bl
compliance increases monotonically with the increment of f .
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Figure 12: The influences of NPR and volume fraction of base material 1 on the resulting compliance.
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Table 3: The resulting compliance under various f " when v =04, -0.3, -0.4 and -0.6.

Resulting Resulting Resulting Resulting
fbl (%) compliance compliance compliance compliance
when ¥”=0.4  when v”=-03  when v”=-04 when 1”=-0.6

0 3580.15 3473.04 3455.35 3404.13
10 3610.49 3444.89 3386.12 3283.07
15 3630.29 3480.43 3434.12 3358.06
20 3686.04 3532.51 3483.96 3391.87
25 3693.22 3585.78 3551.08 3424.85
30 3717.45 3633.84 3570.02 3511.59
35 3752.09 3678.20 3641.47 3594.40
40 3857.64 3779.87 3736.58 3661.57
50 3959.25 3959.25 3959.25 3959.25

When ¥ =0.4, -0.6, the distributions of the base materials in microstructures seem different especially under
larger ', e.g., ' =30% and 40%. For better illustration, taken f" =40% as an example, the objective value is
revaluated after exchanging the material parameters for each other, i.e,, respectively take ©”=0.4 and 1'* =-0.6

into the topologies of hybrid of PPR and NPR base materials and hybrid of two PPR base materials. The detailed
data are listed in Table 4. The comparisons show that both the original optimized results have lower compliance
values which illustrates that with the variation of ¥®, the diverse distributions of base materials seem reasonable.
This is mainly due to the stiffness of the base material 2 changes with the variation of /*.

Taken v'¥ =-0.3 as an example, the trends of ™=, f™, f™ and f™°"* under various f*' are shown in Fig.
13. In Fig. 13, it is observed that with f" varying from 10%-40%, f™* and f™°" increase while f™" and f™*"

bl

decrease. According to the Constraints II and III in Eq. (2), fixed f" and increased f result in more PPR base

materials distributing on micro-scale. At the mean time, due to the thermal insulation constraint having no change,
less NPR base materials are required in microstructure. Consequently, even with f™“"' continuously increasing,

et still demonstrates a decline trend for degressive f™"?.Finally, f"* presents an uptrend because of fixed f"
and decreased f™".

Table 4: Cross checks for V> =0.4 and v =-0.6.

e Resulting Compliance of
compliance cross check
0.4 3857.64 3895.75
-0.6 3661.57 3737.16
fﬂlﬂ,C
mic,b
——f
1.04 flui(‘,:'\)l
ic,b2
fllll(.
Z 2 -
Sz Y8 _,/./-/*""/'/.
=
o=
 ELC DU s S
ol
Iy
S s 0.4+
= S~
P
= 2 0.2
0.0 T
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Example V
This example is the extension of example IV, with an attempt to reveal the influence of thermal insulation con-
straint on the final results. The design domain, boundary condition and external load are kept the same with the

example IV. The Poisson’s ratio of the base material 2 is set as ¥/” =-0.5, and the total dosages of the base material
1is fixed at f” =20%. The thermal insulation constraint varies from 2 to 3.5.
Under various Ky, , Fig. 14 (a) illustrates the resulting compliance from the hybrid of PPR and NPR base ma-

terials with optimized macro and micro topologies inserted. From Fig. 14(a), it is known that the resulting compli-

ance decreases with the increment of ;. When &, | =2, the resulting compliance lies between the values from

exclusive base material 1 and 2. However, the resulting stiffness is enhanced when £;  equals 2.5, 3.0 and 3.5.
Furthermore, it is observed in Fig. 14(a) that the macro and micro structures respectively present distinct topolo-

gies under various Ay, . For illustrating the stiffness enhancement is not caused by the variations of topological

configurations, the optimized results from two PPR base materials, i.e., v/ =4”=0.35, are given in Fig. 14(b). In
Fig. 14(b), it is obvious that although the macro and micro structures have the similar topological configurations as
shown in Fig. 14(a), the resulting compliance from two PPR base materials always lies between the values of exclu-
sive base material 1 and 2. That is to say the stiffness enhancement is induced by Poisson’s ratio effect. The above
analysis illustrates that besides NPR and volume fractions of the base materials, the thermal insulation constraint
can also influence the Poisson’s ratio effect in concurrent structure.

- s £"-2.1;0"'=0.35 =g 21 =035
E(2L1.7;U(25L—0.5 . —Q—E(Q)—1.7;1}(“)‘)—0.35
D21, B 170 03507 0.5 —aF" 21 BV 1.700P=0.35

2 000] 2
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RESULTING COMPLIAN
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Figure 14: The influence of the thermal insulation constraint on the resulting compliance:

(a) hybrid of PPR and NPR base materials (b) hybrid of two PPR base materials.

mac mic,b mic,bl mic,b2 3 s s s s
The trends of fm*, fm", ™’ and f under various Ay =~ are shown in Fig. 15. From Fig. 15, it can be
seen that with increasing of Ay, f"* decreases, ", f™<" and f™<" increase. This is because f" is fixed,

with the increment of K, more base materials are demanded on micro-scale, i.e., fmert and fm™"? increase,

which results in f™*° presenting a decline trend. Moreover, a relative smaller f (only 20%) gives rise to
fmic.bl < fmic.bZ .
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6 Conclusion

Respective interpolation scheme of Young’s modulus and Poisson’s ratio can realize the optimization with dis-
tinct Poisson’s ratios. Taken the minimized structural compliance as the objective, two optimization problems with
different types of constraints are proposed to reveal the Poisson’s ratio effect (stiffness enhancement) in concur-
rent structure. In Problem A, the independent volume fraction constraints are applied on macrostructure and mi-
crostructure. In Problem B, besides building the coupled volume relationships between macrostructure and micro-
structure, the thermal insulation constraint is also considered on micro-scale. Several typical numerical examples
clearly demonstrate that the hybrid of PPR and NPR base materials on micro-scale can improve the stiffness of
concurrent structure. More conclusions can be obtained as follows
(1) In both Problem A and B, the stiffness of the concurrent structure can be constantly enhanced with the difference between the Poisson’s

ratios of the base materials increasing.

(2) The resulting compliance varies with the volume fractions of base materials. Moreover, the volume fraction ranges whose objective
values can simultaneously exceed the results of exclusive PPR and NPR base materials are gradually enlarged with decreasing of
NPR. In Problem A, the optimal proportion of base materials tends to reduce the dosages of PPR base material in microstructure
with the decrement of NPR. However, the optimal volume fraction in Problem B does not change with the variation of NPR.
Moreover, in Problem B, the macrostructure strongly interacts with microstructure, e.g., with continuously increasing the volume
fraction of base material 1, the volume fractions of macrostructure and microstructure respectively increase and decrease
monotonically.

(3) When relaxing the thermal insulation requirement, the resulting compliance decreases monotonically. Similar as the volume faction
constraint in Problem B, the thermal insulation constraint significantly influences the dosages of base materials between macro and
micro scales, e.g., with gradually relaxing the thermal insulation constraint, the volume fractions of macrostructure and
microstructure respectively decrease and increase monotonically.
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