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Abstract

In this paper the propagation of guided Lamb waves and guided shear horizontally polar-
ized (SH) waves in bonded plates is investigated. A model based on distributions of springs
(quasi-static approximation) is used to describe the interaction of guided waves with imper-
fect adhesive layers. Through this approach, the imperfections of the adhesive layer were
reproduced by changing the stiffness constant of the springs. The wave dispersion spectra
for the Lamb waves and SH waves was obtained for different conditions of the adhesive layer.
The influence of the adhesive mass on the dispersion curves of SH waves was also investi-
gated. The results show that Lamb waves and the SH waves are sensitive to the alterations
of the adhesive layer and have a great potential for the evaluation of bonded joints.
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1 Introduction

The need for increasing structural performance, with low weight and high strength, has de-
manded the use of more effective joining methodologies. Mainly due to their low weight, low
cost and ease of assembly, the adhesive bonds have emerged as a promising technology [9]. The
widespread use of adhesive joints is also indicative of the advantages of the adhesive bonding
over techniques such as welding and riveting. However, the use of adhesive bonding in aircraft
structures and other safety critical applications has been limited due to the lack of adequate
tools of design and control. Defects such as disbonds, voids and porosity; weak bond between
the adhesive layer and adherent and a weak adhesive layer are commonly found in adhesive
layers [8].

The development of numerical tools of design is necessary to increase the utilization of bonded
joints in the industry. Interface damage models have been extensively used for the non-linear
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incremental analysis of interface debonding in the last years [2—4,6,18]. This damage models
used some parameters that can not be identified from mechanical tests. An acoustic procedure
have been investigated for the evaluation of this interface parameters [28].

The great expansion of the use of bonded joints and bonded repairs has motivated the devel-
opment of more reliable nondestructive methodologies. The conventional ultrasonic techniques,
based on the echoes reflected by the defects, are not effective for inspection of most practical
bonded joints due to the small thickness of the adhesive layer. In this case, the ultrasonic waves
reflected by the interfaces of the adhesive layer are not separated in the time domain and in-
terfere [14]. Also the conventional ultrasonic techniques are ineffective in interrogating large
bonded areas. New methodologies using guided waves have been investigated for the inspection
of bonded components. The primary advantage of using guided waves is that they can interro-
gate large areas, they also have many modes of propagation that can be selected according to
the objective of the analysis [13,17,26].

In this paper, the propagation of guided Lamb waves and guided shear horizontally polarized
waves (SH) in bonded plates is investigated. The quasi-static approximation (QSA) was used to
describe the interaction of guided waves with imperfect adhesive layers. This model is based on
the continuous distribution of springs to represent the adhesive layer. Through this approach,
the imperfections of the adhesive layer can be reproduced by changing the stiffness constants
of the springs [22,27,30]. The wave dispersion spectra for the Lamb waves and SH waves was
obtained for different conditions of the adhesive layer. The results shown that ultrasonic guided
waves have a great potential for the evaluation of bonded joints. The influence of the adhesive
density on the dispersion curves of SH waves was also investigated. It is shown that the adhesive
mass has little influence on the dispersion curves of SH waves.

2 The rheological interface model

Many articles are concerned with the study of the epoxy properties in a metal/epoxy/metal
tri-layer model using leaky Lamb waves. Thus, Nagy and Adler [21], Jungman et al. [12], Lowe
and Cawley [16], Kundu and Maslov [13] have experimentally revealed that the reflection and
transmission coefficients are not very sensitive to the material properties. In order to model a
thin adhesive layer, Jones and Whittier [11] introduced boundary conditions relating stresses and
displacements with longitudinal and transversal stiffnesses. This model was then developed by
Pilarski and Rose [23] and Rokhlin [25], while Rohklin and Wang [24] introduced a viscoelastic
rheological model (complex springs stiffnesses).

The rheological model allows the identification of adhesion parameters, while the tri-layer
model is more appropriated to study the cohesive properties. A good condition of adhesion
can be identified by comparing acoustic tests results and the theorical results obtained by the
rheological model [29].

The adhesive joint consists of two elastic bodies (adherends) joined by a plane adhesive layer
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Figure 1: Bonded interface.

the thickness of which is assumed to be negligible compared to both that of the joined bodies
and to its in-plane dimensions. These features enable the adhesive layer to be conveniently
schematized as an interface, i.e. as a zero-thickness surface entity which ensures displacement
and stress transfer between the adherends, as depicted in Figure 1.
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Figure 2: Model of the adhesive layer.

Interface damage models consider the damage d as a variable that changes the stiffnesses
of an elastic interface, as shown in Figure 2. In equation 1 the interface stiffnesses R; are
calculated as a function of their initial value R? and a damage value, with 0 < d < 1. When
d = 0 the interface is simply elastic without damage and when d reach the value 1 the interface
is completely debonded.
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Ri:Rg(l—d)ii:x,y,z (1)

The stiffnesses of a thin layer of adhesive can not be easily derived from the elastic properties
of the adhesive itself. They can not be identified from mechanical tests on adhesively bonded
assemblies as they have a small influence on the global response of the assembly, but they can
be identified from acoustical tests.

3 Propagation of Lamb waves and SH waves in a homogeneous infinite plate

The basic concepts of wave propagation will be introduced through the analysis of Lamb waves
propagation in a homogeneous infinite plate, Figure 3 [1,7]. We consider a plane strain state in
the xz plane and consequently the propagation of longitudinal (P) and transverse (SV) waves.
We define the wave numbers: k;, = w/cy, and kr = w/cr , where ¢, and er are the longitudinal
and transverse wave speed respectively and w is the angular frequency.

X
2h >
Zr
Figure 3: Infinite plate of thickness 2h.
For a homogeneous isotropic plate, the Naviers equation can be written:
pV2u+ (A + p) VV - u = pia (2)

where A and p are the Lamé’s coefficients. Using the Helmholtz’s decomposition, we can
write the displacements in the following form:

u=Veo+VAY (3)
where ¢ is a scalar potential and ¢ is a vector potential, with the constraint condition
V- =0.
For a time-harmonic wave motion and grouping the symmetric and anti-symmetric compo-
nents, the scalar and vector potentials can be expressed as:
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© = [Sp cos (kp.z) + Ap sin (kg z)] et (ke —wt)
1y = [Ar cos (kr.z) + St sin (kr.z)] eth=r=wb )

Where ky, kr. and kr, are shown in Figure 3 ( k% = k2 + k% and k2 = k2 + k2, ). S and
A represent the symmetric and anti-symmetric components. L and T refer to the components
of longitudinal and transverse waves respectively. The components of the displacement vector
u can be determined substituting Eq. 4 in Eq. 3:

Ugp = [iky ST cos (kr.z) + ik Ap sin (kr.z) +
+kr, A sin (kTZZ) — k7.,ST cos (szZ)] ei(kxaﬁ—wt) (5)
Uz = [—kr.Spsin (kp.z) + kp,Ap cos (kr,z) +

tiky A cos (kr.2) + iky S sin (kp,z)] e!kez=wt)

Using the Hooke’s law, the stress components can be given by:

Oy = L [—2ikszmSL sin (kr,z) + St (k% — Zkg) sin (k7.2) +
+2iky ky Ap cos (kp.z) + Ap (k:% — 2k§) cos (szz)] eilkzz—wt) (6)
Ouy = i [—SL (k:% - 2]4:920) cos (kp,z) + 2ikp, kSt cos (kr,z) +

—Af (k% - 2]4:3,) sin (kp.z) — 2ikp,k, Ap sin (/cTzz)] eilkaz—wt)

The boundary conditions for the free surfaces of the plate are:

0y =0 = 2z==xhVzx,t
0,, =0 = z==hVa,t

(7)

Applying the boundary conditions in Eq. 6, we can find a system of equations that will be
decomposed in two systems: one for the symmetric and the other for the anti-symmetric modes.
For the symmetric modes we obtain:

—2ikp.kysin (kp.h) (K3 —2k2)sin(kpzh) | [ S\ _ [ 0 .
— (k2 — 2k2) cos (kp.h)  2ikp.ky cos (krh) Sr [~ 10

and for the anti-symmetric modes:

2ikp.ky cos (kroh) (k3 — 2k2) cos (krzh) Ap [ O )
(k3. — 2k2) sin (krzh)  2ikp. ks sin (kp.h) Ar [ 1 0

The phase velocities for an aluminium plate are shown in Figure 4. The modulus of elasticity
and Poisson’s ratio for aluminium are the same for all plots in this paper: E = 71 x 10° M Pa
and v = 0.3. The branches shown in Figure 4 correspond to the non-trivial solutions of Eq.8 and
Eq.9. The solutions are given for vanishing determinate and they were calculated numerically

using a routine implemented with the aid of the commercial code MATLAB™M .
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Figure 4: Dispersion curves for Lamb waves in an aluminium plate.

The SH waves have displacement components in the y direction only. For a time-harmonic
wave motion the displacement in the y direction can be written in the form:

u, = [By cos (kr.z) + Bysin (kr,z)] e!kze=«t) (10)

Due to the lack of space the details to obtain the frequency equation for SH waves will
be omitted here. The complete procedure can be found in [1]. The dispersion curves for the
SH-modes in an aluminium plate is shown in Figure 5 .

4 Propagation of Lamb waves in bonded plates

In this section a model based on the continuous distribution of springs is used to describe the
adhesive layer as shown in Figure 2. This procedure is known as the quasi-static approximation
(QSA) [5]. Through this approach the defects of the adhesive layer can be simulated changing
the stiffness constants of the springs [22,27,30].

The objective of this section is to investigate the propagation of Lamb waves in two bonded
plates for different conditions of the adhesive layer.
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Figure 5: Dispersion curves for SH waves in an aluminium plate.
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Figure 6: Forces and displacements on the springs.
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In this model the plates (I) and (1), shown in Figure 2, may have diferent thicknesses h;
and hg but the results presented hereafter consider h; = ho = h. In the following equations the
superscripts (I) and (II) are used for referring to plate (1) and plate (II) respectively, as shown

in Figure 6.

Applying the boundary conditions in Egs. 6, for the free surface of plate I and plate 11, we

obtain the following equations:

UQ(C’Q =0 = z=-mVazx,t

ik sin (hpohn) S5 — (k3 — 242) sin (kroho) 557+
+2ZkLZk$ Cos (kLzhl) A(LI) + (k‘% - 2]43%) COS (szhl) A'_(TI) =0

U,(ZQ =0 = z=-MhVaz,t

_ (k% - 2]6920) cos (krh1) S(LI) + 2ikp,ky cos (krohi) 5511)_‘_
+ (k3 — 2k2) sin (krzhy) AS:I) + 2iky k. sin (kp,hy) Agrf) —0

aéﬁ” =0 = z=hyVux,t
—2ikp kg sin (kp.ho) ST+ (k2 — 2k2) sin (kp.ho) SU 0+

+2ikpkg cos (kpaha) AT + (K — 2k2) cos (krshe) AYT = 0

Ugl) =0 = z=hoVax,t

— (k3 — 2k2) cos (ki=ho) S{ 7 + 2iky-k, cos (kroho) S5+
— (k3 — 2k2) sin (kp.ho) AS:U) — 2iky,ky sin (krzho) A(TII) -0

For z = 0 the boundary conditions in the adhesive layer can be written as:

o) = By (w20 o))
o) = B (u) — ulD)

(I1)

)

o xz

= 0

D o)

of

where R, = % and R, = % . S is the interface area.

(13)

(14)

(15)

(16)

(17)

(18)

Using the Egs. 5 and 6 for z = 0, the expressions for the displacements and stresses on the

interfaces can be given by:
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[z Ve — SY } iksa—wt) (19)

)= (AP k. + 14Dk, | efther=e (20)

[ H)k H)k } i(kpz—wt) (21)

)= (AP +iAG DRy | ftherme (22)

o) = [QiA(LI)k:szx + AW (k2 - 2;@5)} gilkza—wt) (23)
o) =y [zis;”knkx—s( ) (kT—sz)} (ko —wt) (24)
ol = |20Af kpaky, + ALY (K — 212)] efBen et (25)
oD = o [215&”)@1% — YD (g2 - zkg)} gilksa—wt) (26)

By applying Egs. 19 to 26 in Eqgs. 15 to 18 we obtain the following equations:

ikp S — kop, S — ik SUT 4 iy, 5D 4

7 (27)
+ 42k ok A( )y £ (3 - 282) A( D—o
koA + ik AT — 4 (6 - 2k2) S )+ ’s
L2k kg S”” ki AYD — ik, AYD = (28)
R Tz Lz,
2k ke A + (k2 — 2k2) AV — 20k ke, AVD — (k2 — 202) AYD = 0 (29)
— (k3 — 2k2) 87 4 2k ko SY + (k3 — 2k2) ST 4 2ikp ke, SUT = 0 (30)

The solutions of the system of Eqgs. 11 to 14 and Eqs. 27 to 30 constitutes the dispersion
curves for the Lamb waves in the two bonded plates. The solutions are given for vanishing
determinate and they were calculated numerically using a routine implemented with the aid of
the commercial code MATLABTM,
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Figure 7: Dispersion curves.

4.1 Dispersion curves of Lamb waves in bonded plates

The dispersion curves of Lamb waves was obtained for different conditions of the adhesive layer.
First the perfect adhesion was simulated by assuming very high values for Ew and ﬁz. In this
case the stiffness of the adhesive layer is considered infinite. For this condition, the dispersion
curves for the aluminium bonded plates was compared with the dispersion curves for a single
aluminium plate of thickness 2h and the results shown an excellent agreement. We concluded
that the stiffness of 1 x 101" N/m3 for ﬁx and ]SLZ can represent the case of a perfect adhesion for
the two bonded aluminium plates. Next, the stiffness of the springs was gradually reduced to
simulate deficient conditions of the adhesive layer. Figures 7 and 8 show the dispersion curves
for R, = 10 N/m? and R, = 101" N/m3, and the dispersion curves for R, = 10'"N/m? and
}AYZ = 10" N/m3, respectively. For both cases the results are compared with the ideal condition
of adhesion (R, = R, = 1017 N/m3).

The dispersion curves of Figures 7 and 8 show that only the anti-symmetric modes change
when reducing ]?iz and only the symmetric modes change when reducing R. . This can also be
concluded regarding Eq. 5 for z = 0, where for the symmetric modes, the symmetric part of wu,
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Figure 8: Dispersion curves.

is zero and for the anti-symmetric modes, the anti-symmetric part of u, is zero.

The phase velocity in function of ]3% for the first anti-symmetric mode A0 is shown in detail
in Figure 9, while the Figure 10 shows the phase velocity for the first symmetric mode SO in
function of EZ . Accordingly with Figures 9 and 10, the phase velocity for both modes decrease
due to the reduction of the stiffness of the adhesive layer.

We observed that the Lamb wave modes are sensitive to the alterations of the adhesive
layer and that the general condition of the adhesive layer can be described by monitoring the
propagation of Lamb waves. Recent ultrasonic techniques using guided waves are able to excite
only some Lamb wave modes [19]. Also, as reported by [9] and [20], variations of the phase
velocity of Lamb waves can be used to evaluate the conditions of the adhesive layer.

5 Propagation of SH waves in bonded plates

In this section, the quasi-static approximation is also used to simulate the propagation of SH
waves in aluminium bonded plates, as shown in Figures 11 and 12. The SH waves have dis-
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Figure 9: Dispersion curves for AQ.

placement components in the y direction and consequently, only the springs in the y direction

are considered. Although the SH waves are difficult to excite, some techniques using guided SH

waves for nondestructive evaluation have been reported [10,31].

As for the case of a single plate [1], the displacement u,, for each plate can be given by:

u(yl) = [Bjcos (kr.z) 4+ Bysin (kp,z)] eikaz=wt)
uz(,,H) = [Bscos (kr.2) + Bysin (kp,z)] e/ka—wt)

Using the Hookes’ law, we can find that :

Oyz = HUy

(31)

(32)

Applying the boundary conditions 0,, = 0y, = 0., = 0, for the free surfaces z = h; and

Z:—hgt

(33)
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Figure 10: Dispersion curves for SO.

Next, applying the conditions given by Eq. 33 in Eq. 31, we can find the following equations:

—Bl sin (k’Tzhl) + Bg COS (szhl) =0 (34)
Bssin (]CTZhQ) + By cos (k‘TZ]”L2> = 0
For z = 0 the boundary conditions in the adhesive layer can be written as:
O'élz) =—R, (u?(JH) - ué”) (35)
JZSQ = olgg) = uug(f) — ,uug(JH) = u(y]) = uz(JH) (36)
where ﬁy = %
Applying Eq. 36 in Egs. 31 for z = 0, we find that:
By— By =0 (37)

Using Eq. 32, Eq. 35, and Eq. 31, we obtain:
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Figure 11: Interface model.

—RyBi + pkr.By + RyBs = 0 (38)

Equations 34, 37 and 38 may be rewritten in matrix form:

—sin (]CTzhl) COS (k‘Tzhl) 0 0 Bl
q\ 0 sin (lf\Tth) COS (szhQ) Bg -0 (39)

~R, pikr. R, 0 Bs

0 1 0 —1 By

The solutions of the system of Egs. 39 constitutes the dispersion curves for the SH waves for the
two bonded plates. The solutions are given for vanishing determinate and they were calculated
numerically using a routine implemented with the aid of the commercial code MATLABTM

5.1 SH waves in bonded plates

The same procedure used to investigate the propagation of Lamb waves in bonded plates, as
described in section 3, was applied here to study the propagation of SH waves. The dispersion
curves of SH waves was also obtained for different conditions of the adhesive layer, using Eq. 39,
beginning with the perfect adhesion (fiy = 10'"N/m3) and gradually decreasing the stiffness of
the spring to simulate deficient conditions of the adhesive layer. Figure 13 shows the dispersion
curves of SH waves for different stiffness constant Ey. Note that only the branches of the anti-
sAymmetric modes change and become closer to the branches of the symmetric modes for low
R,.
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Figure 12: Forces and displacements on the springs.

Figure 14 show the phase velocity curves for the first anti-symmetric mode AQ for different

stiffness constant R,.

5.2 The spring-mass model

The SH waves were also employed to study the influence of the adhesive mass [15]. In this
case, a model based on the continuous distribution of springs and masses is used to describe the
adhesive layer as shown in Figures 15 and 16.

The following procedure is described in order to obtain the dispersion curves of SH waves
using the model shown in Figures 15 and 16. The same boundary conditions 0,, = 0y, = 0., =

0, are considered for the free surfaces z = hq and z = —hs. For the interface we can write:
D m ﬁ m
O'é? =—-R, (u?s ) — uél)) = ué{z = fy (uy(f) — ué )> (40)
07%[) - R, (uém) _ uéll)) N uéli) — Jzy (uz(]n) _ uéf[)) (41)
From Eq. 31, Eq. 40 and Eq. 41, we obtain the following equations:
By By~ Byky, | thar—en) = Ty, om) (42)
I 0
~ ‘ A
Y By + Baky, | eithao) — —Lyfm) (43)
1t 1t
The equation of motion for the model described in Figure 16 is given by::
S sy D
M=y = R, (uy — 2uy™ + uy, ) (44)
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Figure 13: Dispersion curves.

where m = 2

< is the specific mass.

Using equations 31, 40 and 41, equation 44 may be rewritten in the form

’LL(m) _ _Msz

) = e (o = )t (49
By applying Eq. 45 in Egs. 42 and 43, we obtain the following equations
R R,k R,k
&31 + (Ry2 L /sz> By — RyQ 2By =0 (46)
1 w?m w?m
R,k R Ryk
$§&+:&+GD_$§>&: (47)

Equations 34, 46 and 47 may be rewritten in matrix form:
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Figure 14: Dispersion curves for AQ.

—sin (kg h1)  cos (kryhi) 0 0 B
0 0 sin (kroha)  cos (krshs) B;
oo (o) o e B (70 W
0 By, S R

The solutions of the system of Eqgs. 48 constitutes the dispersion curves. The solutions are
given for vanishing determinate and they were calculated numerically using a routine imple-
mented with the aid of the commercial code MATLAB”M,

The dispersion curves of SH waves were obtained for different specific mass of the adhesive
layer, while keeping the stiffness constant ﬁy = 10'"N/m3. Figure 17 shows the influence of the
specific mass on the dispersion curves of SH waves. This figure shows the dispersion curves of
SH waves for m = 0; m = 2K g/m?; m = 20K g/m? and m = 200K g/m?.

Note in Figure 17 that a small difference is detected in the dispersion curves for m = 2K g/m?
with respect to the dispersion curves for m = 0. For m < 2Kg/m? the dispersion curves are
practically the same as the curves for m = 0. Taking into account that one of the most important
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Figure 15: Model of the adhesive layer with distributed springs and masses.
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Figure 16: Forces and displacements on the springs.

characteristics of the adhesive bonds is the low weight, from the results shown in Figure 17 we
concluded that the adhesive mass has little influence on the dispersion curves of SH waves for
practical applications.

6 Conclusions

The quasi-static approximation was used to model the adhesive layer of two aluminium bonded
plates to simulate the propagation of Lamb waves and SH waves. The dispersion curves of Lamb
waves and SH waves were determined for different conditions of the adhesive layer by changing
the stiffness constants of the springs. Comparisons among the dispersion curves for the perfect
adhesion and the dispersion curves for deficient conditions of the adhesive layer, shown that
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Figure 17: Dispersion curves.

the Lamb modes and the SH modes are sensitive to the alterations of the adhesive. We noted
that the Lamb modes change accordingly with the stiffness constant modified. In the case of
SH waves only the anti-symmetric modes change with the reduction of the stiffness constant.
We also verified that in general, the phase velocity decreases when the stiffness constant of the
springs are reduced.

The influence of the adhesive mass on the dispersion curves of SH waves was investigated.
The results shown that for practical apllications the adhesive mass has little influence.

The theorical results presented in this work can be compared with acoustic test results in
order to evaluate some interface parameters. This interface parameters are necessary in damage
models used for the analysis of interface dedonding.

With the widespread use of the adhesive bonding and the lack of adequate tools of design

and control, the results of this work shown that the inspection techniques based on guided waves
have a great potential for the evaluation of bonded joints.
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