10(2013) 123 — 131

Latin American Journal of
Solids and Structures

www.lajss.org

The asymptotic solutions for boundary value problem to a convec-
tive diffusion equation with chemical reaction near a cylinder

Abstract N. V. Maksimova® and R. G.
The work deals with a boundary value problem for a quasilinear par- Akhmetov®

tial elliptical equation. The equation describes a stationary process of
convective diffusion near a cylinder and takes into account the value of | N. V. Maksimova® and R. G. Akhmetov®
a chemical reaction for large Peclet numbers and for large constant of | a ;.. Bashkortostan State Pedagogical

chemical reaction. The quantity the rate constant of the chemical | University, Oktyabr'skoy Revolutsii str.3a, Ufa,

. . 450000, Russia.
reaction and Peclet number is assumed to have a constant value. The

leading term of the asymptotics of the solution is constructed in the |®° Professor: Bashkortostan State Pedagogical
University, Oktyabr'skoy Revolutsii str.3a, Ufa,

boundary layer as the solution for the quasilinear ordinary differential 450000, Russia.

equation. In this paper, we construct asymptotic expansion of solutions

for a quasilinear partial elliptical equation in the boundary layer near

the cylinder.

Keywords

convective diffusion equation, the method of matched asymptotic
expansions, the diffusion boundary layer, the saddle point, the stream
function, quasilinear parabolic degenerate equation, the stability condi-

tion for difference scheme.

1 INTRODUCTION

The stationary convective diffusion equation in the presence of a bulk chemical reaction is given by
(e.g., see [1, 2|)

AU = Pe(V,V)-U + k,F(U), (1.1)
U=1atr=1; U — 0 when r — oq, (1.2)
where
— 10y oY
V:V,V,O,V :__3V:__? 1.3
V2:¥5.0), ¥, rog’ "’ or (1.3)
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P(r,0) = [r—l]siné’ (1.4)

r

is the stream function [3|, » and ¢ are polar coordinates, A is the Laplace operator, Pe is the
Peclet number, and %, is parameter depending on the chemical reaction rate. The angle ¢ is meas-

ured relative to the free-stream direction.

Problems analogous to (1.1) and (1.2), and a broader class of problems, were considered in [1,2],
[4-6, 9, 10, 21, 22, 24 |. In the absence of chemical reaction, problem (1.1) and (1.2) was analyzed in
[4, 5] by the method of matched asymptotic expansions [7, 8, 23]. It is well known (see, for example,
[2, Chapter 5, (6.1)-(6.3)]) that, in the limit cases Pe>>1, k, = const; Pe = const and k, >> Pe,

the solution to problem (1.1) and (1.2) is simplified.
In the case when the volume chemical reaction of the first order (F(u) = u) the asymptotics of
solution in all space outside the drop was constructed in [9]. In study, the number p =k, / Peis

assumed to have a constant value.
It is assummed that F(C) is continuous and

F: R'> R, F(0) = 0, F'(0)=0, 0 < F"(C), (1.5)
and the asymptotic is
F(u) = v* + Fyu® + Fu' + Fu® + O(u®) for u— 0. (1.6)

2 THE DIFFUSION BOUNDARY LAYER

In this report the quantity u =k, / Pe is assumed to have a constant value. In this case, all terms

in Eq. (1) are similar in order of magnitude in the neighborhoods of saddle points. The small pa-

rameter & =(Pe) /2 is introduced for convenience, and Eq. (1) is rewritten as

1(0udy  Ou oy
Au— =| ——= — ——=| = puF(u) = 0.
= r[ar 26 00 87“] pl(w) (2.1)
When = = 0 the Eq. (1) has the suddle points O,(1,7) and 0,(1,0) and the equation is equivalent

the dynamical system.
The asymptotic expansions (AE) of the solution in the diffusion boundary layer was considered
in a earlier study [11]. This solution was continued up to the front stagnation point O,(1,7) (up to

the line # = = ). The natural variables in the diffusion boundary layer are ¢ = ¢'(r — 1),0 . The AE

of the solution wu(t,0,¢) is sought as

u(t, 0,€) = uy(t,0) + euy(t,0) + ... (2.2)
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From (2.1), (2.2) and (1.1) - (1,4), in variables 60, determining wuy(t,6) in the domain

0 < 0 < 2m 0 <t,we obtain the problem

2
0%y ou ou,
0 *2tcos¢9—0+2sin0—0*uF(uo):O, (2.3)
ar? or 0
ug(0,0) = 1, uy(t,0) — 0 as t — oc. (2.4)

The asymptotics of the solution to the problem (2.3), (2.4) function u,(t,0) as 6 — = is [11]
u070(t) + O((m — 0) exp(—5t?)),
where ug () = O(exp(—5¢)), 6§ > 0.

3 THE ASYMPTOTICS w,(:,6) AS 6 — 0.

The asymptotics of the function w,(¢,0) as t — 0 is sought in the view
Vy(t) +0(6%), (3.1)
where the function V,(¢) is constructed [12] for small z as the solution for the problem
LVy — nF(Vy) = Vlt) = tVj(t) — nF(Vy(t)) = 0 (3.2)
Vo(0) =L Vy(8) = O1)as ¢ — oo. (3.3)

Theorem 1. Let F(u) satisfies conditions (1.5), (1.6) and u = const, then at ¢ — oo the solution of
the equation (3.2) asymptotics holds

V,y(t) = v o2 + I In(ulnt + C) G2 3 + .|+
plnt +C  (ulnt +C)*  (ulnt 4+ O)? (ulnt +C?  (ulnt +C)?
Fn?(ulnt + C)| —2 4+ |+ (34)
(plnt 4+ C)?
where
3 _ 2 —1
co1 =1, cop —const, c1g = —c1F3, ¢z = cia(3—2c01)
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2 4 2 2
3 = 372(3F3007101’2 + 2093 +2c02012) s €03 = — (a3 + 60’1F4 + o + 3F300’100’2),
— 4001 — 29,1

The idea of the proof is similar to works [13, 14]. Let us search the function V() in the form of

the sum
Vo) =V, (t) +w(t), (3.5)
where
n—1 n
V(t) = In'(pln(t) + C Cl—k
=2 03O ) v Oy

Substituting sum (3.5) into equation (3.2), we obtain the problem
Lw = p(F(w +V,) = F(V,)) = H, ,(#), (3.6)
w(t) — 0w (t) — 0, for t — oo, (3.7)

where H, (1) =0 (Int)™""'** | §-sufficiently small.

Let's consider the problem
w" —tw — pF'(V )w = h(t,V, ,w), (3.8)
w(t) — 0,w'(t) — 0, for t — oo, (3.9)

where problem (3.6), (3.7) is equivalent to a problem (3.8), (3.9) and

h(t,V,,,w) = g(t,V,,w) + H, (1), gtV ,w) = p(F(w+V,) = F(V, ) — F’(Vn)w) ,
1
g(t,V ,w) = O w? (3.10)
For construction the solution w(z) of the problem (3.8), (3.9) we obtain integral equation
w(t) = _IW_l(S) ¢1(t)¢2(5) - ¢1(5)¢2(t) h(s, Vn,w)ds, (3.11)

t

where ¢,(t), ¢,(t) are linearly independent solutions to the linear homogeneous equation:
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w' —tw — pF'(V )w =0,

n

W(t) = exp(tQ/ 2) is the Wronskian.

We have asymptotics for ¢,(t), ¢,(t), using the results of the works [15, 16]

e1(t) = (nlnt + C)2 140 (Inty'™™ for t —

2
g = €2t H(ulnt + CF 140 (Int) 10 for ¢t — oo

where 0 < § - is small. Such solutions ¢,(t), ¢,(t) of the equation (3.12) exists.

For ¢, (t)p,(s) — ¢,(s)p,(t) we find estimate

52

@, (t)py(8) — @y (), (t) = e2s Y(ulns + C)P(plnt +C) 2 140 (Int) ™ +0 (Ins) '+
f2

—e2t '(ulnt + CP(ulns +C) 2 140 (Ins) ' +0 (Int) '+

We proceed by applying the method of successive approximations.
W, 1 (8) = = [W(s) &y (B)y(s) = Ay (5)dy() hls,V,,w, )ds
t

We choose w, = 0,

w(t) = = [W(s) 6,(1)6,(5) — 6,()6,(8) H,_,(s)ds

From (3.6), (3.13) — (3.17) it is find estimate
|w1| < M(Int)™"*

then by formulas (3.10), (3.13) — (3.18) we have

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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o0

Jun(t) — wy ()] < |~ [ W) @u(thon(s) — @ (alt) oV, w)ds| <

< _fwil(s) @1(t)@2(5) - @1(5)902(75) 9,(‘/7“751)w1d5 < pMK(In t)72n+1+26 < %(mt)—nw’ t>>1
t

(3.19)

|9V, ) — gV, w0)| < g'(@.V,)|w, — w,| < p ME(nt) 2+

From (3.19) we  obtain |w3(t) - wQ(t)| < %(lnt)*"*‘s, 6>0 and Vn>3
2

1 (8) — w0, (8)] < Lty 7+
27L

There exist M >0 that for solution of the equation (3.11) inequality is hold
|w(t)| < 2M(Int) ™"+

4 NUMERICAL SOLUTION AND FINDING THE CONSTANT c .

We rewrite Eq. (3.2) in the form of the system

{ vy (1) = 2(1) W

2(t) = t2(t) + p- Fluy(t)).’

Consider system (4.1) on the interval [0, X, ]|, Following [17, 18], we first discuss the stability

conditions for the explicit Euler scheme

Un+1 = Un + hzn
{ - (4.2)
n+

=z, + h[mnzn + ,LLF(vn)].

Replacing F(v,) by the sum F(v,) + F'(v,)(v, —v,) and assuming that #,,v,, and z, are
known and ¢, =t , + h, we find a solution to difference scheme (4.2).

The stability condition for difference  scheme (4.2) is fulfilled [17-19] if
hp- F(t) |<<Lh <0, hX, |<1.

This implies that one should take X and integrate backwards (i. e., with increments h < 0) in

the interval [0, X, |. The initial conditions at the point X the form
v (Xo) = Vo, 2(Xy) = 2y, (4.3)

where V,),Z, are found from (3.4)
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¢ ¢ ¢
V() = () S 02 + B +In(ulnt +C “2 + s ok
o®) plnt +C  (ulnt +C)*  (ulnt +C)? ) (ulnt +CY?  (ulnt +O)?
7 _ “HCy _ HCpo _ HCp3 W Cly + i3 B
" Hulnt+C2  Hulnt+C)P  Hulnt+C)*  tHpnt+C)|(plnt +C)  (ulnt + C)
_pln(plnz + C) 2¢)4 3c4
t (ulnt +CY  (ulnt+C)* )

For example, according to (1.6) let F(u) = In*(1 4 u).
The results of the numerical analysis of the problem (4.1), (4.3) for F(u) = In*(1 + u) are (for
pel0s52, ¢, =1)

u = 0.5, ¢c=1.7216, z(0) = -0.1173; p =1, ¢= 1.3943, z(0) = -1.3943,;
p = 1.5, ¢= 1.0452, z(0) = -0.2994; p = 2, ¢= 0.6737, z(0) = -0.3747.

This research was supported by the Presidents Grant for Leading Scientific Schools of the Rus-
sian Federation, project no. NSh - 6249.2010.1, and by the Federal Task Program "Research and
educational professional community of innovation Russia" (contract 02.740.11.0612).

5 CONCLUSION

The problem considered in this work describes the phenomenon convective diffusion in the neigh-
borhood the cylinder taking into account chemical reaction, a streamlined cross-flow of ideal fluid.
In the vicinity of the cylinder there are few boundary layers. In this work the problem was investi-
gated in the diffusion boundary layer. The leading term the asymptotic solution in the vicinity of
the saddle point corresponding to the point of the liquid dripping with a cylinder has the form

C
V=—2 4 O(OIn(plnt + C)(ulnt + C)2
"= i+ C (In(pIn )(pIn ))

at t — +oo where t = (r — 1)Pe/?.

A similar structure of the asymptotics (up to a linear change of variable t) takes place in the

diffusion boundary layer of convection-diffusion problem about the drop, streamlined flow of a vis-
cous incompressible fluid.
Were previously considered the problem of convective diffusion in the neighborhood a spherical
particle and a cylinder in the flow of a viscous incompressible fluid. In these cases, there are also a
few boundary layers. If we compare the results obtained in the diffusion boundary layer, the struc-
ture of the asymptotics in the vicinity of the saddle point about spherical particle is simpler than
those considered in this work and have the form [17].
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v=c, +C—1+O(7'_2),7' — 400, 7 = Pe?(r —1).
T

A similar structure the asymptotics takes place in the flow around a cylinder cross-flow of a vis-
cous incompressible fluid [26].

This work can be extended taking into account thermal conductivity of the same article [22].
Mathematical problems arising in this work and require further study in the internal boundary lay-
ers, containing the singular points of saddle type, there are also problems of hydrodynamics. Similar
problems have been studied in [20], [25].
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