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Abstract

Nonlinear static response of laminated composite Elliptic Panels of Revolution Structure(s) (EPRS) having
variable thickness resting on Winkler-Pasternak (W-P) Elastic Foundation is investigated in this article.
Generalized Differential Quadrature (GDQ) method is utilized to obtain the numerical solution of EPRS.
The first-order shear deformation theory (FSDT) is employed to consider the transverse shear effects in static
analyses. To determine the variable thickness, three types of thickness profiles namely cosine, sine and linear
functions are used. Equilibrium equations are derived via virtual work principle using Green-Lagrange
nonlinear strain-displacement relationships. The deepness terms are considered in Green-Lagrange strain-
displacement relationships. The differential quadrature rule is employed to calculate the partial derivatives in
equilibrium equations. Nonlinear static equilibrium equations are solved using Newton-Raphson method.
Computer programs for EPRS are developed to implement the GDQ method in the solution of equilibrium
equations. Accuracy of the proposed method is verified by comparing the results with Finite Element Method
(FEM) solutions. After validation, several cases are carried out to examine the effect of elastic foundation
parameters, thickness variation factor, thickness functions, boundary conditions and geometric characteristic
parameter of EPRS on the geometrically nonlinear behavior of laminated composite EPRS.

Keywords
Variable thickness; Elliptic shells of revolution; Generalized differential quadrature; Winkler-Pasternak
elastic foundation; Geometric nonlinearity.

1 INTRODUCTION

The shells of revolution structures for their mechanical properties and good structural framework are commonly
used in defense, automotive, marine and aerospace industries in the form of buildings, pressure vessles, bridges, hangar,
aircraft, space stations, ships and submarines. These structures take many well-known geometrical shapes such as
paraboloids, hyperboloids and ellipsoids in engineering applications. General theory of these structures can be found in
related books such as by Amabili (2008), Libai and Simmonds (2005), Qatu (2004), Reddy (2004), Saada (2013), Tornabene
and Fantuzzi (2014). Many articles were published on dynamic and static behavior of shells of revolution structures.
Free vibration studies on these structures includes articles published, although not limited to, by Al-Khatib and Buchanan
(2010), Ataabadietal. (2014), Awrejcewiczetal. (2013), Tornabene (2011a, b), Tornabeneetal. (2016),
Tornabene et al. (2012), Wang et al. (20174, b, c).
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In addition to free vibration behavior, static behavior of shells of revolution strcutures are also very important in
designing these strcutures. Some important studies that include static behavior of these structures are reviewed as
following.

Nath et al. (1985) carried out non-linear static and transient analysis of shallow shells with the collocation method.
Paliwal and Srivastava (1993) studied on non-linear bending analysis of shallow shell on a Kerr foundation. Meek and
Wang (1998) presented non-linear static and dynamic analysis of shell structures considering von-Karman assumptions
utilizing FEM. Jiashen (2001) obtained static and dynamic stability results using von-Karman nonlinear governing
equations of thin shallow shells. Wei-ping and Qian (2002a, b) performed large deflection stress analysis of shells taking
into account Sander's nonlinear geometric equations of moderate small rotation utilizing finite element formulation.
Li and Chen (2004) examined non-linear static and dynamic analysis of single layer shells using FEM. Duarte Filho and
Awruch (2004) analyzed static and dynamic behavior of plates and shells with FEM. Civalek and Ulker (2005) performed
the non-linear static and dynamic analysis of shallow isotropic shells utilizing harmonic differential quadrature technique
under sinusoidal and step loading. Kang (2007) derived equations of motion and energy functionals taking into account
linear three-dimensional theory for shells of revolution structures with variable thickness. Isoldi et al. (2008) investigated
nonlinear static and dynamic response of laminate composite shallow shells with FEM. Polat and Calayir (2010) studied
on bending and dynamic characteristics of curved shells with FEM. Bich et al. (2012, 2013) presented buckling analysis of
Functionally Graded Material (FGM) shallow thin shells considering von Karman nonlinear strains. Tornabene and Reddy
(2013) carried out linear static analysis of laminated composite and FGM shells of revolution structures resting on a
nonlinear elastic foundations utilizing GDQ method. Viola et al. (2013) linear static analysis of laminated composite
panels and shells of revolution using GDQ method. Arefi (2014) conducted linaer piezo magneto elastic analysis of FGM
shells of revolution having variable curvature. Zhang (2015) examined large displacement static analysis of FGM shallow
curved shells using von Karman nonlinear strain-displacement relationships with Ritz method. Viebahn et al. (2017)
performed the non-linear static and dynamic analysis of thin shells using triangular finite element model.
Jiammeepreecha and Chucheepsakul (2017) presented large displacement bending analysis of an underwater isotropic
semi-toroidal shells using FEM. Tornabeneetal. (2017a) investigated linear static response of damaged
sandwich/laminated composite plates and shells of revolution using GDQ method. Tornabene et al. (2017b) examined
linear static response of laminated composite shells of revolution resting on a nonlinear elastic foundation utilizing GDQ
method. Shariyat and Alipour (2017) developed the linear static and stress analysis of FGM cylindrical/conical shells of
revolution with variable thickness. Nejad et al. (2017) analyzed thermo-elastic behavior of FGM thick shells of revolution
with variable thickness taking into account linear strain-displacement relations and higher order shear deformation
theory. Shaterzadeh et al. (2019) studied on large deflection static and dynamic thermal buckling analysis of FGM
cylindrical shells with analytical method. Moita et al. (2019) presented linear and non-linear static responses of FGM shell
and plate structures using FEM.

As described above, nonlinear studies on shells of revolution structures is limited and there isn't any study available
on large displacement static analysis of shells of revolution having variable thickness resting on W-P elastic foundation.
Also, elliptic form of shells of revolution structures is very important. Therefore, in this study geometrically nonlinear
static behavior of laminated composite EPRS resting on elastic foundation is investigated considereing thickness
variation. For this purpose, Green-Lagrange nonlinear strain-displacement relations are used as origionality considering
deepness effect. Nonlinear equilibrium equations are expressed considering Winkler-Pasternak elastic foundation and
solved using GDQ method. The effects of elastic foundation parameters, thickness variation factor, thickness functions,
boundary conditions and geometric characteristic parameter on the static behavior of EPRS are analyzed in detail.

In the following sections, in Section 2 surface theory of EPRS structures are given. In Section 3, nonlinear strain
theory is derived and equilibrium equations are expressed. In section 4, GDQ method is summarized. In Section 5,
validation of the code developed for nonlinear static analysis is carried out. In Section 6, several examples are solved
within the context of parametric study. In Section 7, conclusions derived from this study are summarized.

2 EPRS EQUATIONS

Shells of revolution is a structure defined by curved surfaces and there are many geometry types of shells of
revolution (toroidal, hyperbolic, parabolic and elliptical etc.) in the literature according to their curvature characteristic.
Shells of revolution geometries have been widely used in designing engineering structures such as dome roofs, aircraft
hulls, nuclear reactors, aerospace structures, pressure vessel components and flat-bottom tanks. Shells of revolution
with elliptic geometry is taken into account in this study. EPRS is formed by rotation of the elliptic curve as illustrated in
Figure 1 about the Z axis. Ry indicates the offset of the revolution axis Z with respect to the geometric central axis Z' and
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Ro is the horizontal radius. Rg and Ry state the principal radii of curvature for EPRS. [6:, 65] and [¢1, ¢2] are the ending
and starting points of the EPRS in the 6 and ¢ directions, respectively.

R
0 ®
A
b
Y
P;
P>
Y Y
VA A Y

Figure 1: The geometric relationship and reference system of EPRS

The ¢, 6 and z orthogonal coordinate system on laminated composite EPRS is illustrated in Figure 2. The meridional,
circumferential and normal displacements in the ¢, 6 and z directions are stated by Uy, Uy and u_, respectively.

8

b)

Figure 2: Geometry notations of EPRS a) Loading and W-P elastic foundation b) Thickness variation of laminated composite EPRS
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Geometric equations for EPRS as illustrated in Figure 1 are given in the following equation:

(R,~R,) +k*(b—z) =d’ (12

where b and a are the length of the semi-minor and semi-major axes of the elliptic curve, respectively. Characteristic
parameter of elliptic curve can be expressed as follows (Tornabene (2011a))

k=2 b
b (1b)
The horizontal radius Ro is

ak tan ()

R,(¢)=R,

D=k e an () 1
dR,

ap cos(4) (1d)

The radii of curvature Rg and Ry in the circumferential and meridional directions respectively can be described as
follows

ak

R, (¢) = 3
cos® (¢)\/(1 + k* tan” (¢))

(1le)

Rb ak

R _
o(#) Sin(¢)+cos(¢) 1+ k7 tan’ () (10

2.1 Variable Thickness Functions

In the present work, cosine, linear and sine thickness profiles as shown in Figure 3 are utilized to state variable
thickness in ¢ direction for EPRS. h(¢) is the thickness function of laminated composite EPRS. Thickness functions for
cosine, linear and sine profiles can be expressed as follows

Cosine Profile : - (2a)
h(p)=hy| 1+ B+ ﬁcos[[%Jr O.Sjﬂﬂ
Linear Profile : - b (2b)
h(g)=h| 1+ p| L=4
(¢) L +'B(¢2 _¢1 j:|
Sine Profile : (2¢)
h(¢)=ho[1+ﬁsm[;5%¢‘lﬂﬂ

in which S is the thickness variation factor along ¢ direction. hg and h; as shown in Figure 2 are the value of thickness in
the starting and ending of curvilinear coordinate system.
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Figure 3: EPRS having variable thickness profiles in ¢ direction. a) Cosine Profile, b) Linear Profile and c) Sine Profile

3 GOVERNING EQUATIONS
An elliptic shells of revolution can be defined with a curvilinear coordinate system ¢z as shown in Figure 2. Green-

Lagrange nonlinear strain-displacement relations without any simplification for shells of revolution structures were
derived using theory of surfaces in the recent article by Kalbaran and Kurtaran (2019). These relationships for EPRS can

be represented as below
2 2 2 2
fy=—r—| U, +— |t — | ———|| =+, | | =2 | | ==y,
4 . g ) | 4, _V L dg ¢ ¢ (3a)
1+~ 20 1+—=
R¢
¢
d 2
u
[d—;—ug cos(¢)J
1 d 1Y 1 d ’
u . u .
49 :A_—(% COS(¢)+d_§+uZ 51n(¢)J+(A—j _ +[u¢ cos(¢)+d—0‘9+uz sm(¢)) (3b)
G(HZJ ’ 2(1+Z] 2
R
’ ’ +(%—u9sin(¢)J
y :L 1 dua +L 1 (%_u cos(¢)j
$0 0
A d A déo
1+ 2 ¢ 9£1+ZJ
R¢ 0
duy du, | | duy duy | | [ du, du.
dg do | \dg a0 ) | dp do (30
di d
41 ! +u2ﬁ—u¢d£+ u¢%—uoﬂ—u0u2 cos(¢)
A¢A9( ZJ( ZJ do "’ do d¢ ' dg
! ’ + uZ%—ugdiJr%u‘9 sin(¢)
de¢ d¢
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du, 1 1 ( du,
}/gﬁz =—+ e - [
dz [ z JA¢ d¢
I+—
R¢
(3d)
1 1 du¢ du¢ du, du, (duz duzJ du¢ du,
|| = —F |+ 2 |+ +u, —=—u,
(1+ 2 ]A¢ d¢ dz d¢ dz d¢ dz dz dz
R¢
du, 1 1 ( du,
= — —u,sin
7/92 dZ [1 z j Ag [ dH 4 (¢)j
du, du, d”e dua L[ du. du. | (3e)
1 1 do dz dt9 a’Z do dz
+—_
A d du du
1+ +sin(¢@)| u —‘g—u U cos(p)] u, Lo —y, 0
( Rej (#)] dz 0 dz (#)] dz ' dz
where Ap and Ag are the Lame parameters for shells of revolution and they can be stated as follows
4, =R, (4a)
A, = R, sin(g) (4b)

Detailed derivation of Green-Lagrange nonlinear strain-displacement relations are given in the recent article by
Kalbaran and Kurtaran (2019). In this study, FSDT is used in EPRS formulations. Displacements field of the middle surface
at a general point (¢, 6, z) considering FSDT are as follows

u, (¢a o, Z) = u; (¢a 0)+ vy, (¢a 0)
M€(¢,9,Z) =u2(¢»‘9)+ZV/9(¢a9) (5)
u,(4,0,2)=u(4,0)

in which Wy and Wy represent the rotations about ¢ and 8 axes, respectively. uy, u) and ¢° are the middle surface

displacements along the curvilinear coordinates ¢, 0 and z, respectively. Green-Lagrange nonlinear strains-displacement
relations for EPRS from the point of middle surface rotations and displacements are given as below

e = = )
el
R,
2 02 2 0 \2 0 . (6a)
+ 1 - L[ LR +(u;’) +(uf)2+2f u 22duz
[ Z] R, ) || dg d¢ d¢ d¢ d¢
2|14+ —
R,
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0 dg 0 o3 d [
Epo =[ z jRH sin(9) {% cos(¢)+d—u9+uz s1n(¢)+z[ dl/; +y, cos(¢)ﬂ

() Y (Y 2 2 ]
f e S| S () () o (9)
a0 ) "\ a0 ) "\ ao (6b)
2 0
1 1 0\2 02),2 o duy o du,
+ +(u, ) +(u sin +| 2u, ———2u, —— |cos
2(1 z ]2£R95in(¢)] (( o) + ) Jsin’(9) L a0 g )
+7
0 0
’ +(2 3%—2@ %]sin(¢)+2u§uf sin(¢)cos(¢)
_ 1 duy dy, 1 1 du; 0 dy, _
Voo = - Ricw T g +(1+ z]Rgsin(qé) o~ ocos(9)+z| g vocos(d)
+7 -
R, ”
duy du, N duy duy N du? du! ! duf,?_ ;)duf
dp do | \dg 40 ) \dg a0 40 " ae (60)
+ ! ! ! ! +| u) duy —uod—ug—uouo cos ()
(1 ZJ(HZJRd,RHsm(;ﬁ) dg  Cdp -
Lz z
R R 0 0
’ ’ +[uf ci’u; —u, Cg;j +uju, |sin(g)
V=W, + ! L[duf —u)—zy j+;L d—u;yx +uly +d—ugy/
o [1+ZJR¢ v [l+zj plag ™t T A (6)
¢ R¢
Vo =W, + ! 1 {duf _(u°+zy/ )sin(¢)}
o (sz R,sin(¢) a0 ‘7 77
A (6e)
e
1 1 d”;) du, 0 o 0 0
+ YRsn(g)| 40 W, + 10 W, +usy, sm(¢)+(u¢l//€—u9y/¢)cos(¢)
1+
e
Rearranging Equation (6) yields
1 0 z 1
Sop = &, T K+ 2%
1+ 1+ZJ a1+ % (7a)
[ ¢J ( R¢ ( ")
1 o z 1
K, + X2
(7b)
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1 0 z 1 0 z 1 1
Yoo = Yoo, © Ko + - Yop, t - Kop + - Y gy, 79
z z z C
1+— 1+— I+— I+— 1+ || 1+—
( R¢] ( R;J ( st [ Raj ( R¢J( Raj
1 z
Vo: =Vgo + Vo T Vo2
1+ = 1+ 2 (7d)
R¢ R¢
1 z
YVo: =Voz0 T p Yo T Vo2 ;
1+ 1+ (7e)
R, R,

in which the terms of strain displacement relationship in Equation (7) are represented in Appendix A. By keeping terms
including z% and by expanding series as

1 z z?
— =l
£1+ZJ R, R, (8a)
R¢
1 z Z°
—=l-—+ =
[1_'_;} R, R, (8b)
0

+ 2
2R (8¢)

= —+ 5
2 R, 2R, (8d)

Nonlinear strain displacement relations for shells of revolution in Equation (7) can be collected for membrane and
transverse shear parts as below

o7 [0 () (2 (3)
gy | | M A A4 2z 0
e |=| A |+2| AV |42 2P [+2] AP [+24] 0 (9a)
ol 0| {an] || || A
roo [ 407 ()] 2 3
7 9z _ /Iéz ) ﬂ'éz) 2 ﬂ’éz ) 3 //léz)
=10 +z 0 +z ) +z o) (9b)
L }/¢z i /I(ﬁz /1¢z ﬁ'¢z /I(?z

The terms in Equation (9) can be written as follows

Latin American Journal of Solids and Structures, 2019, 16(9), e236 8/26



Large Displacement Static Analysis of Composite Elliptic Panels of Revolution having Variable Thickness Ozgiir Kalbaran et al.
and Resting on Winkler-Pasternak Elastic Foundation

1
/1;0) - 8;;1_ +E€¢NL (103)
gl £
A= e e Fou (10b)
R, R,
g k. 3¢
/1;2) :L;__¢+_¢_AZ/L (10c)
R> R, 2 R
() _ %
A4 =2 (10d)
y
20 g0 1
0 _89L+586NL (10e)
0
& &
//lél) — _ () +K9_ (Y (10f)
RH RH
0
& &
A0 fo Ko 3 %0y (10g)
R2 R, 2R
3)_ K
Ay _F (10h)
0
0 0 0 i
ﬂqﬁ@) =Yoo, TVas, T V0, (10i)
7y Y4 4 Y
€L 6 L 0.’\/[, ¢9[\’L .
R
4 4 4 [4
0 0
o _ Yoo, Koo Voo, Koy Yoo, Voo | Yoo
TR R R R TR RRTR o
4 ¢ 0 0 0 A ¢
K K 7 NL 7 NL
W TR RERE, o
” 6 1% s
4 7¢9NL
’%59):W (10m)
s 1%
gz = Vo0 T Vg )
ﬂ’;? = _% 7y (100)
4
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20 _ Ve Vg

Pz 2
R¢ R¢

() _ Vo2

A¢Z - RZ

[4

ﬂ’ég) = 7/6'20 + 7/621

/1(1_) —_ }/Hzl +
2 R, Voz2

20 _ Yozt Yeo:2
"R R

Strain-displacement relationships in Equation (9) can be also expressed in matrix form as below

_ 2 3 4
Sb —Ebo'l'ZSbl-l-Z €b2+Z £b3+Z 8b4

_ 2 3
SS —850 -I-ZSSI +z 852 +z 853

where & and g, state transverse shear and membrane strain vectors, respectively.

3.1 Constitutive Equations

Ozgiir Kalbaran et al.

(10p)

(10r)

(10s)

(10t)

(10u)

(10u)

(11a)

(11b)

The constitutive equation for a laminated composite EPRS can be obtained in terms of membrane force and moment

resultants as

N, A B C D E||g,

N, B C D E F||g,
N=iN;;=|C D E F Gj|g,

N, D E F G H||g,

N, (E F G H 1I]|g,
where

Ny Ny, Ny,
N, Nm > Ny = Nez > N3 = Nes > Ny

N¢6’1 N¢62 N¢H3

Ay An A B,y By, By
A=|4, A22 Ay |, B=|B,y By By |,

Ag Ay Ass B, Bg, By

The constitutive equation for transverse shear can be written as below
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S1 As Bs Cs Ds 850
SZ Bs Cs Ds Es 851
S= = (15)
S3 Cs Ds Es Fs 852
S4 Ds Es Fs Gs 853
where
SZ SZ SZ SZ
S, = 01,82: 92,83: 93,84: 024 (16)
S¢zl S¢22 S¢23 S¢z4
AS AS BS BS GS GS
As:|: 44 45}, Bs:|: 44 45}, o Gs:|: 44 45} (17)
Asgs Asss Bsys Biss Gsys Gisss
Al/,Bl/,CU,DU,EU, ,],G,], i l] express stiffness coefficients describing in-plane, bending-stretching coupling and
bending stiffnesses. They can be written as
4, Zj‘("” 0P| 14+ |4 142 |d= (1j=126) (18a)
0 R, ) U R, e
B = jk(‘” 00 A 1+ a1+ 2 |dz (G j=1,2.6) (18b)
e L0 N ‘U R, S
c =3 IW) 20M 4,1+ |4 £1+ z jdz (i,j=1,2,6) (18¢)
i i ¢ e 9 - ] — L4~
T Hae T R, R,
S R - z z
D, = OO AN 1+ — |4,)| 1+— |dz (i,j=1,2,6 18d
i kZ:;Lm(mZ 9 Ay R, ) 'U R, = 67 ) 18
S D 4= ( z] z ..
E, = 20 Ay | 1+ — |4y | 1+ —|dz (i,j=12,6) (18e)
! ;me ! R, R,
_ IW) S0 4 | 142 | 4 (1+ 2 gz (i,j=12,6) (18)
i = i ) e 9 e ) — L4,
e LT N R, R,
G, - jzk(’“ OW A | 1+ 4| 1+ |dz (i j=1,2,6) (18g)
Toade” R, )L R, S §
H. = IW) 1004 1+ |4, | 142 |z (i j=1,2,6) (18h)
Toede” T R )L R, /
7= jz‘”’) 300 4 | 142 |4 | 1+ 2 |dz (G, j=1,2,6) (18i)
Vogdae” TR )R, /=

Latin American Journal of Solids and Structures, 2019, 16(9), e236

11/26



Large Displacement Static Analysis of Composite Elliptic Panels of Revolution having Variable Thickness Ozgiir Kalbaran et al.
and Resting on Winkler-Pasternak Elastic Foundation

Aslj ,lej ,CSU ,Dsl/ ,Esl, ,Fsij indicate transverse shear stiffnesses and they can be given as

1 « (4) z zZ
As,, = OPAN1+— |A4)|1+— |dz (i,j=4,5 19
y kZ‘ L % [ RJ (’{ RJ z (Lj=45) (19a)
z(9)  — V4 ..
B, _z j 20004 (1+R—JA6{1+R—]G'Z (i, j=45) (19b)
¢ 0
Z ENC) J— z z
Cs, =Y kik, 22004 | 1+—=— |4, | 1+——|dz (i,j=4,5 19¢
i ; i jJ.Z/H(‘ﬁ) sz [ R¢ 0 Rg ( ] ) ( )
Zk(¢) z V4
Ds; = kik 30W4 | 1+— |4 (1+—jdz (i, j=45) (19d)
i l 3 0 g )
Z ’-[zk @ 7 R, R,
- 2, (4) z zZ R
By =Y k| o 4Q;k>A¢[1+R— AH[I+R—jdz (i,j=4,5) (19€)
k=1 k-1 ¢ 0
< « (9) z z
Fs. =Y kk, OWA N1+ |4, 1+— |dz (i,j=45 19f
Yy kZ:l: v J‘zmwj) Ql/ 4 R¢ 0 RB ( / ) ( )
G IM) 0N A, 142 | 4, [ 142 |dz (1,j=4,5) (19g)
i = Ee) R, )\ R, e &

in which kl.z =5/6 (i=4,5) and Q;k) state the shear correction factors and transformed stiffness coefficients of k-th layer,

respectively.

3.2 Equilibrium Equation for EPRS

Equilibrium equation for composite EPRS with variable thickness resting on W-P elastic foundation is derived
utilizing the virtual work principle, in this work. According to virtual work principle, virtual work of external force is equal
to the summation of virtual works of elastic foundation and internal forces. The visual expression of elastic foundation
between the ground and laminated composite EPRS is illustrated in Figure 2-a. where k,, and kc express Winkler and
Pasternak modulus, respectively. Virtual work principle for the laminated composite EPRS having variable thickness
resting on W-P elastic foundation can be expressed as follow

z; (#)

*) * o

Zj |<¢)[I {04 0845+ O Oy + Ty OV g + T4 57 . + 74 575
Q

Lk wyow, +k, || D90 | [ Oy 00w, 14, [ 1+ = |4, 1+ = |dgdod: (20)
R,0¢ R,0¢ | |\ R,00 R,00 R, R,

= [ q.0w,4,4,d¢d0dz
Q

where g, is distributed load as illustrated in Figure 2-a and it is applied on the mid-surface of EPRS. Equation (20) can be
rearranged concerning force and moment resultants as below
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(21)

4 TECHNIQUE FOR SOLVING EQUILIBRIUM EQUATION

Due to the irregular geometric shape of the EPRS, the geometric mapping theory is implemented to calculate
integrals numerically in the equilibrium equation in Equation (21). As can be seen from Figure 4, elliptic shell area is
discretized into grid points. In the current study, GDQ method is utilized to compute partial derivatives. The GDQ method
replaces a given partial space derivative of a function by a linear weighted sum of the function values at the discrete grid

points. Partial space derivatives of a function p(7,9) at an arbitrary grid point using GDQ technique can be expressed as

op'(n,9) & i
["6—’7] = >.C'py (22)
n 17;58 k=t
ap’(n,9) < (s)
Rl s = C%p.
( 6193 s ; Jm plm (23)
") (Tp) e
9 — _ C.(r) C(s)
[ anralgv - anr 619; — ik ; Jjm pkm (24)

Where 7, and 1, indicate the total number of grid point in 4 and 77 directions. s-th and r-th are the orders of partial

space derivative and in 4 and 77 directions. In this work, Gauss-Lobatto quadrature rule is employed in calculating spatial

derivatives of field variables and numerical integrals. Gauss-Lobatto quadrature rule can locate grid points at boundaries
which allow the application of the boundary conditions easily. Detailed derivations of the GDQ method and geometric
mapping transformation for the shells of revolution structures are given in the recent article of (Kalbaran and Kurtaran
(2019)).
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Figure 4: Discretized shell domain in natural coordinate system for EPRS

After discretization process of EPRS domain, equilibrium equation as seen in Equation (21) can be expressed in
matrix form as below
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P=F  (25)

where F and P indicate external and internal vectors, respectively. Nonlinear static equilibrium equation in Equation (25)
can be solved by using iterative Newton Raphson technique. In the implicit solution procedure, equilibrium equation in
residual form is expressed where displacements can be calculated as follow

R=P-F (26)
Residual equation is linearized leading to the incremental equilibrium equation as
KAU=-R (27)

where K and U matrix indicate tangent stiffness matrix and displacement values, respectively. Displacement increments
are obtained by solving residual equation iteratively. Converged displacement values are obtained by adding
displacement increments to the displacement values of previous iteration. The following convergence criteria is used in
this study as below

R
Conv = ﬁ (28)

norm

where Fnorm and Rnorm denote norm of external and residual forces, respectively. Convergence tolerance is used as
Conv<0.005 in this study.

4.1 Boundary Conditions for EPRS
In this work, all edges simply-supported (SSSS) and all edges clamped (CCCC) boundary conditions of EPRS are

considered. Boundary conditions apply to external grids (boundary grids).
Generic edge is fully clamped:

uy =ug =u, =y, =y, =0 at ¢=¢ or ¢=¢, 6,<0<6,
uyg =ug =u; =y, =y, =0 at 0=6, or 6=0, @H<p<¢,

0 at ¢=¢ or ¢=¢, 6,026,
=0 at =6 or 0=60, ¢@<¢<¢,

5 CONVERGENCE AND VALIDATION STUDIES FOR EPRS

GDQ method is utilized to obtain nonlinear static behavior of laminated composite EPRS having variable thickness.
For this purpose, a computer program for EPRS has been developed to solve the nonlinear equilibrium equations using
GDQ method. Firstly, GDQ code is validated with linear static response of laminated composite spherical panel resting
on Winkler elastic foundation which is available in the literature (Tornabene and Ceruti (2013)). Secondly, GDQ code is
validated with nonlinear static behavior of laminated composite EPRS having variable thickness using commercial
software ANSYS. SHELL281 shell element is used with ANSYS analyses. Results of mesh with 50x50 shell elements in x and
y directions are used to present the results. The used mesh is sufficient to obtain the converged results. Central point of

EPRS can be described by (@,%j

In this study, displacement results are negative in tables and figures since uniformly distributed load is applied in
negative z direction because of the selected coordinate system. Therefore absolute values should be considered in
interpreting the magnitude of the results.
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Linear static responses of a composite spherical panel resting on elastic foundation at panel center are investigated
for validation under uniformly distributed load considering simply-supported boundary condition in Table 1. Geometric
parameters of laminated composite spherical panel and applied load are taken as Ry = Ry =10 m, R, =0 m, ¢p€[n/3, 21r/3],
0€[-n/6, m/6], h=0.09 m, g,=-10 kPa (Tornabene and Ceruti (2013)). In this study, in all examples, material properties are
specified as £1=137.9 GPa, £,=8.96 GPa, G3=6.21 GPa, G1,=G13=7.1 GPa, p=1450 kg/m?3, v1,=0.3 for laminated composite
shells. As can be seen from the comparisons in Table 1, GDQ method results are in good agreement with the results of
(Tornabene and Ceruti (2013)).

Table 1. Linear static deflection of composite spherical panel resting on elastic foundation at panel center regarding SSSS boundary

condition
k,=0 k,=1.5¢7 (N/m’) k,=7.5e7 (N/m’)
Lamination

Scheme Present Tornabene-Ceruti Present Tornabene-Ceruti Present Tornabene-Ceruti
Study (m) GbQ(m) FEM(m) Study(m) GpDQ(m) FEM(m) Study(m)  GpQ(m) FEM (m)
(30) -4.579%e-4 -4.589e-4 -4.418e-4 -2.492e-4  -2.503e-4 -2.444e-4  -9.796e-5 -9.899e-5 -9.758e-5
(0/90) -5.860e-4 -5.911e-4 -5.862e-4 -3.214e-4  -3.257e-4 -3.22%9e-4 -1.110e-4 -1.129e-4 -1.119e-4
(30/45) -4.475e-4 -4.476e-4  -4.276e-4 -2.303e-4  -2.303e-4 -2.237e-4  -9.066e-5 -9.102e-5 -8.940e-5
(0/90/0) -5.870e-4 -5.922e-4 -5.875e-4 -3.220e-4  -3.263e-4 -3.235e-4 -1.111e-4 -1.131e-4 -1.121e-4
(30/45/70) -4.405e-4 -4.413e-4  -4.253e-4 -2.410e-4  -2.420e-4 -2.36le-4 -9.431e-5 -9.507e-5 -9.351e-5
(0/90/90/0) -5.858e-4 -5.909e-4 -5.862e-4 -3.221e-4  -3.264e-4 -3.236e-4 -1.111e-4 -1.130e-4 -1.120e-4

(30/45/70/90) -3.846e-4  -3.859e-4 -3.764e-4  -2.348e-4  -2.364e-4 -2.319e-4  -9.573e-5 -9.686e-5 -9.553e-5

To specify the sufficient grid points to be used in Differential Quadrature method, a grid convergence case is carried
out before beginning EPRS studies for static analysis. Nondimensional static analysis results at the center of laminated
composite EPRS having uniform thickness for fully clamped boundary condition are illustrated in Figure 5. As can be seen
from Figure 5, static responses start to converge for grid numbers n>11. In this study, in all cases, 17x17 grids are used
for GDQ method.

0 :
0.5+ ) . 1
Static Analysis - CCCC
1L Linear Variable Thickness Form
[0°/45°/90°/45°/0°]
£=0 nxn grid
1571 1
-:O
= -2 7
=
25+ 1
3 i
=351 1
_4 Il 1 L 1
0 5 10 15 20 25

Grid Number (n)

Figure 5: Grid convergence case studies for static analysis at the center of laminated composite EPRS regarding CCCC boundary
condition

For validation, nonlinear static responses of laminated composite EPRS having linear variable thickness profile are
investigated under uniformly distributed load for both boundary conditions. Geometric parameters of EPRS are taken as
Ry =0, a=4 m, b=4 m, hg=0.02 m, and range of ¢ and @ are given as [¢o, ¢1] = [0, 111t/24], [¢1, P2] = [111/24, 131/24],
[0, 62] = [0, m/12]. Uniformly distributed load is g, =-2 MPa and the absolute values of the radii were used for ¢>m/2.
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Figure 6: Non-dimensional static responses of laminated composite EPRS having linear variable thickness profile for different value
of thickness variation factor () a) CCCC boundary condition b) SSSS boundary condition

As can be seen from the Figure 6, non-linear static responses along the ¢ direction are in good agreement with the
results obtained using ANSYS for different value of thickness variation factor and boundary conditions. FE solutions
(50x50 quadrilateral shell elements elements) are achieved utilizing commercial software Ansys Parametric Design
Language (APDL).

6 NUMERICAL RESULTS AND DISCUSSIONS

In this chapter, some results and discussions about the nonlinear static analysis of laminated composite EPRS under
distributed load are presented in detail. Effects of thickness variation factor, thickness functions, W-P elastic foundation
parameters, composite lamination scheme, characteristic parameter and boundary conditions on nonlinear static
response are exemined in the solved examples. Geometric parameters of EPRS are taken as R, =0, b=4 m and hg=0.02 m
in the examples. Uniformly distributed load is g; =-2 MPa.

6.1. Influence of characteristic parameter on static response

As a first step, the effect of the characteristic parameter on large displacement static response is investigated for
clamped boundary condition. Three different characteristic parameter values (such as k=0.75, 1.00 and 1.25) of
laminated composite EPRS having uniform and variable thickness profiles are considered. Range of ¢ and 8 are given as
[¢o, P11 =10, 51/12], [¢1, ¢2] = [51/12, /2], [6;, 62] = [0, m/12]. Thickness variation factor (f) is given 0, 0.25 and 1. Cosine,
linear and sine profiles as seen in Figure 3 are used for thickness variation. Stacking sequence of laminated composite
layers is taken [0°/45°/90°/45°/0°].

Nonlinear static analysis results at the center of EPRS having uniform and variable thickness profiles considering
clamped boundary condition are shown in Table 2. Displacement values of EPRS on static responses in Table 2 are
observed to be minimum for all variable thickness profiles when the characteristic parameter is k=1.25. Maximum
displacement values obtained in static analysis for EPRS occur when the characteristic parameter is k=1 considering =0
and $=0.25. In Table 2, thickness variation factor is taken as £ =0.25 and it is seen that for the case of k=0.75 and 1, the
results are close to each other and much higher than those for the case of k=1.25.

Table 2. Nonlinear static analysis results at the center of EPRS having uniform and variable thickness considering CCCC
boundary condition.

Uniform Linear Variable Sine Variable Cosine Variable
Thickness (m) Thickness Profile (m) Thickness Profile (m) Thickness Profile (m)

Kk B=0 B=0.25 B=1 B =0.25 B=1 B=0.25 B=1
0.75 -0.0625 -0.0581 -0.0301 -0.0551 -0.0102 -0.0611 -0.0526
1.00 -0.0701 -0.0621 -0.0144 -0.0620 -0.0104 -0.0624 -0.0238
1.25 -0.0419 -0.0167 -0.0070 -0.0154 -0.0063 -0.0174 -0.0082

6.2 Influence of thickness profile and stacking sequence on static response

Here, the effect of the thickness variation factor and profile on large displacement static response is examined for
clamped and simply-supported boundary conditions. Thickness profiles and stacking sequence of laminated composite
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layers used in this example are identical with the previous example. Range of ¢ and 6 are given as [¢q, ¢1] = [0, 1111/24],
[p1, P21 = [111/24, 131/24], [64, O2] = [0, m/12]. Semi-major axis of the elliptic curve is considered a=4 m. To investigate
the effect of thickness profile, f’s are considered as 0, 0.25, 0.5 and 1.25.

Figures 7 and 8 illustrate variation of displacement along ¢ direction for clamped and simply-supported boundary
conditions at §=m/24. Figures 7 and 8 demonstrate that as the thickness variation factor increases, displacement values
decrease for all thickness profiles considering both boundary conditions. Also, thickness profile has more influential
effect on the displacement results for clamped boundary condition compared to simply-supported boundary condition.
As seen in Figures 7 and 8, sine and cosine thickness profiles yield symmetrical displacement forms unlike the linear
profile. The  parameter does not an have important effect on displacements for simply-supported boundary condition
except for the sine profile.

In Figures 9 and 10, static responses of EPRS with different thickness profiles are compared for $=0.25 and f=1.25.
When the thickness variation factor is $=0.25 as seen in Figures 9-a and 10-a, the f parameter has a similar effect on
displacement results for the considered thickness profiles and boundary conditions. Conversely, the static responses
differ for the three different thickness profiles when the thickness variation factor is #=1.25. Displacement values of EPRS
having sine variable thickness profile in Figures 9 and 10 on static responses are observed to be minimum for $=1.25. In
addition, the largest displacement values occur in cosine form for f=1.25. As can be seen from Figures 7-10, the
displacement values of the clamped boundary condition are always lower than the simply-supported boundary condition.
As can be seen from the Figures 9 and 10, sine and cosine thickness profiles yield symmetrical displacement forms unlike
the linear profile. Sine and cosine thickness profiles are symmetric but linear thickness profile is not symmetric in
longitudinal direction (in ¢ direction). Therefore, the response is not symmetric for linear thickness profile.

Finally, the effect of the changing of composite angles on thickness profiles is examined in Figure 11. Stacking
sequence of angle-ply laminated composite layers is taken [a°/ -a°/ a°/ -a°/ &°]. a are considered as 30°, 60° and 90°.
Figure 11 shows nonlinear static response of EPRS having variable thickness for three different stacking sequence
considering the clamped boundary condition. As shown in Figure 11, different static responses have been obtained for
three thickness profiles when a different stacking sequence is used, for $=0.25. In addition, lowest displacement values
occur when a is taken as 90° considering all variable thickness forms.
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Figure 7: Non-dimensional static responses of clamped EPRS with variable thickness considering different thickness variation factors
along ¢ direction a) Linear Profile, b) Sine Profile and c) Cosine Profile
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Figure 8: Non-dimensional static responses of simply-supported EPRS with variable thickness considering different thickness
variation factors along ¢ direction a) Linear Profile, b) Sine Profile and c) Cosine Profile
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Figure 9: Non-dimensional static responses of clamped EPRS considering different thickness profiles along ¢ direction a) $=0.25,

b) f=1.25
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Figure 10: Non-dimensional static responses of simply-supported EPRS considering different thickness profiles along ¢ direction a)
£=0.25, b) p=1.25
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Figure 11: Non-dimensional static behavior of clamped angle-ply composite EPRS with variable thickness along ¢ direction a) Linear
Profile, b) Sine Profile and c) Cosine Profile

6.3 Influence of W-P elastic foundation on static response

Finally, the effect of W-P elastic foundation on large displacement static response of laminated composite EPRS
having linear variable thickness profile is examined along ¢ direction at 6=mn/24. 5 is taken as 0.25 and 1. Geometric
parameters and material properties used in this example are identical with the previous example (Section 6.2). Stacking
sequence of laminated composite layers is taken [0°/45°/90°/45°/0°]. Winkler modulus of k,=0, kw=E1/10%, k,=E1/103 and
kw=E1/10? and Pasternak shear modulus of k= G12/10%, ke= G12/103% and ke= G12/10? are considered as elastic foundation
parameters.
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Figures 12 and 13 show non-dimensional static responses of EPRS having linear variable thickness resting on Winkler
elastic foundation (ks= 0) for clamped and simply-supported boundary conditions. As can be seen from Figures 12 and
13, displacement values decrease with increasing values of Winkler elastic foundation parameter for =0.25 and f=1.
Increasing Winkler modulus generally has important effect on displacement results for considered boundary conditions.
However, this effect is more prominent for Winkler modulus higher than E£;/10%.

Figures 14 and 15 demonstrate non-dimensional static responses of EPRS having linear variable thickness resting on
W-P elastic foundation (kw= E1/10?%) for clamped and simply-supported boundary conditions. As seen in Figures 14 and
15, displacement values decrease with increasing values of Pasternak modulus for f=0.25 and f=1. Pasternak modulus
higher than Gi2/10* has amplitude-reducing effect for both boundary conditions. Effect of Pasternak modulus on
displacement is gradual considering clamped boundary condition.
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Figure 12: Non-dimensional static responses of EPRS having linear variable thickness resting on Winkler elastic foundation
considering CCCC boundary condition a) 5=0.25, b) =1
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Figure 13: Non-dimensional static responses of EPRS having linear variable thickness resting on Winkler elastic foundation
considering SSSS boundary condition a) #=0.25, b) =1
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Figure 14: Non-dimensional static responses of EPRS having linear variable thickness resting on W-P elastic foundation considering
CCCC boundary condition a) #=0.25, b) p=1
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Figure 15: Non-dimensional static responses of EPRS having linear variable thickness resting on W-P elastic foundation considering
SSSS boundary condition a) #=0.25, b) p=1

7 CONCLUSIONS

This paper presents large displacement static analysis of laminated composite EPRS having variable thickness resting
on W-P elastic foundation for CCCC and SSSS boundary conditions using GDQ technique. To determine the variable
thickness, three types of thickness profiles namely cosine, sine and linear functions were used. Equilibrium equations
were derived via virtual work principle using Green-Lagrange nonlinear strain-displacement relationships considering the
deepness terms and spatial derivatives were calculated via GDQ method. Nonlinear static equilibrium equations were
solved using Newton-Raphson method. Some results and discussions about the nonlinear static analysis of laminated
composite EPRS under distributed load were presented in detail. Effects of thickness variation factor, thickness functions,
W-P elastic foundation parameters, composite lamination scheme, characteristic parameter and boundary conditions on
nonlinear static response were exemined in the solved examples

Results of this study can be summarized as follows:

e  Displacement values of EPRS on static responses are observed to be minimum for all thickness profiles when the
characteristic parameter is k=1.25.
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o  The effect of thickness variation factor on displacement results is similar for linear, cosine and sine thickness profiles
when fis 0.25 and stacking sequences is [0°/45°/90°/45°/0°].

e  Static responses have been obtained for three different thickness profiles considering various stacking sequences
(=30, 60 and 90) for 5=0.25.

e  Lowest displacement values occur when « is taken as 90° considering all variable thickness forms for £=0.25.

e  Displacement results of CCCC boundary condition are more effected by variation in thickness profiles compared to
those of SSSS boundary condition.

o  Displacements decrease for all considered boundary conditions and thickness profiles, when the thickness variation
factor (B) increases.

e  Sine and cosine thickness profiles yield symmetrical displacement profiles unlike the linear profile on static analysis.
e  Largest peak displacement values occur in cosine thickness profile.

e Asthe f-value increases, differences in displacement values become more apparent.

e Displacement values decrease with increasing values of Winkler and Pasternak modulus.

e  Pasternak modulus, which is higher than G1,/10% have significant amplitude-reducing effect.

e Winkler modulus, which is higher than E;/10%, have significant amplitude-reducing effect.

Author’s Contributions: Conceptualization, O Kalbaran and H Kurtaran; Methodology, O Kalbaran and H Kurtaran;
Investigation, O Kalbaran; Writing - original draft, O Kalbaran; Writing - review & editing, H Kurtaran; Supervision, H
Kurtaran.

Editor: Marcilio Alves.
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Appendix A

Terms of nonlinear strain displacement relationship in Equation (7) are given in Appendix A to save space.
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