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Abstract

A simple quasi-3D sinusoidal shear and normal deformations theory for the hygro-thermo-mechanical
bending of functionally graded piezoelectric (FGP) plate is developed under simply-supported edge
conditions. The governing equations are deduced based on the principle of virtual work. The exact solutions
for FGP plate are obtained. The current study investigates the effect of some parameters, like piezoelectricity,
hygrothermal parameter, gradient index and electric loading on the mechanical and electric displacements,
electric potential and stresses. They are explored analytically and numerically presented and discussed in
detail. The numerical results clearly show the effect of piezoelectric and hygrothermal parameter on the FGP
plate.
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1 INTRODUCTION

Piezoelectric materials are great widely used as smart structures in different aerospace applications, because they
can generate voltage, drive microelectronics directly and store charge. The effect of piezoelectricity is clear through the
linear electromechanical interaction between electrical and mechanical states. Piezoelectric materials are used to detect
stresses and deformations. Also, these materials can exchange output electrical potential and input mechanical energy.

Zenkour (2014a, b) proposed an analytical solution describing the hygro-thermo-elastic responses of piezoelectric
inhomogeneous hollow cylinders where the significance of influence of several parameters was investigated. He assumed
that the piezoelectric nanoplate is simply-supported under an external electric voltage as well as a biaxial force and a
uniform temperature change. The thermo-electro-mechanical free vibration of piezoelectric nanoplates based on the
classical theory and nonlocal theory has been investigated by Liu et al. (2013). On the other hand, the thermo-electro-
mechanical vibration of the piezoelectric rectangular nanoplate under different boundary conditions formed by using
the nonlocal theory and the first-order shear deformation theory has been studied by Ke et al. (2015). Moreover, in the
last decade, the analysis of static and dynamics for plates and shells made of piezoelectric materials have led to increase
research attempts. In fact, the known theory for studying the mechanical behavior of rectangular plates is Kirchhoff
classical plate theory (CPT). Jandaghian et al. (2013, 2014) presented exact solutions for the transient bending of a circular
rectangular plate surface bounded by two piezoelectric layers by using CPT. Furthermore, Huang and Yu (2006) discussed
the piezoelectricity model under the effect of piezoelectric surface layers. Consequently, a piezoelectric material under
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potential has been studied. As for the sinusoidal shear deformation plate model, it is presented by Touratier (1991) in
the trigonometric higher-order shear deformation theory. The new theory is based on the kinematical way in which the
shear is formed by a certain sine function.

Functionally graded plates (FG) are at present developed for common use as structural elements in extremely high-
temperature gradient environments. Several researches have been conducted to analyze the mechanical or the thermal
behavior of FG shells, beam and plates (Reddy and Chin 1998; Loy et al. 1999; Noda 1999; Cheng and Batra 20003, b; Reddy
2000; Vel and Batra 2002; Qian and Batra 2004; Altenbach and Eremeyev 200843, b; Li et al. 2009; Ying et al. 2009; Birsan et al.
2012). Ootao and Tanigawa (2000) discussed the theoretical analysis of a three-dimensional transient piezo-thermo-elasticity
for an FG plate with assuming this plate has nonhomogeneous mechanical and thermal material properties in the thickness
direction. Lee and Saravanos (1997) verified a smart thermo-piezoelectric plate structures mechanics by using a generalized
discrete layer theory. Afterwards, Cho and Oh (2004) developed a zig-zag higher-order plate smart theory for the mechanical,
electric and thermal behaviors that are fully coupled. Tahani and Mirzababaee (2009) used layer-wise theories to analyze
methods displacements and stresses of FG plates in cylindrical bending under thermo-mechanical loadings. In addition, a
literature review of novel research works on FG plates was presented by Jha et al. (2013).

Since effects of transverse shear deformation are more cleared in thick plates or plates made of advanced composite
materials as FGs, shear deformation theories that calculate the effects of shear deformation are often used to predict
the responses of FG plates. The first-order shear deformation theory (FSDT) accounts for shear deformation effects, but
this theory assumption violates the equilibrium conditions at the top and bottom surfaces of the plate. This shear
deformation theory has been discussed by Mindlin (1957) and Reissner (1945). The higher-order shear deformation
theories (HSDT) of laminated plates discussed by Reddy (1984, 2000) account for the in-plane displacements between
layers through the thickness of the plate and satisfy the boundary conditions and equilibrium equations. The bending
analysis and free vibration properties of FG rectangular plates may be treated in the literature by using a simple two-
variable shear deformation theory that was investigated and presented by (Mechab et al. 2010; Zenkour and Sobhy 2015;
Bellifa et al. 2016). Based on this theory, Zhang and Zhou (2008) studied free vibration, buckling and deflection of the FG
thin plates. The dynamic response of initially stressed FG plates under transverse partially impulsive lateral distributed
loads, without or resting on an elastic foundation, has been studied by Yang and Shen (2001). A new FSDT has been
developed by Bellifa et al. (2016) to analyze bending and dynamic behaviors of FG rectangular plates.

The thermo-mechanical bending analysis of simply-supported FG plates resting on Winkler-Pasternak elastic
foundations has been discussed by Bouderba et al. (2013). A new refined trigonometric shear deformation theory
(RTSDT) has been developed. The trigonometric distribution of transverse shear deformation stress theory satisfies the
free transverse shear stress distribution through the top and bottom surfaces for FG plate without using the shear
deformation correction factors. This trigonometric higher-order deformation theory is developed to analyze bending and
dynamic behaviors of FG rectangular plates. The equations governing the axial stress and transverse shear deformations
of FG rectangular plates are studied by Bousahla et al. (2014). The bending response of FG plate that depend on elastic
foundation and subjected to hygro-thermo-mechanical effects has been presented by Zidi et al. (2014). Lately, a refined
trigonometric shear deformation theory (RTSDT) taking in consideration the effects of transverse shear deformation for
the thermo-elastic bending analysis of FG sandwich plates was proposed by Tounsi et al. (2013). Zenkour (2006) studied
the bending of an FG material plate for a simply-supported based on the sinusoidal shear deformation theory under a
transverse uniform load.

Piezoelectric and elastic structures have been developed. These structures are commonly applied in changing
thermal environment, most problems occur due to the changes in the material characteristic at the interfaces between
layers. Thus, the structures made of functionally graded piezoelectric material (FGP) are developed. The transient
bending analysis of circular FG plates incorporated with two uniformly sinusoidal distributed actuator layers made of
piezoelectric material by using the CPT is discussed by Jafari et al. (2014). Li et al. (2014) developed the bending analysis
and free vibration of FG piezoelectric beam model based on modified strain gradient and Timoshenko beam theories.
The governing equations of new FGP beam model have been solved for a simply-supported beam. Beni (2016) studied
the nonlinear formulation electromechanical bending, buckling, and free vibration analysis of FGP nanobeams by using
the consistent size-dependent theory. The nonlinear governing equations of the present FGP nanobeam are derived by
using Hamilton’s principle and applying Euler-Bernoulli model.

In this article, the present quasi-3D shear and normal deformations plate theory is used for hygro-thermo-
mechanical bending of FG piezoelectric plates. The effects of temperature field, moisture expansion, aspect ratio, electric
loading, side-to-thickness ratio and volume fraction distribution on the deflection, electric potential, normal and
transverse shear stresses of the FG piezoelectric plate are studied. Numerical analysis is presented to explain the validity
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and efficiency of the theory by comparing the obtained results with those computed using several other theories
available in the literature.

2 FORMULATION OF THE PROBLEM

2.1 Properties of FGP plate

This article presents a simply-supported rectangular plate of length a, width b and uniform thickness h made of FGP
material. The FGP plate is subjected to applied voltage V, at upper and lower surfaces, elevated temperature T (x, y, z)
as well as a moisture exposure C(x, y, z) and sinusoidally distributed transverse load q(x, y), as shown in Fig. 1. Material
properties of FGP plates are assumed to vary through thickness according to a power law distribution. Effective material
properties P(z) such as Young's modulus, moisture expansions and thermal expansions are supposed to vary
continuously in the depth direction according to a power-law. Suppose that the FGP plate is made by mixing two different
material phases, for instance, ceramic and metal, and are expressed as

P(2) = P + (B — Py) (24 %)k (1)

where P,, and P, are the properties of the metal and ceramic, respectively, and k denotes the non-negative gradient
index.

The material properties of the exponentially graded piezoelectric (EGP) plates are supposed to follow the
exponential law and is expressed as (Zenkour 2007):

P(z) = Poek(%%), k=In (i) , (2)

P

where P,, = P, is metal property and P, = Pye” is the ceramic one.

T)’
: -T
—=>X A
47614%41_))6

Figure 1: Coordinates and formulation of the FGP plate

2.2. Quasi-3D sinusoidal theory of FGP plates

According to the extended quasi-3D sinusoidal plate theory (Zenkour 2007), the displacement components and
electric potential of such theory are given as:

ow(xy) , 1 .
(6, 2) = u(x,y) — 2202 4 Lsin(E2)ps (v, ),

3
w(x,7,2) = v(x,y) — 2752 + Lsin(E2 0 (x,9), 3
u3 (x, y' Z) = W(x' y) + COS(fZ)l/J3 (x, }’).
®(x,z,t) = —cos(éz) p(x, t) + %Ve,f = %,

where u, v and w are the displacements of mid-plane along the axes x, y and z respectively, y;, ¥, denote rotational
displacement about y, x axes, respectively, 15 is additional displacement to show the inclusion of normal deformation,
and ¢(x,t) is the electric potential on the mid-plane. The displacement component w(x,y) of the current theory is
select based on the following assumptions: the axial in-plane and transverse displacements are partitioned into bending
wp, and shear wg, components as
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W(x'Y) = Wb(xvy) + Ws(x,Y), (4)

the bending component likes to that given by the CPT; while the shear component gives rise to the sinusoidal variations
of shear strains and hence to shear stresses through the thickness of the plate, in such a way that shear stresses are
vanish on the top and bottom surfaces of the plate.

Then, the displacement field can be obtained by using Eq. (3) in the form:

a ows
w(xy,2) = uxy) - 252 - f() 52,
a ow,
w(6,y,2) = v(xy) =25 = FD T, )

ug(x,y, Z) = Wb(xﬂy) + Ws(x:)’) + 9(2)1/)3(35'3’),
O(x,2,0) = —g@Dd(x,0) + 2V,

where f(z) =z —%sin(fz) and g(z) =1 — f'(z) = cos(éz). Based on Eq. (5), the number of unknown functions is

only six. The linear strains with the displacements in Eq. (5) are

g =€) —zeh — f(D)ed, i=12,
Yiz = Viz + 2vis + f(2DvEs, (6)
€33 = g'(z)€§3, Yis = g(Z)ViO3:

where

ou 1 _ 0%wyp 2 _ 0%ws 0o _ v 1 _ 0%wy

ax’ = ax2’ &1 = ox2’ €22 = oy’ &2 = ay? "’
2 2
Z_BWS 0 _ o_au v 1__Bwb
& = 9y2 &3=Y3 V2= 2y + e Yiz2 = Z_axay: (7)

2 _ 90w o _Ows  0¥s o _ dws  9Y;
Y12 oxdy’ Y23 ay oy’ Y13 ax ox °

0 _
&1 =

Coupled elastic and electrical field equations due to (Tiersten 1969) are given as

Oij = Ciji€kt — €kijEr
_ (8)
D; = eij€r + MirE
where 0;;, D;, & and E; are the stress tensors, electric displacement vector, strain and electric field components,
respectively; ¢;jx;, exij and py, are elastic, piezoelectric and dielectric coefficients, respectively.
The fourth-order stiffness tensor ¢;j,; may be written as a tensor of second order (as symmetric matrix cyp) with
11-1; 22—2; 33-3; 23, 32—4; 13, 31-5; and 12, 21-6. The corresponding stress-strain relations accounting for
piezoelectric and thermal effects can be written as:

011 C11 C12 C13 0 €11 — a(Z)AT - ﬁ(Z)AC 0 0 €31 El
O2( _|C12 €22 €3 O €22 — a(2)AT — B(2)AC _ 10 0 e3 E (9a)
033 €13 C3 C33 0 [)e33 —a(2)AT — B(z)AC 0 0 es EZ ’
o) Lo 0 0 celly, —a@ar—pwac) o o 0ol
E
0373 _ Cyaq 0 V23 _ 0 €24 0] 1
{013} B [ 0 055] {}’13} [615 0 0 gz ’ (9b)
3
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D,
D,

The non-zero components of electric field (E;, E,, E3) are defined as:

(€11 — a(2)AT — ,B(Z)AC\
| €22 — a(2)AT — B(2)AC |
&35 — a(2)AT — B(2)AC } n
| Y23 |
)4
kylz — a(z)A173‘ — ﬁ(Z)ACJ

t1 0 0
0 pp O
0 0 w33

0 0 0 ey 00

0 0 0 0 e Ol
e3; e3; €3 0 0 0

E,
E;

p (2 @2 )
{EZ} = —43—?& = 4 cos(fz)% ¥
E; lon]l | _ s |

\5) \=¢&sin€2) ¢ -2V,

The generalized temperature field variation and moisture exposure through the FGP plate is assumed as

{T(x, z Z)} _ {Tl(x, y)} + g{Tz(x, y)} L@ {Tg(x, y)}‘

C(x,}’:Z) B Cl(xﬂy) h Cz(x:)’) h Cs(x,)’)

where T; and C; are the thermal and moisture loads.

3 EQUILIBRIUM EQUATIONS AND BOUNDARY CONDITIONS

3.1. General formulations

The principle of virtual work is stated as
h/2
f f (0110€11 + 022065, + 0338633 + 0230Y23 + 013613 + 0120Y12)dz AN
2 J-ns2

h
-1, f_’{/zz(leSEl + Do6E, + D38E5)dzdR — [ q(wy +ws + g(h/2)1h5)d = 0,

(9¢)

(10)

(11)

(12)

where q is the sinusoidally distributed load of the plate. Substituting Egs. (6), (7) and (10) into Eq. (12) gives the

equilibrium equations in the form

L ONyy | 9Ny . 0Ny | 0Ny,

Su: P + y 0, ov: " + 3y 0,
9%2Myq 02My, | 92My, _
Owp: dx2 0x0y dy? +q=0,
9%Py, 0%Py; | 0%Pyp | 0Q; | 3Q; _
Sws: 0x2 dxdy dy? ox + oy +q=0,

00, . 80
511’3:6_;"‘6_;_1\’33 =0,

h/2 aD aD ,
5¢: 'y, (9 52+ 9D T2+ g'(2)Ds) dz,

where the resultant components are defined as
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h/2 ..
{Nij!Ml'ijij} = f—r{/z O'ij{l,Z,f(Z)}dZ,l,] = 1,2,

h / .
{Qi N33} = [ ;{/22 {9(2)013,9'(2)033}dz, i = 1,2,

(14)

in which N;; and M;; are the stress resultants and stress couples, P;; are additional higher-order stress couples given
according to f(z), and Q; and N33 are the transverse and normal shear stress resultants.
Also, the boundary conditions may be expressed as

ou: N117’l1 + N]_an =0 ) ov: N12n1 + sznz =0 y

d d d d 3
8w, ( LEE Mlz)n1 n ( Mip Mzz)n2 +5[(M22 — My )nn, + Mi,(n2 —n3)] =0,

ox ay dx ay
0 d d d
Sw: (Q1 +22 g ;;Z)nl + (Q2 +22 g aL;z) n,
2
+§[(P22 — Py)nyn, + Pi,(nf —n3)] =0, (15)

asw
83 Qny + anz.a—mbi My nf 4+ Myyn3 + 2Mynyn, = 0,

_m: Plln% + Pzzn% + 2P12n1n2 = 0,

h
5¢: f_;{/zz(Dﬂh + D,n,) g(z)dz = 0,

where
o _a., 0., 0 _o., Lo
ar ay Y ax'2 am oax 1 ' gy %

According to Eq. (14), the expressions of resultant components are given by

TC p
Niy A1 A Biy Bz By By, Eiz) {ggl} {NlTlc N Nlpl}
{sz} A, Ay By, By Bfy By, Eps €22 Nz + Np
My, Byy Bi; Dy Dy Dy Dfy Hiys {5%1} {erlc + Mf1}
4 {Mzz} b =[Biz By, Diz Dy Dfy D§y  Hy({led)p—< (MIS+MD,) 0, (16a)
{Pll} By Bf; Dfy Dy Fu  Fi Hiz||(e} PIf + PR
Paz BY; B3, Diy Dj; Fi; F Hi {5222} {pTC + pp}
« Nss [E13 Eps Hyz Hyz His Hpz  Lis L &0 2TZ(: 225
&33 J \ N33 + N,
N1z Ass Bes Bés| (112 Niy
{Mlz =|Bss Des Dos|{viz ( —{Mis v (16b)
Pi; Bgs Dgs Fee Yh PlTZC

G- 15 GG

where the stiffness parameters are expressed as
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h/2 .o
{Al]lBl]JBZIDl]JDSI l.]} f }{/2 Cij{l Z, f ZZ fZ fz}dz (’- ] = 1:2);
{El3'Hl3lHa3} = —h/2 613{9 9'zg f}dZ (i=12),

h/2 h/2
A?i = f h/2 C”gde, (l = 4'5)1 L33 = f

2
~h/2 c339'"dz.

Also, the resultant components, due to hygro-thermal loadings, are given by:

(N, MEC,PiCY = f M2 (1 + cia + i) (@@AT + BACH L, 7, f (D)}dz,i = 1,2,

h/2
NI IS, PISY = [1)7 oo (@(@)AT + B(D)AC)(1L, 2, f (2)}dz,
{N33} = f h/z(C13 + c23 + ¢33) (a(2)AT + B(2)AC0)g' (2)dz,
{Di} = f h/2(331 + ez + e33)((2)AT + B(2)A0) g’ (z)dz.

Finally, the electrical moments and stress resultants are given by

(NP, ME, PP} = fh}{/zz es;E3{1,z f(2)}dz,i = 1,2,

i’ wou

N§]3 h/z 0 0 633 E1
Q2 = f—h/z 0 624 0 E2 dZ.
Ql €15 0 0 E3

Finally, substituting Egs. (9) and (16) into Eq. (13) gives the governing equations as

a3 Wb 3wy a 03ws

dx0y? T P11 s

A11 9x2 + A66 ay? + (452 + A66) B11 — (B13 + 2B¢g)

23wy

—(Bf2 + 2B66) 5.5,

s o
+E13 : +1‘T§1a__f1,

63wb
x20y

63wb

Aee I -+ Azz 9y -+ (A + Aee) axay 22753

— (B12 + 2Bge)

Pwy PE ws sz o
—B3— s (Bf, + 2B66) ‘|‘ By S+ AL 9y = f2
a3u a3v o*w o*w,
Bll ax3 5+ (B1z + 2B6e) (axay axzay) BZZ ay —Du ax4b 22 ay4b
a*wy, 9*wg 04 *ws 9*wy
—2(D1z + 2D¢6) 5 55 5 9x20y% 115 ~ D2 5w oyt 2(Diy + 2Dge) 5 555 9x20y?

61/)3 61!)3

+Azpa¢ zpa¢ = f,,

+H13 31 gy2 31 dy2

3 3 4 4
B¢ a“+(Blz+zB66)(a” +-20 )+ B 2 — pyy 2 — pg, S

11 9x3 axay axzay 22 ay3 11 dx4 22 ay4-
a*wy, 64ws 9*wg
—2(Df, + 2D66) axzoy: M1 F22 oy —2(Fi2 + 2Fg6) 5775 Ix20y?

a 9w
55 gx2

a 9°ws

+4 +A44az+(H13+A5)aw3+(H23+A4)aw3
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(19a)

(19b)

(20a)

(20b)

(20c)
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i f %2¢  p 0%¢ i ¢ _
+A31 ax? 2+ Azt 3152 A24a_yz —Aisga = fa (20d)
92 92 9%wy 9%ws
_E13 I E23 3y =+ Hyg a;:;b +Hys 55 Wb + (Hiz + A 5) - >+ (Hiz +A 4) -
%y a2y 2¢ GRS
+A3s 6x23 + Ai}ﬁ — Lasps — Ay, —5 9y AV — oz = Jo (20e)

—paws —pad)3 pad) —paws o 0% —p62¢ o (0u , v
Ay A1saz Dllaz A24-az A24-az D11az+A31 a"’@

—ap (92 FE 9%w — —

A% (S Ty — ALY (T4 5) + By — Ly — FEEV, = £, (20f)

where
AZP p/p h/2 .

{A31' 31 A3 } fh/2331{1'Z:f(Z)}551n(fZ)dZ, (21a)
fh/z e;j cos?(¢z) dz, (21b)

- h

Df1 = f_;{/zz f11 cos*(¢z) dz, (21¢)

h/2 . 2, .
(A2, 2} = [0 {11182 sin? (§2), w1 7€ sin(§2) } dz. (21d)

Also, the force components f; are given by

fi= aNTE N INTS £ = ONTS n aNTS

17 oax oy ’ 27 ax ay ’

3= 74 dx? oxdy ay? ’
a2pIt¢ a2pI¢  92pIf

f4 =—-q + 0x2 +2 dxdy + ayz 4 f5 = N?Z"3C' f6 = D;‘C

4 CLOSED-FORM SOLUTION

We assume that the EGP or FGP rectangular plate is simply-supported with its four edges, therefore, the boundary
conditions of the plates are assumed to be

u(x,0) = ulx,b) =v(0,y) =v(a,y) =0,
u(x,0) = ulx,b) =v(0,y) =v(a,y) =0,

Wb(xl 0) = Wb(xlb) = Wb(O,}’) = Wb(a,Y) = 01

ws(x, 0) = wy(x, b) = wy(0,y) = wy(a,y) = 0, (23)

1/)3(x10) = 1/)3(x,b) = 1/)3(0'3/) = 1/)3(a,y) = 0.

So, the complete solution to the governing equations is expressed as
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u U cos(Ax) sin(uy)
{ v } = V sin(Ax) cos(uy) , (24)
[wy, w, P13, @] Wy, W,, Z, Y] sin(ax) sin(By)

whereA =mn/a,u =mn/b,and U, V, Wy, W, Z and Y are the unknown Fourier expansion coefficients. Since a sinusoidally
distributed load is applied on the upper surface of the plate, so the form of the distributed load as well as the transverse
hygrothermal T; and C; loads is given in the form

q(x,y) do
T;(x,y) ¢ = 7:i sin(Ax) sin(uy), (i = 1,2,3). (25)
Ci(x,y) i

Substituting Egs. (22), (23) into Eq. (19), one obtains the following operator equation:
[K1{a} = {F}, (26)

where {A} = {U,V, Wy, W,, Z, Y}, {F} = {F,, F,,F;, F,, Fs, F¢}* and the coefficients of the symmetric stiffness matrix
k;j = kj; are given by

ki1 = A1 A + Aget®, kaz = (Arr + Age) Aty
ki3 = —B11A° — (Byp + 2Bge)A?, kis = —Ey34,
kiy = _B1a1/13 —(Bfy + 236“6)/1.“2: ke = I‘TZM'
ka2 = A’ + Agopt? ka3 = —Boppt® — (Biz + 2Bge) %1,
kay = —BSu3 — (Bfy + 2B&) A2 1, kys = —Epzit ko = A4, A, (27)
K3z = D11A* + 2(D1p + 2Dge) A% u? + Dpapt*, ks = Hi3A? + Hazpi?,
ksq = DA% + 2(Dfy + 2DE)A2U? + DSyut kg = —A5 (A% + u?),
kas = (Hiz + AS)A + (HEs + AL)u? kss = ASsA® + AQuu® + Las,
kaq = Fi32* + 2(Fip + 2Fee) A2u? + Fypu* + ASsA? + AQuu?,
kag = ALs2? + Aup? — ALV (A2 + ),
kse = AYsA? + Ah,u? ke = DYy (A2 + u?) + Hi,
in which that components of the generalized force vector are given by
Fy, = A(AT, + BiT; + DiT5 + aiH, + biH; + diF5),
F, = u(A3T, + B3T; + D;T5 + ayH, + b3Hj + d3H3),
F3 = —qo + *(BiT, + G{T; + F{T; + b{H; + giH; + f{'H3)
+u?(B3Ty + G3T; + F3T5 + by Hy + g3 H + f7 H3), (28)

F, = —qo + A2(D;Ty + F;T; + ET; + d;H, + fi'H; + e;H3)
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+u?(D;Ty + F5Ty + E3T; + d3Hy + f5Hy + e H3),
Fs = L3T, + LsT; + LyTs + I3H, + [H; + [3H

Fg = HYV, + EPT, + E?PT; + ETPT; + éPH, + é?PH; + &/PH;,
where

* * * * * * h 2 .
{41, B, D{,G{, F , E{} = f_,/l/z(cu + a1,z f, 2%, 2f, f2}dz, (i = 1,2),

* * * * * * h .
{ai,bi,di. g{.f e} = f_,/l/zz(cu +c)B(2){1,2,f,2% zf, f?}dz, (i = 1,2),

{15, I3, T} = [ (c13 + e20)a(2)g’ (D11, 2, f)dz,

{155,53} = fh;{jz(cn + 23)B(2)g' (2){1, 2, f}dz, (29)

A A ~ h l
(EP,E72,E/P) = f—r{jz(eﬁ + e3, +e33)a(2)g' (2){1,z, f1dz,

Ap A A h ’
{ev,e7,e/7} = f_;{/zz(em +e3z +e33)(2)g' (2){1,2 f}dz,

* Ti IT* Hi .
Ti = ;, Hi = 7, (l = 2,3).

5 NUMERICAL RESULTS AND DISCUSSIONS

5.1. Dimensionless quantities

In this section, the numerical results for the effect of hygrothermal and mechanical loading on the EGP and FGP
plates by using quasi-3D sinusoidal plate theory are thoroughly discussed. The top surface of the plates is ceramic-rich
while the bottom surface of the plate is metal-rich. The elastic coefficients c;; for the present plate are given by

E(2) Cio = Cin = C =vE(z) = E(2)
1-v2’ 1z 13 23 7 g2’ U 21+v)’

C11 = Cpp = C33 = (i =4,5,6). (30)

Now, the EGP consisted of Aluminum/Alumina is considered. Young’s modulus for aluminum is 70 GPa while for
aluminais 380 GPa. Also, Poisson’s ratio for both equals 0.3 (Al Khateeb and Zenkour 2014). Also, the FGP plates consisted
of Titanium/Zirconia are considered. The material properties are given by (Zidi et al. 2014)

Metal (Titanium, Ti-6Al-4V):

E,=662GPa, v=03, a,=103x10"°C° g, = 0.33 wt%H,O. (31)

Ceramic (Zirconia, ZrO,):

E,=1170GPa, v=03, a,=711x10"6C°, f. = 0.0 wt%H,O0. (32)

The non-dimensional form of the deflection and stresses parameters of hygro-thermo-mechanical bending are
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_ 10?D — 10%e;5h h3E
w = 4 ) ¢ = 2 ¢’ = —v2)’
qoa qoa 12(1-v2)
_ h? = Ech? ,
gj; = — (i Di = Dl" L= 1,2,3, (33)
qoa €15qoa

_ h _ h Ve
O =—0C O3 = ——0. Vo =—.

12 = g %1 13 qoa 13 0~ hao

Table 1: Comparison of dimensionless deflection and stresses of EG square plates under sinusoidally load (k = 0, T; = C; = 0).

a/h =10
Methods — — — — —
w 011 022 012 033
Benyoucef et al. 2010 0.2960 1.9955 1.3121 0.7065 -
Thaiand Vo 2013 0.2960 1.9955 1.3121 0.7065 -
Al-Khateeb and Zenkour 2014 0.2936 2.0211 1.3240 0.6932 0.1489
Present 0.2933 2.1247 1.2905 0.6985 0.3623

To verify the accuracy and validity of the present technique, results of EGP and FGP plates are compared with the
solutions of several theories obtained by new hyperbolic shear deformation theory (HSDT) (Benyoucef et al. 2010),
sinusoidal shear deformation theory (SSDT) (Thai and Vo, 2013), a refined four-unknown plate theory RSPT (Al Khateeb
and Zenkour 2014) and Q-3D (Zenkour and Hafed 2019). Tables 1-5 show the comparison of dimensionless deflection
and stresses of Aluminum/Alumina EGP rectangular plate under sinusoidally load, while Table 6 illustrates the
comparison of dimensionless deflection and stresses of Titanium/Zirconia FGP rectangular plate under sinusoidally load.

5.2. Effect of gradient index

Some numerical examples for the simply-supported bending of FGP rectangular plate are provided based on quasi-
3D sinusoidal plate theories. The results of the EG plates given in Table 1 are the same as those of the solution of Al-
Khateeb and Zenkour (2014), as well as results of the EGP plates in other Tables 2-5. The dimensionless deflection w
decreases as k increases. The normal stresses ;; and d,, decrease as k decreases, while the transverse shear stress g,
increases. It is to be noted in Table 6 that the dimensionless deflection W decreases as k and a/h increase. The normal
stresses g;1 and 33 increase as a/h and k increase. If we neglect the hygrothermal effect in Table 6 we will get the same
results as those in Zenkour and Hafed (2019).

5.3. Hygro-thermal and piezoelectric effect

Some further results in Tables 2-5 for EGP plates demonstrate the effect of the external electric voltage V. They
are compensated by values as V, = —0.5, 0 and 0.5. The deflections w in Table 2 at a/h = 2 and V; = 0 are very closed
of the FGP plates, while in this case the values of deflections decrease as V,, and k increase. Tables 3 and 4 show that the
dimensionless normal stresses a1, 02, for FGP plates at a/h = 10 are smaller than the result corresponding ones for
FGP plates. In the all tables of FGP rectangular plates, the value of I/, = —0.5 gives the largest result deflections while
Vo = 0.5 gives the smallest ones. In Table 5, the change of the value of V, does not affect the behavior of shear stresses
013, also, the shear stresses 073 for FGP plates are the same as those for FGP plates. In Table 6, the dimensionless
deflection and normal stresses of FGP nonhomogeneous plates, the deflections w decrease as a/h increases while 7,4,
033 increase as a/h increases. The effect of the graded k demonstrates the deflections w and &, ; decrease as k increases
while g35 increases as k increases.

Table 2: The dimensionless deflection W of EGP plates (g, = 100, T, =T; = 0,C, = C; = 0, T, = 100, C, = 2).

a/b K a/h=2 a/h =10
FG Vo=-0.5 Vo=0 Vo=0.5 FG Vo=-0.5 Vo=0 Vo=0.5

1/3 0.5 1.1722 0.8264 0.5748 0.3232 0.7232 0.4290 0.4179 0.4068
1.0 0.9057 0.8301 0.4425 0.0550 0.5605 0.3432 0.3261 0.3090
1.5 0.6961 0.7824 0.3382 -0.1059 0.4333 0.2741 0.2545 0.2349
1/2 0.5 0.9701 0.6896 0.4680 0.2464 0.5733 0.3408 0.3309 0.3211
1.0 0.7493 0.7012 0.3599 0.0186 0.4443 0.2734 0.2582 0.2430
15 0.5758 0.6657 0.2745 -0.1167 0.3434 0.2189 0.2015 0.1841
1 0.5 0.4678 0.3417 0.2088 0.0758 0.2280 0.1369 0.1308 0.1247
1.0 0.3611 0.3644 0.1596 -0.0450 0.1766 0.1114 0.1020 0.9258
15 0.2771 0.3553 0.1207 -0.1138 0.1365 0.0904 0.7955 0.0687
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Table 3: The dimensionless normal stress ,, in EGP plates (g, = 100, T, =T; =0,C, = C; = 0, T, = 100, C, = 2).

a/h =2 a/h =10
a/b k
FG Vo=-0.5 Vo=0 Vo=0.5 FG Vy=-0.5 Vo=0 Vy=0.5
1/3 0.5 1.4383 1.4460 1.2670 1.0881 6.3022 5.7601 5.7241 5.6880
1.0 1.7085 1.7859 1.4639 1.1419 7.4271 6.6412 6.5766 6.5121
1.5 2.0216 2.2925 1.6861 1.0797 8.7298 7.6770 7.5562 7.4353
1/2 0.5 1.2189 1.4306 1.1001 0.7695 5.2003 4.9286 4.8619 4.7951
1.0 1.4490 1.7440 1.2723 0.8006 6.1262 5.6803 5.5848 5.4893
15 1.7156 2.2146 1.4666 0.7185 7.2006 6.5681 6.4170 6.2658
1 0.5 0.6841 1.4517 0.6695 -0.1127 2.5027 2.7786 2.6197 2.4608
1.0 0.8169 1.6922 0.7789 -0.1344 2.9439 3.1954 3.0072 2.8190
1.5 0.9699 2.0600 0.9010 -0.2579 3.4602 3.6981 3.4564 3.2147

Table 4: The dimensionless normal stress &,, in EGP plates (q, = 100, T, =T; =0,C, = C; =0, T, = 100, C, = 2).

a/h =2 a/h =10
a/b k
FG Vo=-0.5 Vo=0 Vo=0.5 FG Vo =-0.5 Vo=0 Vy=0.5
1/3 0.5 0.6986 2.2745 0.8808 -0.5129 2.6542 3.9477 3.6658 3.3839
1.0 0.8285 2.5440 1.0207 -0.5025 3.1040 4.5114 4.1991 3.8868
15 0.9803 2.9258 1.1809 -0.5639 3.6446 5.1901 4.8270 4.4639
1/2 0.5 0.7239 2.0841 0.8435 -0.3970 2.7683 3.7415 3.4904 3.2392
1.0 0.8599 2.3483 0.9782 -0.3919 3.2441 4.2819 4.0006 3.7193
15 1.0181 2.7285 1.1314 -0.4656 3.8103 4.9313 4.5986 4.2658
1 0.5 0.6841 1.4517 0.6695 -0.1127 2.5027 2.7786 2.6197 2.4608
1.0 0.8169 1.6922 0.7789 -0.1344 2.9439 3.1954 3.0072 2.8190
1.5 0.9699 2.0600 0.9010 -0.2579 3.4602 3.6981 3.4564 3.2147

Table 5: The dimensionless stress &, in EGP plates (g, = 100, T, =T; = 0,C, = C; = 0, T, = 100, C, = 2).

a/b K a/h=2 a/h =10
FG Vo=-0.5 Vo=0 Vy=0.5 FG Vo=-0.5 Vo=0 Vo=0.5

1/3 0.5 -0.2758 0.3112 -0.1438 -0.5989 0.7061 0.5113 0.4250 0.3387
1.0 -0.3266 0.2861 -0.1639 -0.6140 0.6502 0.4883 0.4051 0.3219
1.5 -0.3821 0.2426 -0.1839 -0.6104 0.5923 0.4593 0.3798 0.3002
1/2 0.5 -0.3272 0.4368 -0.1692 -0.7753 0.8362 0.6181 0.5030 0.3880
1.0 -0.3868 0.4061 -0.1921 -0.7905 0.7699 0.5904 0.4794 0.3685
1.5 -0.4502 0.3518 -0.2136 -0.7790 0.7013 0.5555 0.4494 0.3434
1 0.5 -0.2607 0.6234 -0.1304 -0.8844 0.6504 0.5339 0.3901 0.2462
1.0 -0.3068 0.5924 -0.1462 -0.8850 0.5990 0.5107 0.3720 0.2332
15 -0.3524 0.5317 -0.1575 -0.8469 0.5454 0.4814 0.3487 0.2160

Table 6: The dimensionless deflection of and stresses in FGP plates (g, = 100, T, = T3 =0,(; = C3 =0,T, = 100, C, = 2,V, = —0.5).

k a/h=5 a/h =10 a/h =20
w 011 033 w 011 033 w 011 033
ceramic 0.18344 0.8776 -3.6692 0.16789 2.1380 -1.9652 0.16387 4.4688 -1.2452
1 0.20830 0.9301 -3.7520 0.21143 2.4227 -2.2562 0.21234 5.1285 -1.8898
2 0.21498 1.0374 -3.8338 0.22347 2.5620 -2.3813 0.22571 5.3700 -2.1220
3 0.22318 1.1308 -3.9006 0.23025 2.6654 -2.4664 0.23212 5.5335 -2.2664
4 0.23103 1.2091 -3.9570 0.23547 2.7509 -2.5347 0.23658 5.6680 -2.3800
5 0.23808 1.2748 -4.0044 0.23989 2.8245 -2.5931 0.24034 5.7880 -2.4788
6 0.24428 1.3303 -4.0440 0.24375 2.8895 -2.6420 0.24357 5.8935 -2.5648
7 0.24967 1.3782 -4.0758 0.24713 2.9461 -2.6857 0.24639 5.9865 -2.6384
8 0.25369 1.4187 -4.0944 0.24999 2.9942 -2.7173 0.24890 6.0685 -2.7009
9 0.22865 1.4183 -3.6682 0.24542 3.0230 -2.5193 0.24942 6.1320 -2.6432
metal 0.34951 0.8495 -3.6552 0.30302 2.1237 -1.9589 0.29119 4.4614 -1.2422
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Figure 3: Dimensionless normal stress G33(0.5,0.5,0.5) vs the side-to-thickness ratio a/h in the FGP plate (a/b = 2, V, = 1).
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Figure 4: Dimensionless normal stress d;,(0.5,0.5,0.5) vs the side-to-thickness ratio a/h of FGP (a/b = 2, V, = 1).

Figure 2 illustrates the change of normalized transverse deflection w with the thickness ratio a/h of the FGP plate
when a/b = 2 and V; = 1. The dimensionless deflection increases as a/h increases and k decreases. The metallic plate
gives the highest deflection. Figures 3 and 4 illustrate the change of normalized normal stresses d;; and g3 with the
thickness ratio a/h in the FGP plate when a/b = 2, V; = 1. Both stresses increase as a/h and k increase. The metallic
plate gives the smallest normal stresses. Figure 5 shows the change of electric displacement D5 vs the thickness ratio
a/h of the FGP rectangular plate. The electric displacement increases as a/h increases for homogeneous metallic plate
while the electric displacement FGP rectangular plates decreases as a/h increases. Also, D5 decreases as k increases.
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Figure 5: Dimensionless electric displacement D5(0.5,0.5,0) vs the side-to-thickness ratio a/h of FGP plate (a/b = 2, V, = 1).
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Figure 6: Dimensionless normal stress d;,(0.5,0.5, Z) through the thickness in the FGP plate (a/b = 2, V, = 1, a/h = 10).

Figures 6 and 7 illustrate the through the thickness distributions of the longitudinal and transverse normal stresses
011 and o33 in the FGP plate. The longitudinal normal stress 07, is tensile at the top surface and compressive at the
bottom surface of the FGP plate. The longitudinal normal stress G, increases as k decreases in the region —0.25 <z <
0.3 and vice versa outside this region. However, the transverse normal stress d35 is always tensile through the thickness
of the FGP plate. Also, the transverse normal stress d;3 increases as k decreases in the region —0.22 < z < 0.26 and
vice versa outside this region.

Figure 8 shows the change of normalized transverse deflection w through the thickness of the FGP plate. The
dimensionless deflection w may be independent of the thickness of the FGP plate. The metallic plate gives the highest
deflection. Otherwise, the deflection decreases as k increases. Figure 9 illustrates the through the thickness distributions
of the tangential shear stress d;, of the FGP plate. The tangential shear stress g, is tensile at the bottom surface and
compressive at the top surface of the FGP plate. The tangential shear stress &;, increases as k increases in the region
—0.28 < Z < 0.34 and vice versa outside this region.
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Figure 7: Dimensionless normal stress d33(0.5,0.5, Z) through the thickness in the FGP plate (a/b = 2,V, =1, a/h = 10).
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Figure 8: Dimensionless transverse deflection w(0.5,0.5, 2) through the thickness of the FGP plate (a/b = 2,V, = 1, a/h = 10).

In what follows, we will discuss the effect of the transverse hygrothermal parameters T, C_’3 and the external electric
voltage V, on the bending response of FGP plates. Figures 10-17 are studied based on the following five cases:
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Figure 9: Dimensionless shear stress 7;,(0,0.5, 2) through the thickness in the FGP plate (a/b = 2,V, = 1, a/h = 10).
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Figure 10: Dimensionless transverse deflection w(0.5,0.5,0) vs the side-to-thickness ratio a/h of the FGP plate (a/b = 2, k = 1).

case I: T; = —100,C5 = 2, V, = 10,
casell:T; = =50, C3 = 10, V, = 20,
case I11: Ty = 50,C5 = 50, V, = 30,
case IV:T; = 100,C; = 100,V, = 40,
caseV:T; = 150, C;3 = 150, V, = 50.

(31)

Figures 10-13 establish the change of W, ¢, 5;; and D5, respectively, with the thickness ratio a/h for different values
of T3, C5 and V. The dimensionless deflection W, electric potential ¢ and longitudinal normal stress &, are increasing
with the increase in T3, C3 and V, while the dimensionless electric displacement D; is decreasing. The dimensionless
deflection w and electric displacement D5 are directly increasing with the increase in the side-to-thickness ratio a/h.
However, the electric potential ¢ and longitudinal normal stress ;; are no longer decreasing as a/h and they are
increasing again to get their maximum values for higher values of a/h.
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Figure 12: Dimensionless normal stress d,,(0.5,0.5,0.5) vs the side-to-thickness ratio a/h of the FGP plate (a/b = 2, k = 1).
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Figure 14 illustrates that the electric potential (]3 is tensile in the upper-half plane and compressive in the lower-half
plane of the FGP plate. The dimensionless electric potential ¢ is increasing with the increase in T3, C3 and V, in the upper-
half plane and is decreasing in the lower-half plane of the FGP plate. In Figure 15, the electric displacement D5 increases
as T3, C3 and V, increases. For case |, D; may be independent of the thickness of the FGP plate. However, for other cases
D5 gets its maximum value at the bottom surface of the FGP plate and its minimum value at the top one.
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Figure 13: Dimensionless of electric displacement D5(0.5,0.5,0) vs the side-to-thickness ratio a/h of the FGP plate (a/b = 2, k = 1).
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Figure 14: Dimensionless electric potential ¢(0.5,0.5, Z) through the thickness of the FGP plate (a/b = 2, a/h = 10, k = 1).

Figure 16 shows that the longitudinal normal stress &, increases as T3, C3 and V,, decrease. The longitudinal normal
stress ;4 is tensile near the top surface for cases | and Il and compressive for other cases through-the-thickness the FGP
plate. Figure 17 shows that the transverse normal stress g3 is tensile through-the-thickness of FGP plate and it increases
as T3, C3 and V, increase. It is noticed that &35 has a little dependency on the thickness of the FGP plate.

6 CONCLUSIONS

This paper presents analytical solutions for bending of FGP rectangular plates subjected to moisture and thermal
loads. The equilibrium equations based on the principle of virtual work, and the analytical closed-form solutions of
simply-supported FGP plates are obtained by using Navier’'s method. The solutions are derived by using a quasi-3D
sinusoidal shear and normal deformations theory. The number of primary variables in the present theory is six.

Latin American Journal of Solids and Structures, 2019, 16(7), e218 17/21



Hygro-thermo-mechanical bending of FG piezoelectric plates using quasi-3D shear and normal Ashraf M. Zenkour et al.

deformations theory

Case IV

Case 111 CaseV

Case I

-03{Casel

2 3 4 7

5 _6
D,
Figure 15: Dimensionless electric displacement D5(0.5,0.5, 2) through the thickness of the FGP plate (a/b = 2, a/h = 10, k = 1).

054
04 — Casel
03] Case Il
—— Case Il
029 —-— CaselV
o1 —-CaseV
Z o
01 /_f‘/
/ .
-02 ’
/_/' /
-03 S f
S v
04 P
//' /
0sl” o
212 -1 -08 -05_-04 -02 00 02

011

Figure 16: Dimensionless normal stress d;4(0.5,0.5, Z) through the thickness in the FGP plate (a/b = 2, a/h = 10, k = 1).

The theory satisfies the boundary conditions on the surfaces of the FGP plate without employing shear correction
factors. The present FGP plate is subjected to mechanical, thermal, moisture and electric voltage loadings in its top
surface. Non-dimensional displacements and stresses are computed for FGP plates with mixture materials. The responses
of stress and displacement of the FGP rectangular plate are analyzed under hygro-thermo-mechanical sinusoidal
loadings. Material properties are supposed to be dependent on the moisture and temperature effects, which constantly
vary through the thickness of the FGP plate. The dependency of the deflection, stresses, electric potential and electric
displacement of the FGP plate on different parameters is discussed. It is concluded that the gradients in material
properties and the inclusion of other parameters have important roles to play in locating the response of the FGP plate.
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Figure 17: Dimensionless normal stress 55(0.5,0.5, Z) through the thickness of the FGP plate (a/b = 2, a/h = 10, k = 1)
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