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Abstract

This paper presents a computational strategy for shape change of tensegrity models to achieve the
prescribed target coordinates of a set of monitored nodes via forced elongation of cables. Mathematical
formulation for incremental equilibrium equations of a tensegrity model during the shape change analysis is
derived and presented. An optimization approach in determining forced elongation of cables using
sequential quadratic programming with defined inequality constraints is formulated and presented. Four
tensegrity models namely the simplex, quadruplex, two-stage tensegrity model and tapered three-stage
tensegrity model are tested using the proposed shape change algorithm. Capability of tensegrity models to
undergo bending, axial, twisting deformation and combinations of these deformations is also described.

Keywords
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1 INTRODUCTION

There has been a growing interest in the shape change of tensegrities since 1990s. Tensegrities can be folded or
unfolded through changes in their member lengths. Features such as simple joints (i.e. pinned jointed) and controllable
cables (through actuators and sensors installed in cables) in a tensegrity are advantageous for the structure to undergo
shape change. Stability of tensegrity is maintained through the introduction of self-equilibrated force mode. Due to the
nature of interaction of only compression and tension forces through strut and cable members to maintain stability,
there is potential for tensegrity to convert any local pressure into global deformation and subsequently seek another
balanced configuration in tensegrity. This feature makes tensegrity a suitable system to be considered for shape
change studies.
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Shape change of tensegrities have been studied and applied especially for the design of deployable structures and
robots. Specifically, the use of tensegrities as deployable structures has been proposed for space applications (Fazli and
Abedian, 2011, Dalilsafaei et al., 2012), deployable beams (Averseng et al., 2012), deployable support for solar energy
harvesting on water canals (Carpentieri et al., 2017), deployable footbridge (Rhode-Barbarigos et al., 2012, Veuve et al.,
2016), composite solar facades and wind generators (Cimmino et al., 2017), and compressive structures (Skelton and
Oliveira, 2010). Furuya (1992) was probably the first researcher to use tensegrity as a deployable structure even though
the investigation was at the conceptual level. A proper deployment procedure of tensegrities begun with the concept
of cable control by Sultan and Skelton (1998, 2003). An optimization method to determine the reference trajectory for
the deployment of a tensegrity model was developed by van de Wijdeven and de Jager (2005). The deployment control
of tensegrity with minimal energy was investigated numerically by Li, et al. (2011). On the other hand, tensegrity-based
robots have been suggested as co-robots (Kim et al., 2014), locomotors (Du et al., 2016) and manipulators (Moored et
al.,, 2011). Recent studies on tensegrity robots mainly focused on the design, control strategies and gaits production
(i.e. forward, crawling and rolling) of the robots (Kim et al., 2014, Moored et al., 2011). An idea of using tensegrities as
inspection robotic tools to handle difficult environments in construction industry has been a motivation to the study
(Figure 1) (Oh et al., 2012). However, the numerical formulation for simulating the shape change for the tensegrities
was not shown.

Generally, shape change strategies of the tensegrities have been classified as passive and active deployment
schemes (Tur and Juan, 2009). The former utilizes the external forces whereas the later actuates the length of the
elements to allow for shape change in tensegrities. Most of the studies employed active deployment strategy in
achieving shape change of tensegrities. For instance, Zhang et al. proposed a cable-controlled reconfiguration
procedure to change an initial configuration of prismatic tensegrity to a new symmetrical configuration (Zhang et al.,
2014). Equal length adjustments in a shortening manner were applied to the defined additional cables for the
reconfiguration of tensegrities. Caluwaerts and Carbajal presented optimization methods for reconfiguration of the
tensegrities via tuning of stored energy and stiffness (Caluwaerts and Carbajal, 2015). An example of a 6-bar tensegrity
to move from an initial shape to the target shape was achieved through active cables with the alteration of stored
elastic energy. Veuve et al. investigated a control methodology to connect two half bridges through the changes of
cable length (Veuve et al., 2016). The deployment of the footbridges was solved based on the distance between a pair
of nodal coordinates of two mid-span connectors. Most of these deployment strategies modified the stored energy and
stiffness for the shape change of tensegrities. In this study, the capability of tensegrity to achieve a target position
defined by the target coordinates of selected joints through advancement of the shape from the original until the final
position is examined (Figure 2).

This paper presents an incremental analysis procedure for shape change of tensegrities. In this paper, the shape
change of a tensegrity is used to describe a process of achieving a prescribed target position defined by coordinates of
a given set of target joints of the tensegrity. The aims of this paper are twofold: (i) to propose a method for shape
change analysis of tensegrities and (ii) to demonstrate the shape change capability of tensegrity through the
investigation of the deformed configurations. The shape change process of tensegrity is realized through forced
elongation of cables. An optimization procedure to determine the forced elongation of cables in each incremental step
is presented. A total of four tensegrity models (i.e. simplex, quadruplex, two-stage and tapered three stage tensegrity
models) were used to verify the applicability of the proposed shape change algorithm.

This paper consists of five sections. Section 2 defines the terminology used in the shape change analysis, presents
the incremental equilibrium equations and the proposed optimization method used for shape change analysis. Section
3 describes the proposed method for shape change analysis. Section 4 discusses and evaluates the results of shape
change analysis using the proposed method in terms of convergence results and shape change configurations. Finally,
Section 5 presents the conclusions.
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Figure 1: Shape change applications of tensegrity.
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Figure 2: A tensegrity undergoing shape change from original to achieve final position.

2 SHAPE CHANGE OF TENSEGRITY MODELS

2.1 Terminology

The complete four states involved in shape change analysis in this study are - the initial state, deformed state,
shape change state and target state. Figure 3 illustrates these four states involving the example of a self-equilibrated
two-stage tensegrity tower. At initial state, the tower is in self-equilibrium and stands freely without constraints and
external forces. At deformed state, support condition in the form of pinned support is specified and the tower
experiences linear elastic deformation under self-weight loading condition. At shape change state, the tower
undergoes shape change by means of forced elongation of cables. Finally, at target state which is the final state at the
end of the shape change analysis, the monitored nodes reach the prescribed target coordinates. The computational
strategy proposed in this paper is specifically for the shape change state to achieve the target state.
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Figure 3: Four states in shape change analysis.

Consider an element k (k=1, 2, .., m; m = total number of elements) of a tensegrity model which connects node i
and j (i <) in a Cartesian coordinate system O-X Y Z as shown in Figure 4. The equilibrium configurations of element k
are evaluated at discrete step t = 0 (initial state), step t = 1 (deformed state), step t = i (shape change state, with i = 2,
.., N), step t = N (target state) where N is the total number of incremental step in shape change analysis. Nodal
coordinates at node i and j associated with element k at step 0, step 1, step i and step N are denoted as °x",'x;",x;","x;"
and %", ", /x,"xT, respectively, where left superscripts refer to the shape change state of element k. Also shown in

Figure 3 are elastic elongation u, length increment due to elastic elongation # and forced elongation I, of an element k
at the particular step as indicated in the left superscripts. Forced elongation is the allowable change in length apart
from elastic elongation of element k. For undeformed cable which is cable that is constrained at both ends (see

Figure 3), the forced elongation is null (i=0) since the length of the cable remains constant throughout the shape
change analysis.

As mentioned earlier, for the shape change analysis considered in this study, a number of nodes are chosen from
the unconstrained nodes of a tensegrity model to be assigned as monitored nodes. These monitored nodes are

required to reach a set of prescribed target coordinates X in certain directional modes. Figure 5 explains the
terminology of nodal coordinates of monitored nodes during the shape change analysis. Nodal coordinates of the

monitored nodes at previous and current step during shape change analysis are denoted as "'x’ and’x’, respectively.
Left superscripts t-1 and t which are also used in other expressions in this paper represents the previous and current
steps in the shape change analysis, respectively.
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Figure 4: Configurations of element k of tensegrity model during shape change analysis.
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Figure 5: Example on nodal coordinates of monitored nodes at previous and current step.

2.2 Incremental equilibrium equations

Equilibrium equation for tensegrity model could be derived based on the basic formulations of pin-jointed
structures. For a tensegrity model with m elements, n nodes, n. constraints and n, (3n - nc) unconstrained degree of
freedoms, the static equilibrium equation for the entire structure could be expressed as follows:

F =Bn (1)

where B is a n, x m matrix consisting of vector of directional cosines A of all elements in the tensegrity model with
respect to x, y, z axes, F is a vector of nodal forces with size n, and n is a vector of element axial forces with size m. In
the incremental analysis for shape change of tensegrity, we assume that the configurations at step 2, 3, ..., (t-1) have
already been determined. At the beginning of incremental step t, the vector of directional cosine A for a particular
member of a tensegrity model could be represented as follows:

t-1 t-1
(T, -"x)
A 2

where /, u, x; and x; are length after forced elongation, elastic elongation, nodal coordinate at nodes i and j, respectively
which are taken specifically from the previous step t-1 which provides the initial geometrical inputs for the current step
of shape change. The compatibility condition for each member at arbitrary time is expressed as

l+u=\/(xj—x[)T(xj—xl.) (2b)

Differentiating Equation (2b) with respect to time t, one obtains

f .
. X
[1+[l/2:[_tlT tlT:l t.l (ZC)

X

where tl,tit,t)'c denote incremental forced elongation, incremental elastic elongation and incremental nodal
coordinates at step t. Nodal coordinates and axial force of element k at step t could be defined as

t t-1 t.
X= X+ X
(3)

-1 .
m=""n+"n

where ‘i is the incremental axial force at step t. We first derive the incremental nodal coordinate’x which
corresponds to the elastic elongation for an element k at shape change state.
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Assuming that the element is linear elastic with axial stiffness EA (where E is Young’s modulus and A is cross-

t

sectional area), known length 11 and elastic elongation 7y, differentiation of the constitutive relation as shown in

Equation (4a):

t

u
tn = EA(t_—llj (48)
will yield the following equation for incremental axial force:

‘. -1, 17
‘. u u'l

The set of incremental equilibrium equation for the entire structure could be obtained by differentiation of the
equilibrium equation as shown in Equation (1) as follows:

F='Bnt B s)

The incremental equation for each member could be expressed in matrix form as follows:

! g t 3 t
fil |4 ='21,.
CorEl ‘n+ n (6)
fj ‘2 ‘2
where the f;, f; are nodal force vectors at end i and j of the member. It is noted that the first and second terms on the

right hand side of Equation (6) correspond to geometrical stiffness and elastic stiffness, respectively.
Differentiation of Equation (2a) and then substitution of Equation (2c) into the resulting differentation will yield

t

ti:ﬁ[_(h_tltlT)(Q_tltlT)} t::i. (7)
J

where I3 is a 3 x 3 identity matrix. Substitution of Equation (7) into the first term on the right hand side of Equation (6)
yields

1 L ‘X,

o=k, (8)

y) X,

where 'ky is the 6 x 6 geometrical stiffness matrix which is defined as follows:
Fy | BT -

g_t_ll+t_1u _I:I3_t}.t}uT:| |:I3—tltlTj|

t

(9)

Considering Equation (4b), the second term on the right hand side of Equation (6) could be expressed as
—tﬂ. txi —t]. EA -1 .
{[ =tk b= e e [ (10)
A X; pi / /
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where k. is the 6 x 6 linear stiffness matrix which is given by the following expression:

EA t)»t;»T _t;»t;»T
ko== (11)
l _titiT IAIAT

t

By assembling all element contribution for the second term on the right side of Equation (10), the following
equation for the entire structure could be obtained:

_t}b t-1 . .
-y tE_—f;[Ht_—fl‘] 'i=—'B'C,"I (12)
]

member

where C; is a m x m matrix which could be further expressed as the summation of two m x m matrices 'C; and !C; as
follows:

t t t

C,='C,+'C,
_ElAl

Ifll

1

(13)

t—1
E A u
m*m m
t-1 -1
/ /
(- m m -

By assembling all element contribution for Equation (8) and the first term on the right side of Eg.(11) and then
considering Eq.(12), incremental equation (see Equation (5)) for the entire structure could be obtained as follows:

tF=thX-tBtCLtj
'K = Z (tk€+[kg) (14)

member

where 'K is the tangent stiffness matrix at the structure level. Since the tensegrity under feasible prestress is a stable

structure, the inverse of ‘K exists. Under constant-loading(tF =0), Equation (14) could be solved for incremental

nodal coordinates for the whole structure as follows:
‘x,='K''B'C 'l (15)

where ‘x; is the vector of incremental coordinates for the entire structure.
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Making use of Equation (15) and the corresponding form of Equation (2c) for the whole structure, we will first get:

te _Tpte ty _(Tptyg-1tpt ty
i="B'%;-'I=("B'’K"'B'C,-1,)'I (163)

Upon substitution of Equation (16a) into the corresponding form of Equation (4b) for the entire structure and
taking note of Equation (13), we will then arrive at the following equation for incremental axial force:

‘i="'D, i

tpTt 1t t (16b)
‘D,=('C,'B"'K""B-1,)'C,

2.3 Optimization of forced elongation

During shape change analysis, the advancement of the monitored nodes to approach the target coordinates is
achieved by minimizing the following objective function:

min f(x)="x'—)?| (17)

where xis prescribed target coordinates, and ‘x'=""x'+'x' is the current coordinates, for all the specified
monitored nodes at current step t during the shape change analysis.

The incremental nodal coordinates for the specified monitored nodes,’x’, are extracted from the incremental

nodal coordinates of all nodes in a tensegrity, ‘X , (see Equation (15)) by introducing matrix B; as follows:
txl — B] t).C (18)

where matrix B; consists of only value 1 or 0. It contains information about the prescribed target coordinates of the
monitored nodes. Size of matrix Bi is nNuig X ny, where nyg and n, denote number of target coordinates and number of
unconstrained degree of freedom, respectively.

By substituting Equation (15) into Equation (18), the following equation could be obtained:

txszz tl‘

B,=B,('K"'B'C,) (19)

where B; is a matrix of size ny,y X me where meris number of cables excluding the undeformed cables.

Sequential Quadratic Programming (SQP) method is employed to solve the nonlinear optimization problem as
shown in Equation (17). The nonlinear problem is later approximated quadratically to formulate the following quadratic
programming sub-problem:

=3[t (-5

which could be rewritten as follows:

(20)
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minf(x)=g" "l +l’iTH‘i

xeR" 2

subjectto A,'l > b,

where (21)
g=B"("x'-%)

H=B,"B,

I isa m¢ x1 vector of incremental forced elongation which corresponds to the optimization variable and H is a
positive-definite approximation of Hessian matrix of the Lagrangian function. Contents of matrix A; and vector b,
appearing in the inequality constraint equation are further explained below.

In this study, the SQP problem as represented by Equation (21) is subjected to inequality constraints,
corresponding to the limitation in allowable axial forces and forced elongation. The first constraint on axial forces could
be expressed as

t-1 ty t-1
n—"n<D,l<mn,—""'n (22)

t

-1 2 . . . . . . .
where n,, 'n, D, I, n,, are vectors of lower limit of axial force, axial force at previous step, incremental axial force (see

Equation (16)) and upper limit of axial force, respectively. For elastic material properties, the lower and upper axial
force limit for cables and struts could be defined as:

0<n.<c .4, (23a)
2
E I

I ——<n <o 4
L (23b)

where n., o. and A are axial forces, yield stress and cross sectional area for cable elements, respectively; ns, Es, s, Ls, Os
and A; are axial forces, Young modulus, moment of inertia, element current length, yield stress and cross sectional area
for strut elements, respectively. In this study, all strut elements have circular cross sectional area. As shown in Equation
(23), in addition to checking for yielding in cable elements, compressive forces of strut elements are checked against
Euler’s buckling load.

A limit of dy (with dy > 0) which is imposed on each variable forced elongation  is taken as the second constraint
which is expressed as

-d, <'lI<d, (24a)
or
e, <I'i<e, (24b)

for all m cables subjected to forced elongation where e is a m¢s x 1 of which the entries are all dg,
Imcs is @ mg x mer identity matrix and mgs is the number of cables excluding the undeformed cables. Negative and
positive values in d indicates shortening and lengthening of cable in tensegrity, respectively.

By using Equations (22) and (24), matrix Az and b, in Equation (21) could be written in matrix form as
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D2 nL _ t—ln
_D2 _(nU _ tfln)
Ay=9 - 3by= (25)
Imcf _dcl
_Im‘f _dcl

where A; is a (2m+2m¢) x mg matrix and b is a (2m+2m¢) x 1 vector.
It is noted SQP method determines '/ by solving the quadratic programming subproblem iteratively. Assuming

that the given approximation for actual solution mis applied to the subproblem at m iteration, the new iterate [ m#1
is obtained as follows:

5 m+l

gt =t 4 (26)

where ‘I is the solution to the subproblem. The iteration is repeated until the (tjm)mERn converges to the local

minimum, I *. The obtained converged ' is then used in each incremental step of shape change analysis to determine
the updated incremental nodal coordinates and incremental axial forces.

3 PROPOSED ALGORITHM FOR SHAPE CHANGE ANALYSIS

Figure 6 shows the proposed algorithm for shape change analysis of tensegrity. Algorithm 1 is the main algorithm
showing the computational strategies for shape change analysis of tensegrity model. Algorithm 2 is an independent
algorithm for searching the optimized forced elongation.

Algorithm 1 (Shape change analysis)

i. Step 1: Preparation of initial state information for tensegrity
Set t=0 for the initial state of analysis. At this step, the topology of the tensegrity is defined to satisfy being
statically and kinematically indeterminate. In addition, the existence of tensile self-stress in cables is necessary
for the tensegrity at the initial state before proceeding to the following stage. The axial forces at the initial self-
equilibrium state are determined from the homogenous equation Bn=0 in Equation (1). Basically, the linearly
independent self-equilirium mode is determined by using the generalized inverse method (Hangai and
Kawaguchi, 1991; Oh et al., 2016). Furthermore, a minimization procedure was used to determine a possible
combination of coefficients of linearly independent self-equilibrium modes subjected to proper constraints on
forces in cable and struts (Oh, 2017).

ii. Step 2: Preparation of deformed state information for tensegrity
Set t=1. In the deformed state, external loads and boundary conditions are applied to the tensegrity. In this
study, external load corresponding to the self-weight is applied to all nodes in the tensegrity. The three nodes
forming the triangular surface at the base are fixed. Upon loading, the nodal coordinates and axial forces of
the tensegrity is updated through Equation (3).

iii. Step 3: Specification of monitored nodes and target displacements
Set t=2 for the starting step of shape change state. Specification of monitored nodes and their target
coordinates is important for the optimization of forced elongation in Algorithm 2. In this study, three nodes at
the top of tensegrity are chosen as the monitored nodes. The corresponding target coordinates are discussed
later in Section 4.0.

iv. Step 4: Algorithm 2 (Optimization of cables forced elongation)
Algorithm 2 aims to determine the optimized forced elongation for cables. In Algorithm 2, SQP method is
employed in the optimization problem. The forced elongation for cable is determined by solving the quadratic
programming sub-problem subjected to inequality constraints as shown in Equation (21).
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v. Step 5: Preparation of shape change state information for tensegrity
Once the optimized forced elongation of cables is determined, the incremental nodal coordinates as shown in
Equation (15) and incremental axial forces as shown in Equation (16) are solved. This leads to the
determination of current axial forces and current nodal coordinates at step t=i in shape change state.

vi. Step 6: Calculation of objective function
Objective function as shown in Equation (17) is calculated.

vii. Step 7: Checking for satisfaction of termination criteria
Analysis in Algorithm 1 is checked against either of the following two termination criteria: the objective
function less than 0.1 or the maximum iteration greater than 10000. If either one of these criteria is satisfied,
Algorithm 1 is terminated; otherwise step t=i+1 is set and Algorithm 1 is repeated by determination of new set
of forced elongation using Algorithm 2 (see Figure 6).

set step =0 WV

Preparation of initial state information for tensegrity model (i.e determination of topology and initial axial forces)
set step =1 v

Preparation of deformed state information for tensegrity model (i.e application of loads and boundary conditions, solving
Equation (3) for current incremental nodal coordinates and Equation (5) for current incremental axial forces)
A4

Definition of monitored nodes and target displacements |

Algorithm 2: Optimization for forced elongation for cables

Formulation of Equation (13) | set step =i+1

2

| Solving optimal forced elongation for cable |

Preparation of shape change state information for tensegrity model
(i-e solving Equation (7) for current incremental nodal coordinates and Equation (8) for current incremental axial forces)

v

Calculation for objective function

Check for termination criteria (i) objective

function < 0.1 or (i1) Maximum iterations
No

Yes
set step =N Algorithm 1: Shape change analysis

Figure 6: Algorithm for shape change analysis.

4 NUMERICAL EXAMPLES

In this section, four models of tensegrities are used as numerical examples to illustrate the applicability of the
proposed approach for shape change analysis. All four tensegrities are assigned the same boundary and loading
conditions. They are different in terms of size, method of assembly and prestresses pattern.

4.1 Topology characterization

The proposed algorithm for shape change analysis is applied to the following four models of tensegrities: simplex,
quadruplex, two-stage tensegrity and tapered three-stage tensegrity models. Figure 7 shows the geometrical (i.e. nodal
coordinates and member connectivity) of the studied tensegrity models. The struts and cables of tensegrity models are
denoted using circular tubes and lines, respectively.
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Figure 7: Tensegrity models (a) simplex, (b) quadruplex, (c) two-stage and (d) tapered three-stage. (n.t.s)

The first model is a simplex (Figure 7a) of three struts and nine cables with a relative twist angle of 30° between
the upper and lower triangular surfaces. The second model, a quadruplex (Figure 7b) is generated based on an
individually reinforced quadruplex unit of a clustered tensegrity structure investigated by Ali et al. (2011). The
qguadruplex consists of four struts and sixteen cables. The third model is a two-stage tensegrity model (Figure 7c) which
is slightly modified from the topology examined by Pinaud (2005) by adding three reinforcing cables. The model
composes of six struts and twenty seven cables. The forth model, a tapered tensegrity model (Figure 7d) with aspect
ratio (width/height) of 1:3.3 is modeled with the base width and top width measuring 300mm and 100mm,
respectively. The overall model consists of a stack of three independent simplex units with nominal height of 450mm
each. The upper unit sinks into the lower unit with constant sink depth of 180mm. Besides, the upper and lower
equilateral triangular surfaces of each simplex unit are twisted with relative angle of 25°. The triangular sides are
300mm and 100mm at the base and top of the model, respectively whereas the triangular sides for those intermediate
triangles between the base and top of the tapered tensegrity model are scaled proportional to the ratio of the height of
the triangle to the total height of the model. The overall model consists of nine struts and forty two cables.

As mentioned earlier, all tensegrity models are subjected to only selfweight, and all displacements of the nodes at the
base are constrained. Table 1-3 are material properties, member connectivity, and nodal coordinates for all the models.

Table 1: Material Properties.

Elastic Modulus, E Yield Stress, o Density, y Strut Cross sectional Cable Cross sectional
(MPa) (MPa) (kg/mm3) Area, A; (mm?) Area, Ac (mm3)
Simplex 200 000 250 7.85 x 106 530.90 50.27
Quadruplex 201.00 52.60
Two-stage 50.27 0.79
Tapered three-stage 113.10 19.63

Table 2: Member connectivity.

Members Simplex Quadruplex Two-stage Tapered three-stage
1 18 35 *1,4,1 1,81 2,7,2 1,71 7,5,2 1,6,1 5,9,2 8,11,2
2 19 36 2,51 2,61 3,6,2 2,81 3,7,2 24,1 9,6,2 9,12,2
3 20 37 3,6,1 3,71 4,8,2 3,91 29,2 3,51 6,7,2 7,13,2
4 21 38 4,5,2 4,51 4,10,1 1,8,2 7,12,1 7,4,2 8,14,2
5 22 39 5,6,2 1,3,2 511,1 3,42 8,10,1 10,14,2 9,15,2
6 23 40 6,4,2 3,4,2 6,12,1 2,6,2 9,11,1 14,11,2 4,10,2
7 24 41 1,2,2 4,2,2 1,2,2 1,5,2 13,18,1 11,15,2 5,11,2
8 25 42 2,3,2 2,1,2 2,3,2 10,5,2 14,16,1 15,12,2 6,12,2
9 26 43 3,1,2 5,6,2 3,1,2 11,6,2 15,17,1 12,13,2 13,16,2
10 27 44 15,2 6,8,2 10,11,2 12,4,2 1,2,2 13,10,2 14,17,2
11 28 45 2,6,2 8,7,2 11,12,2 10,7,2 2,32 1,4,2 15,18,2
12 29 46 3,42 7,52 12,10,2 11,8,2 3,1,2 2,52 10,16,2
13 30 47 1,6,2 5,8,2 12,9,2 16,17,2 3,6,2 11,17,2
14 31 48 3,8,2 8,6,2 1,6,2 17,18,2 1,7,2 12,18,2
15 32 49 4,7,2 6,9,2 2,4,2 18,16,2 2,8,2 1,8,2
16 33 50 2,5,2 9,4,2 3,5,2 4,8,2 3,9,2 2,9,2
17 34 51 15,2 4,7,2 8,5,2 7,10,2 3,7,2

*Note: Information of (1,4,1) in member 1 of simplex denotes as node i, node j and structural type (type 1 is strut whereas type 2 is cable)
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Table 3: Nodal Coordinates.

Node Simplex Node Two-stage Node Tapered three-stage
1 77.64,-289.77,-150 1 -42.72,9.98,0 1 -150.00,-86.60, 0
2 212.13,212.13,-150 2 43.43,-38.82,0 2 150.00, -86.60, 0
3 -289.77,77.64,-150 3 42.62,60.22,0 3 0.00,173.21,0
4 77.64, 289.77,150 4 68.51,-5.91,102.57 4 -120.26,-10.52,450
5 -289.77,-77.64,150 5 1.61,65.45,102.57 5 69.24,-98.89, 450
6 212.13,-212.13,150 6 -26.77,-28.16,102.57 6 51.02,109.41, 450
7 55.65,49.06,157.80 7 -81.28,116.08, 270
Node Quadruplex 8 -39.57,26.84,157.80 8 -59.89,-128.43,270
1 266.67,800, 0 9 27.28,-44.51,157.80 9 141.17,12.35, 270
2 800, 533.34,0 10 -14.60,59.66,260.37 10 -77.28,44.61, 720
3 0, 266.67,0 11 -13.67,-39.32, 260.37 11 0.00,-89.23, 720
4 533.34,0,0 12 71.60,10.99, 260.37 12 77.28,44.61, 720
5 533.34,800,300 13 0.00,110.22,540
6 0, 533.34, 300 14 -95.45,-55.11,540
7 800,266.67,300 15 95.45,-55.11,540
8 266.67,0,300 16 24.40,52.33, 990
17 -57.51,-5.04,990
18 33.12,-47.29, 990

4.2 Convergence results

This section examines the computational efficiency by examining the convergence results obtained using the
proposed algorithm for shape change analysis. The results reveal the effectiveness of the algorithm for a tensegrity
model to achieve a prescribed set of target coordinates.

The shape change analysis cases with target displacements in uni-directional mode are studied. For the uni-directional
mode cases, target coordinates are prescribed only for a single degree of freedom (either x, y or z) of the monitored
nodes. The analysis series under the case of target displacements in uni-directional mode are denoted as X, Y and Z
series, respectively. Under each series, the following cases have been examined Series X (Xn, Xp), Series Y(Yn, Yp) and
Series(Zn, Zp). The capital letter for the cases under each series denotes the corresponding degree of freedom where
the displacement is prescribed and the lower case letters n (or p) denote negative (or positive) direction of the
prescribed displacement.

In this paper, only the results of cases Zp, Zn and Series Z and case Yp in Series Y are presented. Series Xp, Xn and
Yn are found to show similar results as series Yp due to symmetrical geometry of all the models. Cases Zp, Zn and Yp
represent cases of tensegrity models undergoing specifically axial extensional, axial shortening and sideway
deformation, respectively. Here, all the top nodes are chosen as monitored nodes. Magnitude of the target
displacements for the monitored nodes is specified as half height of the tensegrity models. It is noted that there are
top nodes which are unable to reach the specific target coordinates of monitored nodes owing to the limitation of strut
length. For instance, node 4 and 5 for simplex (see Figure 7a) and quadruplex (see Figure 7b), respectively in case Yp
are therefore not considered as monitored nodes.

Table 4 shows the total computational step for the shape change analysis of tensegrity models. The results show
that higher total computational steps is always demonstrated in shape change analysis in series Zp. Beside, higher total
computational step is also recorded in multiple-stage tensegrity models in case Zn compared to case Yp. Nevertheless,
the opposite trend is observed in single-stage tensegrity models (simplex and quadruplex).

Since linearized incremental analysis procedure is adopted for shape change analysis without iteration step, the
limit on the magnitude of forced elongation of cable dy has been set to be 0.5(see Equation 24). Such relatively small
limit of dy (0.096%-0.148%, 0.084%-0.125%, 0.315%-0.633%, 0.109%-0.500% of cable length, respectively for simplex,
qguadruplex, two-stage and tapered tensegrities) was chosen to ensure accuracy of analysis during each incremental
step. The relatively small limiting value of forced elongation of cable resulted in larger total computational steps in
cases with larger target displacement magnitudes specifically in cases Zn and Zp. This explains larger total
computational steps in tapered three-stage tensegrity model compared to other tensegrity models with lower
prescribed target displacement magnitude. This also shows that the forced elongations of cables have direct
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relationship to the displacement direction of the model only in cases Zn and Zp where the models demonstrated axial
shortening and axial elongation during the shape change process.

Table 4: Total computational step in cases of Zp, Zn and Yp.

Series Simplex Quadruplex Two-stage Tapered three-stage
Zp 195 114 74 227
Zn 70 70 48 119
Yp 91 189 22 34

Figure 8 shows plots of the normalized objective function (NOF) over computational steps for the cases of
tensegrity models in cases Zp, Zn and Yp. All NOF curves clearly show the convergence at the end of the computational
step. Similar decreasing trends are observed in the NOF curves within the same case.

For instance, all NOF curves clearly demonstrate the linear convergence trend in case Zp. In cases of Zn and Yp,
nonlinear convergence trend of the curves is observed. In addition, faster convergence rate is clearly exhibited in the
NOF curves of multi-stage tensegrity models (i.e. two-stage and tapered three-stage) particularly in case Yp.

1.0 - 1.0 - 1.0 b
A —Simplex —Simplex —Simplex
DN e Quadruplex W e Quadruplex . Quadruplex
0.8 - - Two-stage tensegrity 0.8 .~ Two-stage tensegrity 0.8 :'- - = - Two-stage tensegrity
. ---Tapered three-stage tensegrity s, —--Tapered three-stage tensegrity 3 \ - ---Tapered three-stage tensegrity
\ \, P

0.6 0.6

(]

W 5 ' 5 %
P4 Y .

204 v 04 VAN “o04

\\\ ll

0.2 0.2 kY 0.2

‘\ \
0.0 .. ~ 0.0 * 0.0 -
0 50 100 150 200 250 0 50 100 150 200 250
0 100 Steps 200 300 Steps Steps
(a) (b) (c)

Figure 8: Normalized objective function plots for cases of (a) Zp, (b) Zn and (c) Yp.

4.3 Shape change configurations

Configurations of simplex, quadruplex, two-stage and tapered three-stage tensegrity model during the shape
change analysis cases for series Zp, Zn and Yp are presented and discussed in this section. All monitored nodes of
tensegrity models have successfully approached to the target coordinates in series Zp, Zn and Yp.

Case Zp

Figure 9a and Figure 9b show the shape change of simplex and quadruplex, respectively. Both models show
constant increase in height over the computational steps. Constant reduction in length for all the top horizontal cables
and extension in length for the diagonal cables are also observed.

Figure 9c and Figure 9d show the shape change of two-stage and tapered three-stage tensegrity models,
respectively. Along with the increment in height, these models show gradual contraction at the interfaces between two
independent units and at the top surface. The sag depth for the interfaces decreases throughout the analysis. Besides,

obvious twisting is observed particularly in tapered three-stage tensegrity model at the beginning of the shape change
analysis.

Case Zn

In case Zn, all the monitored nodes for simplex (Figure 10a) and quadruplex (Figure 10b) displace downward
steadily throughout the shape change analysis. Constant twisting accompanied by gradual extension in top horizontal
cables is demonstrated in both models. Specifically, obvious rotation in counterclockwise direction and expansion of
the top triangular surface are observed in simplex. Only slight rotation in clockwise direction is observed for
quadruplex.

Two-stage tensegrity model (Figure 10c) and tapered tensegrity model (Figure 10d) displace downward with
obvious expansion at the interfaces of two independent units. Twisting of the model in either counterclockwise or
clockwise direction is also observed during the shape change analysis. Even though with lesser magnitude of rotation,
participation of far-away nodes (such as node 7, 8 and 9) in the twisting effect is detected.
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Figure 10: Shape change of tensegrity models for case Zn (a) simplex, (b) quadruplex, (c) two-stage and (d) tapered three-stage.

Case Yp

In case Yp, all the tensegrity models displace towards positive y direction and resemble a loaded cantilever beam.
Specifically monitored nodes in simplex (i.e. node 5 and 6) increase in height while the remaining top node (i.e. node 4)
displaces downward simultaneously (Figure 11a). Likewise, in quadruplex (Figure 11b), node 5 constantly displaces
downward whereas the height of the rest of the top nodes (i.e node 6, 7 and 8) is found to increase. No obvious twist is
observed in both models during the shape change analysis.

Among the monitored nodes in the two-stage tensegrity model (Figure 11c), node 10 and 12 displace upward
whereas node 11 displaces downward in the process of achieving target coordinates of monitored nodes. Apparent
height decrement in node 5 and height increment in node 6 may further explain this situation. However unlike the rest
of the nodes at the interface, node 6 does not displace towards positive y direction.

On the other hand, the tapered three-stage tensegrity model (Figure 11d) experiences bending deformation that
is accompanied by displacement in y direction. All the monitored nodes of tapered three-stage tensegrity model
continuously displace downward. Overall, the monitored nodes of the model show total downward displacement of
10-19% of height of model.

Figure 12 shows the length of the element for all tensegrity models at step 1 and final computational step. Similar
trend was observed where the models behave like cantilever beam with the cables at the tension side tend to elongate
and the one at the compression side tend to shorten. Specifically, cables 7 in Simplex, cable 20 in Quadruplex, cable 15
in Two-stage and cable 49 in Tapered three-stage presents the positive elongation of 81mm, 187mm, 20mm and
32mm, respectively. On the other hand, cables 8 in Simplex, cable 17 in Quadruplex, cable 27 in Two-stage and cable 30
in Tapered three-stage presents the negative elongation of -81mm, -186mm, -20mm and -32mm, respectively. The
multi-stage tensegrity models elongate the least to achieve their target coordinates and reflected from the total
computational step.
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5 CONCLUDING REMARKS

An computational approach has been proposed for the shape change analysis of tensegrity models. The proposed
approach is capable of analyzing tensegrity models which involves the following four states: initial state, deformed
state, shape change state and target state. Formulation of tangent stiffness matrix of tensegrity model particularly
geometrical and linear stiffness matrices, as well as the incremental equilibrium equations were presented. Use of
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optimization tool in the proposed algorithm has been shown to be able to solve the nonlinear programming problem
for shape change analysis of tensegrity models. The algorithm is found to be able to search for the optimized forced
elongation of cables and ensure non-slackened cables during the shape change analysis under the constraints of axial
forces in the optimization process. This allows the monitored nodes to approach to the prescribed target coordinates
during shape change process.

Results of four numerical examples have shown excellent convergence of the proposed algorithm for shape
change analysis. In addition, it is shown that significant computational efficiency could be achieved by applying
appropriate limiting value of d. in the solution of the optimization problem.

Capability of tensegrity models to undergo bending, axial, twisting deformation and combinations of these
deformations is also proven in the study. Results of the total computational steps suggest that the tensegrity models
have better flexibility to undergo bending deformation compared to axial and torsional deformation. In addition, the
study confirms the contribution of far-away nodes in contributing to the shape change. The proposed algorithm could
be further expanded for use in basic study in the development of tensegrity robots capable of undergoing shape
change.
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