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Abstract

This paper presents an exact solution for the boundary-value problem which describes the linear buckling of
axially-compressed cylindrical panels with frames attached to the circular edges. The boundary conditions
differ from the classical simply supported ones, often assumed for design purposes, in the sense that the
torsion resisted by the frames are also taken into account. The quality of the results reported herein may be
valuable benchmark data.
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1 INTRODUCTION

A reinforced circular cylindrical shell is sketched in Figure 1, with skin, stringers (longitudinal stiffeners) and frames
(circumferential stiffeners) displayed. An isolated panel, extracted from a skin portion between adjacent stiffeners, is
also indicated. In order to better exploit the structure load capacity, as done for instance in a typical aeronautical design,
the skin is assumed to buckle first (Kollar and Duldcska, 1984; Buermann et al., 2006). In this case, the isolated panel can
thus be used as a simple solution domain to estimate the skin buckling.

The exact solution for buckling of axially-compressed cylindrical panels with all edges simply supported in the
classical manner is easy to be found (Timoshenko and Gere, 1961). Chu and Krishnamoorthy (1967) reported an exact
solution for the buckling of axially-compressed cylindrical panels with the circular edges simply supported and the
straight edges free. By constraining the above free edges with stiffeners acting like beams, Krishnamoorthy (1974)
proposed the first exact solution for panels with edge stiffeners.

More recently, axially compressed cylindrical panels with three edges simply supported and one edge free were
treated by Magnucki and Mackiewicz (2006) and by Wilde et al. (2007) using, respectively, the Galerkin and Lévy-type
procedures. Varying the load from pure compression to full in-plane bending, the buckling of simply supported cylindrical
panels was numerically analyzed by Martins et al. (2013). Parametric results for the buckling of axially-compressed
cylindrically panels with the circular edges simply supported and the straight edges free were provided by

stringer
frame

skin

/

panel extracted from the skin

Figure 1: Cylindrical shell reinforced with stringers and frames.

Eipakchi and Shariati (2011), and by Afkhami et al. (2015) using, respectively, a perturbation technique and the Galerkin
method.

Focusing on bridge construction aspects, Tran et al. (2012) studied the linear buckling and the ultimate strength of
stiffened cylindrical panels under axial compression. Finally, the state-of-the-art on the stability behavior and design of
cylindrical panels under generalized in-plane loading is well detailed in Martins et al. (2018). None of the previous works
have treated the problem addressed here.

Axially-loaded stiffened cylindrical shells are generally low sensitive, or even insensitive, to imperfections depending
on how closely stiffened they are (Koiter, 1956; Stephens, 1971; Singer, 2004). Due to the difficult of determining the
actual imperfection, their design at present is still based on classical critical loads corrected by knockdown factors. In
particular, with regard to the aerospace structures, prediction of knockdown factors remains highly dependent on the
empirical guideline provided in NASA SP-8007 (Peterson et al., 1968). Moreover, the linearized buckling analysis can still
be used to predict lower bounds on the critical load, as proposed by Sosa et al. (2006).

Following closely the work of Lucena Neto et al. (2016), one develops herein a procedure that exactly predict the
linear buckling load for axially-compressed cylindrical panels with frames attached to the circular edges, identifying the
external moments exerted by them on the buckling onset. From a mathematical point of view, the simple change of the
stiffener from the straight edges (see Lucena Neto et al., 2016) to the circular ones in the panel is enough to make the
problem challenging in stating the moments exerted by the frames on the circular edges and in establishing all the
function spaces where a buckling mode might be. In the proposed solution, the frames are supposed to resist torsion in
three ways: the first and second are denoted by Saint-Venant and warping torsions (Kollbrunner and Basler, 1969; Pilkey,
2002), respectively, while the third is associated with the frame out-of-plane bending.
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The linearized Donnell's equations, with prebuckling rotations neglected, are chosen to describe the panel buckling
behavior (Brush and Almroth, 1975). The exact solution is stated here in a suitable detail, which may be valuable
benchmark data.

2 PROBLEM FORMULATION

The circular cylindrical panel shown in Figure 2(a) has radius R, length a, width b and thickness h. It is subjected to
a uniformly distributed axial compressive force p per unit length and referred to a set of orthogonal curvilinear
coordinates xyz placed in the panel midsurface. The panel buckling is supposed to be described by the linearized
Donnell's equations (Brush and Almroth, 1975; Lucena Neto et al., 2016)

V4u = —VW_ggg + W.fnn V4U = —(2 + V)W_ggn - wnnn VSW + W'gggg + 2pV4W,§§ =0 (1)
with prebuckling rotations neglected. The nondimensional coordinates and displacements are defined as

. panel thickness /i

\frame height

(a)

u=0
N=0 M=0

w=0
X N=0 M=M

(b)

Figure 2: Cylindrical panel with frames attached to the circular edges: (a) geometry and loading; (b) boundary conditions.
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_ /ZEhi _ /25’12 _ /ZEhu(x.y) ~ ,ZEhv(x,y) W(x )
“JpaR 7 | paR u(§,m = > R v(én) = > R w(é,mn) = 2)

where
Eh? p

pi=———=—os p=— 3
4T RSB —vD) Pl )

The classical value p.; represents the minimum buckling load p that a simply supported panel could ever achieve.
Moreover, u, v and w are the midsurface displacements in the x, y and z directions; E is the Young's modulus, v
is the Poisson's ratio, V® denotes two successive applications of the two-dimensional biharmonic operator
VA ) =( eeze + 20 ) genn + () ppnn and a comma followed by ¢ (or 1) indicates differentiation with respect
to & (or n).

The boundary conditions (see Figure 2(b)) to be applied differ from the classical simply supported ones in the sense
that the torsion resisted by the frames attached to the panel circular edges are also taken into account:

Ne =0 v=0 w=0 M;=M at {==+4
u=0 N,=0 w=0 M,;=0 at n = 0,1, )
with

¢ = |2Eha _ |2ERb -
0 Pa 2R Mo Pa R.

The nondimensional in-plane forces Ng and N,, bending moments Mg and M, and external moments M exerted by the
frames on the panel circular edges & = + &, are

Eh Eh
Ng = 12 (u‘g +vv, + vw) N, = 12 (vu,§ +v, + W)
D 2Eh D 2Eh
Mg = —ﬁa(w.ss +VWan) My = _EP_(VW&’ + W) (©
_ _Ely [2Eh Gyl 2Eh
A0 m) = F 2L |22 [y o) = w b)) F 2 |22 [ o) + 5w )|

LTy (2B 2Eh
f ! ( Del ) [ nmnn (+EO' 77) + anrmn (+EO' 77)]

where D = Eh3/12(1 — v?) is the panel bending rigidity.

Note that the external moment, which prevent the panel circular edges from rotating freely, is prescribed but not
known until the problem is completed solved. Details on its expression development is given in Appendix A. The frames
have torsional and warping constants J and [, area moment of inertia of the cross section about the z axis given by [,
material with Young's modulus Er and shear modulus Gy. The first term in M is associated with the frame out-of-plane
bending, while the second and third terms are associated with Saint-Venant and warping torsions, respectively.
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3 CHARACTERISTIC EQUATION AND SOLUTION PROCEDURE

A general buckling mode satisfying the simply supported boundary conditions on edges n = 0,74, can be assumed
in the form

u(,n) = U(§)sinkn v(é,n) = V(&) coskn w(&,n) =W(&)sinkn, (7
with
_nnR [pg
=5 ~2ER ®

and the integer n standing for the number of half-waves in the circumferential direction. The functions U(¢), V() and
W (&) must be obtained so that the mode fulfills the conditions required by the supports at § = +¢, and satisfies (1).
After substitution of (7), the boundary conditions (4) on edges & = +&, hold for every 0 < n < 7, if

Us(£§) =0 V(X&) =0  W(£&) =0

D Pci EfIf nZTL'2 Tl4T[4
R Wee (o) =[50z + 5 Gl + 2 EfTy | We (o) ©)
n2m? ;g % n2m?
t =7 (555) Bty + Gyl + 5 BTy | U(E0) = 0.

On the other hand, the equation obtained after substitution of w(&,7) into the third of equations (1) holds for every
point (¢,n) of the domain for nontrivial w (i.e., W # 0) if

dasw dew d*w d*w
- —2(2k? — 4 _ 4pk? 1 —2k*(2k? —
3 2k p) G + (6k pk* + 1) 7 k*(2k p) 22

az + kqW = 0. (10)

Particular solutions of this homogeneous linear differential equation are in the form e*¢, where s denotes a root of the
characteristic equation

s8 —2(2k? — p)s® + (6k* — 4pk? + 1)s* — 2k*(2k? — p)s? + kB = 0. (11

Closed-form solutions of polynomial equations beyond sixth order are restricted, except in the numerical form (King,
1996;. McNamee, 2007; McNamee and Pan, 2013). Fortunately, equation (11) can be factored in the form

Sz_kz4 Sz_kzz
S +2p S +1=0 (12)

regardless of the values of k and p. Thus, its roots are

+i /A +[4k% = ;
S =
2

(13)
where

M=p—+p*-1  l=p+p*-1 (14)
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and i = v/—1 denotes the imaginary unit. It is clear from physical considerations that the buckling will always take
place for p > 1 due to the attachment of frames to the panel edges £ = +¢&;. In view of this evidence, the parameters
A, >, > 0.

The presence of the constant term k8 (k > 0) in (11) and the property A; > 0 anticipate that zero and real roots do
not exist. Depending on the values of A; and k, the roots may be grouped according to the five cases in the sequel.

3.1Casel: 0 < k2 < 1,/4

All the roots are distinct and purely imaginary:

$1=—Ss =1iy1 S, = =S¢ = 1Y S3 = —S7; = 1y3 Sy = —Sg = 1Va (15)
with

V1}=\//1_1i\//11_4k2 V3}=\//1_2i\//12_4k2 (16)

Y2 2 Va 2 )

The solution of (10) may then be taken in the form
W(&) =W, siny; & + W, cosy,;& + Wi siny,& + W, cosy,&
+ Wssinys;& + Wy cosyz€& + W, siny,& + Wg cosy,é (17)
where W; are arbitrary constants.

Because the yz plane is a symmetry plane for the structure (see Figure 2(a)), the buckling modes can be separated
into two distinct symmetry classes, which may be readily identified by the shape of W (). The modes may be classified
by whether the displacement component w is symmetric or antisymmetric with respect to the yz plane. The
displacement components u and v will then also have appropriate symmetries. This separation not only aids in identifying
and classifying the buckling mode, but also reduces the eigenvalue problem to two distinct problems with smaller
determinants to be evaluated. Using the subscripts “s” and “a” to refer to symmetric and antisymmetric parts, Eq. (17)
is split into

Ws(§) = Wis cosy1§ + Was cosy,§ + Was cosy3$ + Wys cos y,é
Wa(§) = Wig siny;§ + Wy siny,§ + Wag sinysé + Wy, siny,§ (18)

where W, and W;, are appropriate redefinitions of W;. From (1), (7) and (18), the functions U(¢) and V(&) may also be
split into

Us(§) = Wisuys sinys§ + Wosups siny,§ + Wastizs sinys§ + Wysys siny,§
Ua(§) = Wiquyq c0sy1§ + Waqlzq cOS Y28 + WagqUsg COSY3E + Wagllag COSYaS (19)
Vs(§) = Wisv15 cos Y18 + Wosps COS Y28 + Wasvss cOS Y38 + Wisas COS Vs
Va(§) = Wiqvia Siny € + Waasq Siny,§ + Waqvsg sinysé + Wyaag sinyaé.
The coefficients u;q, u;,, v;s and v;, are detailed in Appendix B.
Introduction of the symmetric (or antisymmetric) displacement components (18) and (19) into (9) for £ = &, yields

the homogeneous system of equations

KW =0, (20)
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where the vector W collects Wi, (or W;,) and the matrix K is given in Appendix B. Each root p of the equation det K = 0
represents a buckling load.

Since similar expressions to (20) hold for the remaining cases, for which the matrix K is also listed in Appendix B,
only the functions U(£), V(&) and W (&) associated with the solution will be summarized next.

3.2Casell: k? = A, /4
As the parameters y; = y, in (16), the roots (15) reduces to

S =S = =S5 = —Sg = iy1 §3 = —S7 = i¥3 Sy = —Sg = 1Yy (21)
The solutions (18) and (19) must be modified to account for the repeated roots s; = s, and s5 = s¢:

Ws(§) = Wiscosyi§ + Wys siny § + Was cos yad + Wys cosyué

Wa(§) = Wig sinyi§ + Waa§ cosyi§ + Wag sinyzé + Wyg siny,é

Us(§) = (Wisugs + Wastipg) sinyi§ + Wasllas§ cosy1§ + Wasuss sinysé + Wyslys siny,é (22)

Ua(§) = (Wiquyq + Waqlaa) cosy1§ + Woqily§ siny§ + Waqusg COSY3E + Waglag €OS Ve

Ve(§) = (Wisvis + Wasps) cos y1§ + Was¥ps§ siny & + Wasvzs oS Y38 + WysUss cosy,é

Va(§) = WiaViq + WaqV2a) sinyi§ + Waapq8 c0sy1§ + WagVsg Sinysé + Wi Vsg Sinyaé.

The coefficients w;g, U;s, Uiq, Uiq, Vis, Vis, Vig, Viq are detailed in Appendix B.

3.3Caselll: 1;/4 < k? < 2,/4

All the roots are distinct. Roots s4, S,, S5, Sg are the complex roots

S1= =S5 .
S: = —56} =aq i lﬁl (23)
with

4k? — A, J4

a = 2 ,81 = (24)

and roots s3, S4, Sy, Sg are the purely imaginary roots identified in Case I. Splitting the solution of (10) into symmetric
and antisymmetric parts as before,

W (&) = Wi sinh a4 € sin ;& + W, cosh a1 € cos f1& + W3 cosy3€ + Wy, cosy,€
W, (&) = W, sinh a; € cos ;& + W, cosha; & sin ;& + W, sinys& + W, siny,&
Us(§) = (Wysuys+Wasuys) sinh ai§ cos f1§ + (Wiglhys+Wosllys) cosh @y § sin 1§
+ Wasuzs Siny3$ + Wystlys sinyag (25)
Ua(§) = (Wyquyq+Waqugg) sinh @y € sin 1§ + (Wil o +Waqllag) cosh ai§ cos f1€
+ WaquUzq cosy38 + Wygtlyq COSYaE

Vs (&) = (Wisv15+Wosvy5) sinh @€ sin 1§ + (Wi s+ Wos¥ps) cosh ay € cos €
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+ W3s35 COSY3E + Wygss COS Y4E
Vo (&) = (Wiqv1a+Waqvag) sinh @ € cos & + (Wi q+Wag ) cosh ay € sin ;€
+ W3qV3q Sinysé + Wy, Siny,é.

The coefficients w;g, U, Uiq, Uiq, Vis, Uis, Vig, Viq are detailed in Appendix B.

3.4CaselV: k* = 1, /4

Roots s4, S5, S5, S¢ are the complex roots identified in Case Ill, whereas s3, s4, S5, Sg reduce to the purely imaginary
roots

53 - 54 = _57 - _SS = l}/3 (26)
In order to account for the repeated roots s; = s, and s; = sg, the solution (25) must be modified to read
W, (&) = Wi sinh @€ sin B & + W, cosh a; & cos 1€ + Wig cosyz& + W, sinysé

W, (&) = Wy, sinh a € cos B¢ + W, cosh a; & sin B, & + Wy, sinyzé + W, € cosysé

Us(§) = (Wisugs+Wastiys) sinh a;§ cos 1§ + (Wystlys+Wasllas) cosh ay § sin 1§

+ (Wasuss + Wysuys) sinysé + Wysilys§ cosysé (27)
Ua(§) = (Wiquyq+Woquye) sinh ay € sin 1§ + (Wyatly g +Waallag) cosh ay € cos f1§

+ (Wsquszq + Wagliag) COSY3E + Wagllae$ sinyss
Ve(§) = (Wisv15+Wosvys) sinh ay § sin 1§ + (WysDys+WosTs) cosh ay § cos 1€

+ (Wssvss + Wasvss) cos ys§ + WysUss sinysé
Va(§) = Whaqv1a+Waqv2a) sinh a;§ cos B1§ + (W01 q+Woqag) cosh ay § sin 1§

+ (W3aV3q + WaqVsa) sinysé + Waasaé cosysé.

The coefficients u;q, U;s, Uig, Uia, Vis, Vis» Via, Vig are detailed in Appendix B.

3.5 Case V: 1,/4 < k?

All the roots are distinct and complex:

51 = —Sg ) S3=-—=5 .
5; = _56} =ar tipy sj = —s;} =a, tip, (28)
with
4k? — A; Ai
a; = TL Bi = \/2—1 (29)

The symmetric and antisymmetric solutions of (10) are
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W, (&) = W, sinh a; € sin B;& + W, cosh @, & cos B¢ + Wy, sinh a,€ sin $,& + W, cosh a,€ cos B, &
W, (&) = W,, sinh a; ¢ cos B, & + W,, cosh a; & sin §;& + W5, sinh a, € cos B, + W, cosh a,€ sin §,¢

Us(§) = (Wisuys+Wosuyg) sinh € cos & + (Wystiys+Wssilys) cosh ay € sin 5;€

+ (W3suzs+Wistiys) sinh ay€ cos 8 + (Waslizs+Wysilys) cosh ay€ sin 56 (30)

Ug(§) = Wiquyq+Waqlzg) sinh € sin 1€ + (Wit o +Wagilp,) cosh € cos 1€

+ (W3quzq+Waqliag) sinh ay€ sin 58 + (Wi, tizq+Wigilsg) cosh ayé cos 56

Vs (&) = (Wisv1s+Wosvy4) sinh @€ sin 1 + (Wyg¥ys+Wos¥p,) cosh ay € cos B €

+ (Wssv35+Wysvys) sinh @8 sin B3 + (WsgDss+WosUss) cosh az§ cos B¢

Vo (&) = (Wiqv1q+Waqvag) sinh @ € cos 1€ + (W01 q+WaqVpq) cosh ay € sin €

+ (W3qV34+WaqVag) sinh ay€ cos 58 + (W3 34+ Wy Tsg) cosh € sin f5€.

The coefficients u;g, U;s, Uiq, Uiq, Vis, Uis, Vig, Vig are detailed in Appendix B.

4 RESULTS

The nonlinear eigenvalue problem (20) cannot be written in a form to allow the direct use of some standard software

package to solve it. The following iteration steps are then employed to identify the smallest root p of detK = 0 for a
given n associated with a symmetric or antisymmetric mode:

1.
2.

evaluate k from (8);
if k? < 1/4 then Case I, Il or Ill applies.

Case I: The root lies in Case I if p € I; = (1, a), with a = (16k* + 1)/8k?2. Search if the sign of detK changes in
the interval 1I;. The search is made dividing the open interval in 10* equal subintervals, evaluating detK
progressively from p = 1 + £ to a — €, with ¢ = 107°. If the sign of the determinant changes, there is a root in that
subinterval. Go to step 5. Otherwise, go to Case /l.

Case II: If det K = 0 with p = a save the root and stop the search for the given n. Otherwise, go to Case /ll. It has
been accepted as null the value detK < 107°.

Case Ill: The root lies in Case Ill if p > a. Search if the sign of det K changes in the open interval I, = (&, 2a) similarly
to Case I. If the sign changes, there is a root in that subinterval. Go to step 5. Otherwise, stop the search for the
given n;

if k2 = 1/4 then only Case /Il applies. Do Case il
if k2 > 1/4 then Case V, IV or Il applies.

Case V: The root lies in Case V if p € 1;. Search if the sign of det K changes similarly to Case I. If the sign changes,
there is a root in that subinterval. Go to step 5. Otherwise, go to Case IV.

Case IV: If det K = 0 with p = a save the root and stop the search for the given n. Otherwise, go to Case /ll.

Case lll: do Case IlI;

search for the root in the subinterval where detK changes sign using some iterative methods. Herein one has
employed the fzero function of MATLAB (2016) that finds roots of nonlinear functions using a combination of
bisection, secant, and inverse quadratic interpolation methods. Save the root.

The critical value of p corresponds to the smallest value obtained forn = 1, 2, 3, ... and for symmetric or antisymmetric
modes. It is expected that the Cases Il and IV will be rarely activated.
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avan b/a R/h
500 1000 1500

0.2 1.00171 (1,3,1)? 1.01779 (1,5,IV) 1.18156 (1,s,IV)

0.4 1.00152 (1,3,1) 1.00256 (1,3,1) 1.00122 (1,s,)

0.6 1.00004 (2,3,1) 1.00102 (1,s,) 1.00004 (1,s,1)

(0,0,0) 0.8 1.00000 (5,3,1) 1.00012 (3,3,1) 1.00026 (3,3,111)
1.0 1.00018 (3,3,1) 1.00000 (1,s,1)° 1.00017 (3,3,)

1.2 1.00004 (4,3,1) 1.00001 (1,s,1) 1.00004 (2,s,1)

1.4 1.00000 (9,3, 11)° 1.00001 (6,s,1) 1.00018 (4,3,)

0.2 1.00618 (1,3,1) 1.02644 (1,3,111) 1.20792 (1,5,111)

0.4 1.00618 (2,3,1) 1.01775 (1,3,1) 1.00402 (1,s,1)

0.6 1.00430 (4,3, 1) 1.01338 (2,3,1) 1.00295 (2,3,1)

(96,36370,853) 0.8 1.00047 (5,s,1) 1.00355 (3,3,1) 1.00363 (3,s,11)
1.0 1.00085 (6,3,1) 1.00578 (4,s,1) 1.01160 (3,3,)

1.2 1.00230 (7,3,1) 1.00288 (5,s,1) 1.00295 (4,a,1)

1.4 1.00050 (9,3, 111) 1.00170 (6,s,1) 1.00085 (5,s,1)

2 Circumferential half-wave number, s: symmetric or a: antisymmetric mode, solution case. ° Slightly greater than unity.

All the analyzed panels have length a = 500 mm, thickness h = 1 mm, and material defined by E = 72400 N/mm?,
v = 0.33. Several values are attributed to the width b and radius R. The frame has J; = 96 mm?, [ = 36370 mm® and
Iy = 853 mm* and material given by E; = 71020 N/mm? and Gy = 26700 N/mm?,

Table 1 summarizes the effect of the aspect ratio b/a and radius-to-thickness ratio R/h on the critical value of p.
The half-wave number (n), mode type (symmetric, antisymmetric), and solution case (1, Il, Ill, IV, V) are indicated in
parentheses. The triple (Jf =0,y = 0,Ir = 0) identifies panels under the classical simply supported boundary
conditions. The half-wave number for panels with frames never decreases as b/a increases (wide panels).

Figure 3 depicts the buckling modes for the following panels with frames: R/h = 1000 and b/a = 0.4, 0.6 and 1.4,
including the moments exerted by the frame on the circular edge £ = &;,. As expected, the warping torsion contribution
becomes more significant for buckling modes with higher circumferential half-wave numbers. It is interesting to note
that, depending on the membrane effect, the out-of-plane bending torsion may have opposite sign compared to that of
the Saint-Venant and warping torsions.

The load parameter pa?/m2D is plotted in Figure 4 against the curvature parameter Z = V1 —v2 a?/Rh on
a log-log scale for panels with and without frames, and aspect ratios b/a = 0.5, 1 and 2. The curves are obtained
varying R while all the remaining parameters are kept constant. The curves show that the influence of the frames
is highly dependent on the curvature parameter. For instance, the frames may increase the buckling load as high
as 37% for Z = 2.85 and b/a = 1 and decrease it as Z increases. After Z = 100, the curves become nearly
indistinguishable. The four marked points on each curve of Figure 4 represents the values of the critical load
obtained from a Ritz procedure based on a complete hierarchic set of polynomial functions (Bardell, 1991;
Yshii et al., 2018). The Ritz solutions are included here as a simple way of illustrating how the proposed results
may be useful as benchmarks. The maximum difference between the exact and Ritz results is lower than 0.05%,
observed for the panel with frames and b/a = 0.5 and Z = 100.
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M

bending Saint-Venant

warping

M ,
. Saint-Venant
warping
total

bending

U

Saint-Venant
warping
total

=

M n

bending

(c)

Figure 3: Buckling modes and external moments M exerted by the frame on the edges & = &, for panels with R/h = 1000: (a)
b/a =0.4; (b)b/a =0.6;(c)b/a = 1.4.

5 CONCLUSION

A Lévy-type procedure is adopted to develop, in a suitable detail, an exact solution for buckling of axially-
compressed cylindrical panels with frames attached to the circular edges. The linearized Donnell’s equations, with
prebuckling rotations neglected, are chosen to describe the buckling behavior. Both Saint-Venant and warping torsions,
as well as the frame out-of-plane bending, are taken into account in the torsion resisted by the frames. The eight order
characteristic equation is solved in closed form. An algorithm to generate numerical results is provided. Sets of exact
results for specific panels and frames are tabled with which those from approximated procedures may be directly
compared. While attached stringers on the straight edges may rise the buckling load to around 51% with respect to
simply supported boundary conditions, as reported by Lucena Neto et al. (2016), the attachment of frames on the circular
edges may rise the buckling load as high as 37% considering the set of analyzed panels.
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Figure 4: Evolution of pa?/m?D with respect to Z = V1 — vZa?/Rh for panels with: (a) b/a = 0.5; (b) b/a = 1; (c) b/a = 2.
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APPENDIX A. EXPRESSION OF THE EXTERNAL MOMENT M

Figure 5 shows an infinitesimal portion of the frame attached to the panel edge x = —a/2, under the action of the
external moment M(—a/2,y) exerted by the panel and the internal force and moments due to the torsion of the frame.
One finds on summing forces in the out-of-plane direction

—-Q+Q+dQ=0 = dQ=0 = Q,=0. (A1)

The sum of moments about a vertical axis gives

. de . deé do do
—-M, sin—-— (M; + dM,) sin—-— Mcos7—l— (M + dM) cos —-— Qdy =0 (A.2)
or
M,
M’y _F_QZO (Ag)

by using cos df/2 = 1 and sind@/2 = d6 /2 and neglecting higher order terms. Similarly, summing moments about a
horizontal axis yields

M _
=+ My + M =0, (A.4)

Note that the torsion and out-of-plane bending are coupled in the equilibrium equations (A.1), (A.3) and (A.4).
Based on the fundamental lemma of variational calculus (Gelfand and Fomin, 2000), the principle of virtual
displacement associated with this problem must have the form

b M M _
f [Q,yau + (M_y — Wt — Q) 56, + (E + M., + M) aey] dy + - = 0. (A.5)
0

The boundary terms are not shown, 6, and 6, are the rotations about the y and z axes, and the coefficients of du, §6,
and §0,, are the equilibrium equations (A.1), (A.3) and (A.4), respectively. It is convenient to write (Pilkey, 2002)

My = Mg, — My (A.6)

in which Mg, and —M,,, ,, are the Saint-Venant and warping torsions (M,, denotes the bimoment). Thus,

b

My, M,, M _

[Q,ySu + (M,y Sy ey Q) 56, + (E + Mgy — Mgy + M) aey] dy + =0 (A.7)
0

or, using integration by parts,
b 6, 6, 0,9\ -
—fo [M 8 (—ﬁ + ez,y) +Q6(uy+6,) + Mg,6 (ey,y + E) +M,6 (ey,yy + T) -M 59y] dy+--=0. (A8)
One can identify

b 0, 0, 0,y
- f [M ) <_F + 9Z,y) +Q6(uy +6,) + M6 (ey,y + E) + M6 (ey,yy + T)] dy (A.9)
0

as the internal virtual work, which suggests that
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by 0 6 0 i 0 ay A.10
—g Ty Uy +0, vy TR vy T o (A.10)

are the work-conjugate strains to M, Q, My, and M,,, respectively.
The second strain in (A.9) can be eliminated by the Euler-Bernoulli assumption 6, = —u,. The constitutive

equations are then given by

by Uy Uyy
M = —El; (u,yy + F) Mo = Gl (6yy =) Moy = EfTy (65 ——2)- (A.11)
Substitution of (A.6) and (A.11) into (A.4), replacing the frame twist 6, by —w,, gives finally

Erly

1 =L (wyy = =2) + Gy (u% + Wayy) = EfTy (u'yg” + Wayyyy )- (A.12)

A similar expression can be found in (Kang et al., 1996) in the context of vibrations of curved beams. The sense of M
shown in Figure 5 must be reversed for the frame attached to the panel edge x = a/2.

i
e M+ dM
dy <
AN
o, @ +d0

-
Q ®/ Fr
M / \ \ M+ dM,

M~

R
N de
L
Figure 5: Infinitesimal portion of the frame attached to the panel edge x = —a/2.

APPENDIX B. DISPLACEMENT COEFFICIENTS AND MATRIX K

The coefficients w;s, U;s, Uiq, Uiq, Vis, Viss Via, Vig and entries of matrix K are listed in the sequel.

B.1 Case |
Symmetric modes:

k% — vy} kk2+(2+v)yi2 1934 5.1

Uie =VY; —M—— Vie = —_— L= 1,140, .
LS yl (kz _I_ ylz)z LS (kz + YLZ)Z

kii = uisyi cosyio ki = vis cos yio k3; = cosy;&o

b, : . ;
kyi = —RYicos YiSo — Ayisiny;§o + Buys siny;&o i=1234 (B.2)

in which
Da (Efly  nPm? ntm* n?m? ;o \3/2 n?m?

A= 2Eh( gzt pr Or o Erly B=—(555) |Erl+ Gy + =7 EfTy ). (B.3)
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Antisymmetric modes:

(uia' via) = (_uiS' viS) l = 1; 2: 3; 4
ki = —ujqyi siny&g kyi = vig siny;é ks = siny;é,
D, ,
kg = —RYi siny;&o + Ay; cosy;$o + Buyg cosy;éy i=1234.
B.2 Case |l

Symmetric modes:

(uls' U3s, Ugs, V1) V3s) 7745) = (uls' U3s, Uss, V1) V3s,s 174_5) of Case

_1—I—v 1

Uzs = 02 Vas =512 (Uzs, U2s) = (=Uss) V1s)

ki = uisyicosyiéo k1 = uzsyq cosy €g + Uzs(COS y1E — Y10 Sin Y1)
ko = vig cosy&y koo = Va5 cOSY &g + Va5 SiNY1§g

k3 = cosyiéo 3y = &osiny; &g

D . .
kg = _Eyiz cosy;§o — Ay; siny;§, + Buys siny; &

kyz = %h(z cosy1§o — ¥1$o0 siny1$o) + A(siny1$o + ¥18o cos y1o)
+ B(uyg siny &y + Uyséy cos y1€p) i=1,34.
Antisymmetric modes:
(U1q) Usq) Usgs V1) V3gr Vag) = (Uiq, Usgs Usqs V1gs Vaa, Vag) Of Case |
(W20, Uza V2a, V2a) = (Uzs, —Uazs, —Vas, Vas)
kii = —uqy; siny;o kiz = —Upqy1 Siny1$p + Upa(sinys§o + ¥180 cOS¥1$0)
kyi = vig siny;$o kya = V34 siny1§o + V2480 COS Y180

ks = siny;, ks, = &p cosyié

D )
kg = _ﬁ)/iz siny;&y + Ay; cosy; &y + Bug cosy;é

D . .
kyy = _Eh(z siny; &y + ¥1& cos y1 &) + A(cos y1y — ¥1ép siny; &)

+ B(uzq cosy18g + Uzq&o Siny1éo) i=1,34

B.3 Case lll
Symmetric modes:
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(B.4)

(B.5)

(B.6)

(B.7)

(B.8)

(B.9)

17/21



Exact solution for buckling of axially-compressed cylindrical panels with frames attached to the circular edges

(Uss) Uss) V35 Vas) = (Uss, Ugs, V3, Vas) Of Case |

v—1 _ A+v)ay _ ~
YT T g (25, Tzg) = (s, —tts5)
1 (A+v)k B a, _ B
Vis T ok + 4p2 Vis = 2kp; (25, U25) = (= V15, V1s)

ky; = (ayu;s + Brils) cosh ay &y cos i€y + (aytlis — Pruss) sinh ay & sin ;& i=12
ki = uisyi cosyiéo i=3,4
k,; = v sinh a; &, sin B &, + Ui, cosh a1 &y cos B1&, i=1,2

k,i = vis cosy;é&, i=34

-

k31 = sinh @, &, sin &, k3, = cosh a; &, cos &, ks; = cosy;&, i=3,4

D

k41 = R [(a’% - .312) sinh a; &, sin 1§, + 2a, 8, cosh a; &, cos ;o]
+ (Aay + Biiy,) cosh a &y sin B, &y + (AB; + Buyg) sinh a; &, cos B1&,
D 2 2 . .

kyr = R [(af — Bf) cosh a; &, cos By &y — 2a, By sinh a; &g sin B, &]

+ (Aa; + Buyg) sinh a;§g cos 1§ — (ABy — Bilys) cosh a; &y sin B8
D
kyi = —ﬁhz cosy;$o — Ayi siny;$o + Buys siny;p [=34.
Antisymmetric modes:
(W U Uzar Uzar Vias Piar Vaar V2a) = (—Uis Uasy Uns) Uns) Vigy — V1) Vi) Vis)
(Uzq) Usqs V3a) Vag) = (Uzg, Usg, V3g, Vag) Of Case |
ki = (@1uiq — Prllia) cosh @ &g sin f1§o + (aytliq + 1) sinh ai§g cos B i=12
kii = —uqy; siny;o =34
k,; = viq sinh a; &, cos 1€y + 7;, cosh a &y sin &, i=1,2
koi = viq siny;&, i=3,4

k31 = sinh @&, cos 5, &, k3, = cosh a &, sin ;¢ k;; = siny;&, i=34

D
ks = R [(af - ,812) sinh a; &, cos 1§y — 24 By cosh a; &, sin ;o]

+ (Aa, + Buy,) cosh a &, cos B1&y — (AB; — Buyg) sinh a; &, sin B, &,

Latin American Journal of Solids and Structures, 2020, 17(8 Thematic Section), e315

P.T. M. L. Soares et al.

(B.10)

(B.11)

(B.12)

(B.13)

18/21



Exact solution for buckling of axially-compressed cylindrical panels with frames attached to the circular edges P.T. M. L. Soares et al.

D
ks, = R [(af — B?) cosh a; &, sin By + 2a, By sinh a; &, cos €]

+ (Aay + Bu,,) sinh a, &, sin B, &, + (AB, + Biiy,) cosh a &, cos B, &,
I ,
kg = —RYi siny;$o + Ay; cosy;&o + Buq cosy;éy i=34

B.4 Case IV
Symmetric modes:

(uls' als' Uz, ﬁZS' V1s» 171sv Vas) 17Zs) = (uls: ﬂlsl Uz ﬂZS’ V1 7715' Vas» 17Zs) of Case III
(uss, v35) = (usg, v35) of Case L. B.14)
The coefficients (uyg, Uys, Vas, Tas) remain the same as those of (U, Uy, Vs, Uog) found in Case Il with y; replaced by 5.
ki = (ayuys + Priss) cosh ay &g cos B1§g + (@l — Prugs) sinh @y &g sin B =12

k13 = ugzsy3 cosyséy k14 = Uysy3 COS Y380 + Uss(COS Y30 — V380 SiNY3EH)

k,; = v sinh a; & sin B &, + Ui, cosh a1 &y cos B1&, i=1,2

k3 = v35 COS Y380 k4 = Va5 COSY3§0 + Usséo SiNY3$o (B.15)
k31 = sinha; &, sin ;o k3, = cosh a;§, cos B1¢,

k33 = cosyszéy k3s = o sinyséo

D
k4 = R [(af — B?) sinh a; & sin By &y + 2a, By cosh a; & cos €]

+ (Aa, + Biiy) cosh a; &y sin &, + (AB; + Buy,) sinh a; &, cos B &,

D
ks, = R [(af - 312) cosh a; &, cos 1§y — 2a4B; sinh a; &, sin ;o]

+ (Aa; + Buy,) sinh a, &, cos B¢, — (AB; — Bii,g) cosh a; &, sin B, &,

D . :
Kyz = —Eyg cos y3&, — Ays sinyséy + Busg sinysé,

D ) . . _
ks = RY3 (2 cosy3éy — ¥3éo sinyz&g) + A(siny3&g + ¥38p cos y3&o) + B(uys siny3éy + tysép cos y3&o).

Antisymmetric modes:
(W U U2ar Uzar Vias Piar V2w V2a) = (Uia Urar Uzas Uzas Vias Vias V2as V2q) OF Case T
(u3q, V34) = (U3q,v34) of Case 1. (B.16)
The coefficients (Uyq, Usq, Vag, Vaq) remain the same as those of (u,,, Uz, Vg, V2q) found in Case Il with y; replaced by 5.

ki; = (ayuiq — B1tliq) cosh ay &g sin 1&g + (aqiiq + Pruiq) sinh ay &g cos B1& i=12
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ki3 = —uzqys sinysé, kis = —UsqY3 Sinyséy + Usa(sinyséy + ¥3ép cOSY3$))
k,; = viq sinh a; &, cos 1€y + 7;, cosh a; &y sin 1 &, i=1,2
ko3 = v34 sinysé, k24 = Vaq sinyséy + Ugqéo COS Y30
k31 = Sinh O!lfo COS[)’lfo k32 = COSh alfo Sil’lﬁlfo (B. 17)
k33 = sinys& k34 = &g cosyséy
D 2 2 . .
ks = R [(af — Bf) sinh a; &, cos B1€ — 2a, 5, cosh a; & sin f,&]
+ (Aa, + Biiy,) cosh a &, cos B1&y — (AB; — Buy,) sinh a; &, sin B, &,
D 2 2 . .
ks = R [(af — Bf) cosh a; &g sin B &y + 2a, f; sinh a; &, cos B, &]
+ (Aa; + Buy,,) sinh a; &, sin B, &, + (AB;, + Bii,,) cosh a, &, cos B1 €,
D, .
kys = —gYssin Y30 + Ay3 cosy3&y + Busg cosyséy
D . .
kys = _EY3(2 siny3&y + ¥3&p cosyséy) + A(cosyséy — ¥3ép sinyséy)
+ B(Usq cOS Y380 + Usqe o SiNY38p).
B.5 Case V
Symmetric modes:
(ulsv ﬁls' Uz ﬂZS’ V1 7715' VUas» 17Zs) = (ulsv als' Uz, aZS' Viss 171sv Vasi 7725) of Case III. (B' 18)

The coefficients (usg, Uss, V3s, V3s) and (Uys, Uss, Vas, Vsas) remain the same as those of (uy, Uss, V15, V1) and (Uys, Usgs,
Uy, Uag), respectively, with a4 and 1 replaced by a, and £5,.

ky; = (ayu;s + By1;s) cosh ay &g cos B1&p + (@t — Pruys) sinh & sin ;€ i=12

ki; = (axugs + Pailss) cosh ay§g cos fr€g + (@il — Pouss) sinh ay g sin B¢, i=34

ky; = vigsinh a; &, sin &, + U5 cosh a; &, cos 1€, i=1,2
ky; = vig sinh a, &, sin B,y + U5 cosh a, &, cos &, i=34
k31 = sinh @&, sin ;& k3, = cosh a1 &, cos B, &, (B.19)
k33 = sinh a,¢, sin B,¢, k34 = cosh a, &, cos B8
kg = %[(“% — B7) sinh a; &, sin B1€o + 2a,B; cosh a;§, cos ;6]
+ (Aa; + Biiyg) cosh a &, sin B &y + (AB; + Buy,) sinh a &, cos ;¢
20/21
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D
kg, = R [(“% - 12) cosh a;§, cos &y — 2a4 By sinh ;& sin ;€]

+ (Aa; + Bu,,) sinh a, &, cos B¢, — (AB; — Bii,s) cosh a; &, sin B, &,

D
kys = R [(a3 — B3) sinh ay&, sin B,&, + 2a, B, cosh az &, cos B8]

+ (Aa, + Biigg) cosh a,é, sin f,&, + (AB, + Bug,) sinh a, &, cos B, &,

D
ks = R [(“% - 322) cosh ay &, cos &y — 2a, 5, sinh a, &, sin 0]

+ (Aa, + Buyg) sinh ay &, cos B,&, — (AB, — Bilyg) cosh a,é, sin B,€,.
Antisymmetric modes:
(ula' ﬁla' uZa! ﬂZa' vla' ﬁla: 172a: 17Za) = (_uls' ﬁ15' ﬁ15! uls' vls: _ﬁls: 171sv vls) (B' 20)

The coefficients (U3,, Usq, V34, V3q) AN (Usg, Usg, Vag, Vagq) remain the same as those of (U4, Uiq, V1a, Vig) and (Uyg,
Uz, Vaa, Vag), respectively, with a4 and 3, replaced by a, and £5,.

ky; = (ayuiq — B1tliq) cosh ay &g sin 1&g + (aqiliq + Pruig) sinh ay &g cos B1& i=12

ki; = (auiq — Pailig) cosh ay &g sin 58, + (axliq + Bouse) sinh ayéy cos By & i=34

k,; = viq sinh a; &, cos B1&y + 7;, cosh a &y sin 1 &, i=1,2
ky; = vy, sinh @&, cos &, + Uy, cosh a, &, sin 5,€, i=3,4
k31 = Sinh alfo COS ﬁlfo k32 = COSh alfo sin ﬁlgo (B. 21)

k33 = Sinh azfo Cos Bzfo k34_ COSh azfo sin ﬁzfo

D
k4 = R [(“% - ﬁ12) sinh a; &, cos 1y — 2a, B cosh a; &, sin ;€]

+ (Aa, + Biiy,) cosh a &, cos B &y — (AB; — Buy,) sinh a; &, sin B, &,

D

ks, = R [(a? — B?) cosh a; &y sin By &g + 2a, By sinh a; &, cos B16p]

+ (Aa; + Buygy) sinh a; &, sin B, &, + (AB, + Biiy,) cosh a, &, cos B1 €,

D
kys = R [(“% - 322) sinh @, &, cos &y — 2a,f, cosh a, &, sin 4]

+ (Aa, + Biig,) cosh a,é, cos B,¢&, — (AB, — Bus,) sinh a,&, sin B¢,

D
—[(aF — B3) cosh @y, sin B¢y + 2a, B, sinh a, &, cos B,&]

kis =
44 R

+ (Aay + Buyy) sinh ay &, sin B,¢&, + (AP, + Bily,) cosh ay &, cos B¢, .
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