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Abstract

The paper considers the effect of imperfect length on the buckling behavior of axially compressed mild steel
truncated cone. Three types of initial geometric imperfections with different number of waves along the
compressed edge are analyzed, and they are: (i) sinusoidal waves, (ii) triangular waves, and (iii) square waves.
A validation of experimental data from previous study and further numerical calculations are provided in this
paper. A good repeatability of experimental data was revealed through the test results with only 0% to 7% of
error. Numerical simulations were carried out using ABAQUS FE code. It is shown that the buckling load of the
cone is differently affected by the shape and amplitude of the imperfection. Apparently, the buckling loads of
analyzed cones are less sensitive when imperfection shape is triangular as compared to other imperfection
shapes. Furthermore, the effect of number of waves on buckling load of axially compressed cones was
investigated for the above three cases. Results indicate that the influence of number of waves on the load
carrying capacity of the cone is less significant.
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1 INTRODUCTION

Thin-walled conical structures find applications in major engineering structures such as aeronautical, civil
engineering, offshore and pipeline structures. For instance, in aeronautical application, they are used as primary
structures in launch vehicle system (such as payload adapters) where they are subjected to axial load as a result of the
weight of the upper structural components and propulsive loads during launch. Whilst, in civil engineering, this structures
finds application as tanks and interstage skirts. Whereas in offshore and pipeline application, they are used as
(i) transition element between two cylinders of different diameter, (ii) piles for holding jackets when driven into the
seabed, and (iii) legs of offshore drilling rigs. When used for such applications, the contact interaction between two
neighboring shell structures becomes very important — since the safe performance of such structures are generally
believed to be sensitive to imperfection such as initial geometric imperfection, imperfect length, imperfect boundary
condition, crack/material discontinuity etc. (Maali, Showkati, and Mahdi Fatemi 2012). However, the degree of sensitivity
of conical shell structures to imperfection is said to be strongly dependent on its geometric parameter such as the length-
to-radius ratio, the cone angle and the boundary conditions (Goldfeld, Sheinman, and Baruch 2003). One of the primary
aim of any designer is to examine the different parameters that affect the shell’s sensitivity, thereby improving the
behavior of the structure as a whole. This technical challenge has sprung up many research on the imperfection sensitivity
of conical shells structures. Review of past literatures on imperfection sensitivity of conical shells can be found in
(Ifayefunmi and Btachut 2018; Ifayefunmi 2014). Generally, the most widely considered type of imperfection is the initial
geometric imperfection such as eigenmode shape imperfection, axisymmetric outward bulge, localized smooth dimple
and simple perturbation load. References into the influence of initial geometric imperfection on the load carrying
capacity of conical shells can be found in (Btachut 2013; 2012; Ifayefunmi and Btachut 2011; 2013; Khakimova et al. 2014;
Jabareen and Sheinman 2006; Castro et al. 2015; Goldfeld 2007; Ifayefunmi, Mahidan, and Maslan 2020). Moreover, few
studies have been devoted to other forms of imperfections such as imperfect boundary condition (Spagnoli 2003;
Chryssanthopoulos and Spagnoli 1997; Castro etal. 2014; Goldfeld and Arbocz 2004; Ifayefunmietal. 2018),
crack/material discontinuity on the structures (Ali 2013; Ifayefunmi 2017; Ifayefunmi and lbrahim 2018).

Surprisingly, it is evident from literature survey, that there is limited information on the influence of manufactured-
induced imperfection such as uneven/imperfect length and shape on the buckling behaviour of shells structures. In fact,
there is no information on the imperfection sensitivity of conical shells having uneven axial length. The only available
information is on imperfect cylinder having uneven geometry, (Btachut 2010; 2015; Ifayefunmi and Zulkefli 2019; Ning and
Pellegrino 2013; 2015; 2017). Btachut (2010; 2015) and Ifayefunmi and Zulkefli (2019) were devoted to influence of waves
on the compressed edge of the cylinder, while, Ning and Pellegrino (2013; 2015; 2017) on the other hand examine the effect
of waves on the cross-sections of the cylinders (i.e., around the cylinder circumference). In (Btachut 2010), the effect of
imperfect length having sinusoidal profile towards the buckling behaviour of axially compressed cylinders was investigated
numerically. The sinusoidal shape was located along the compressed edge of the cylinder. Numerical results obtained in
(Btachut 2010) show rapid drop of buckling strength for small axial imperfection amplitude as compared to the perfect
cylinder. Btachut (2015) on the other hand presents experimental and numerical study on the imperfection sensitivity of
axially compressed mild steel cylinders having variable length at one end in the form of sinusoidal wave. Eighteen steel
cylindrical shells were machined in batches of three using CNC machining process. Cylinders were designed to have wave
numbers, N = 3, 6 and 9, and five different imperfection amplitude, 2A = 0.02 mm, 0.04 mm, 0.1 mm, 0.2 mm and 0.4 mm.
The specimens were assumed to have a nominal thickness of 0.4 mm. Again, rapid drop of the load carrying capacity of the
cylinder for small imperfection amplitude was reported. Furthermore, the results of cylinders’ imperfect length were
benchmarked with eigenmode shape of the same imperfection amplitude. It was found that buckling strength of axially
compressed cylindrical shells is severely reduced in the case of cylinders which have imperfect length and that the load
bearing capacity of ‘axially imperfect’ cylinders can be up to five times smaller than that of eigenmode imperfection. In
(Ifayefunmi and Zulkefli 2019), the buckling behaviour of axially compressed mild steel cylindrical shells with non-uniform
axial length having sinusoidal and triangular waves were conducted through experimental tests and numerical computation
using ABAQUS FE code. Nineteen steel cylinders with imperfect length were manufactured from 1 mm steel plate and
welded using MIG welding techniques. The radius-to-thickness ration of the cylinder was assumed to be 50 and the number
of waves, N, was set to 4, 6, 8, 10 and 12. The axial imperfection amplitude, A, of the cylinders was varied from 0 — 2.8.
Although, for experimental purposes, only cylinders with imperfection amplitude, A = 0.28 was considered. Results confirms
that the introduction of non-uniform axial length on the cylindrical structures are proven to decrease the collapse load of
the perfect cylinders. Also, it was reported that axially compressed cylinders having triangular waves at the compressed
edge are less sensitive to imperfection when compared to cylinders having sinusoidal waves. Moreover, in (Ning and
Pellegrino 2013; 2015; 2017), the imperfection sensitivity of composite cylinders having wavy cross section subjected to
axial compression were discussed. An alternative approach to improve the imperfection sensitivity of cylindrical shells has
been proposed in (Ning and Pellegrino 2013) which was based on symmetry-breaking wavy cylindrical shells. This design
was formulated by NURBS interpolation on control points whose positions are optimized by evolutionary algorithms. In
(Ning and Pellegrino 2013), two perfect circular cylindrical shells and four imperfect cylindrical shell with wavy cross-section
were clamped at both ends and subjected to axial compression. The cylindrical shells have an average thickness of 0.170
mm and average imperfection amplitude ranging from 0.928 mm to 1.128 mm. The shells undergo curing process in order
to form waves on imperfect cylindrical models. The results from experimental were validated using numerical computations
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on ABAQUS software. The optimization design reveals that composite cylindrical shells having wavy cross section to
practically have imperfection-insensitive behaviour having knockdown factors about 0.995. Based on the mass efficiency
studies, the said structural design was more efficient than even a perfect circular cylindrical shell and most stiffened
cylindrical shells. In 2015, a numerical analysis was conducted in (Ning and Pellegrino 2015) using the previously stated
design criteria of composite cylindrical shells with wavy cross-section in (Ning and Pellegrino 2013) by adding comparison
to alternative shell designs (e.g. sinusoidal corrugated shells, aster shell) and computing the mass efficiency of the suggested
model. This study confirmed that cylindrical shells manufactured with this design approach can achieve higher critical
stresses and knockdown factors value than any other known cylindrical shells while also being practically insensitive to
geometric imperfections. In (Ning and Pellegrino 2017), tests data alongside with their numerical simulations on axially
compressed cylinder with wavy cross section were presented. Three specimens of different imperfection amplitude ranging
from 0.374 mm to 0.536 mm with nominal shell thickness of 0.180 mm were tested under axial compression. Numerical
computations using ABAQUS were carried out to confirm the results and it was proven that the wavy shells are not sensitive
towards imperfection. In general, axially compressed cylindrical shells having wave imperfection at the compressed edge
are said to be sensitive to imperfection, while cylindrical shells having wave imperfection at the cylinder’s cross-sections are
seen to be imperfection insensitive. In practice, thin-shell with imperfection in the form of imperfect axial length on the
compressed edge appears to be more realistic since this cannot be totally avoided during the manufacturing process. Hence,
the question on the role of imperfect length on the buckling behaviour of conical shells is a valid one. The current paper
examines the imperfection sensitivity of truncated mild steel cone having uneven length subjected to axial compression.
The effect of (i) increasing the axial imperfection amplitude, A, (ii) increasing the number of waves, and (iii) wave profiles
(sinusoidal, triangular and square waves) on the buckling load of axially compressed conical shell is presented. Also, the
effect of contact interaction problem between the cones and the rigid plate is discussed. This is purely numerical work based
on the ABAQUS FE code (Hibbit, Karlsson, and Sorensen 2006) and it complements the experimental programme, results of
which are given in (Ifayefunmi, Mahidan, and Wang 2019; Mahidan and Ifayefunmi 2020).

2 BACKGROUND — EXPERIMENTAL DATA

A brief summary of the experimental programme is presented in this section for completeness purposes. A total of
thirty-two laboratory scale conical shells were manufactured from 1 mm mild steel plate and tested under axial
compression were presented in (Ifayefunmi, Mahidan and Wang 2019, Mahidan and Ifayefunmi 2020). The first two
cones were assumed to be perfect with no wave on the compressed edge, while ten conical shells each were allocated
for every wave profiles (i.e., sinusoidal wave, triangular wave, and square wave). The geometric parameter of cone was
taken as: big radius-to-small radius ratio, ro/r1 = 2.0; small radius-to-thickness ratio, ri1/t = 25; axial length-to-big radius
ratio, L/r; = 2.24; nominal wall thickness, t =1 mm, cone angle, B = 12.6°, and axial imperfection amplitude, A =0.28 mm
as shown in Figure 1. The material properties of the mild steel plate was obtained from experiment, they are: Young’s
Modulus E = 168.791 GPa, yield stress, oy, = 229.774 MPa. While, Poisson ratio, v = 0.3 was taken from material data
sheet. This material data will be used later for numerical calculations. Further details on manufacturing, material and
axial testing process of cones can be found in (Ifayefunmi, Mahidan and Wang 2019). Manufacture-induced
imperfections were taken into account before the axial testing process was carried out.

Several measurements (i.e., wall thickness, diameter, axial length and slant length) of all the conical models were
taken. Firstly, micrometer screw gauge was used to measure the wall thickness of the cones at eleven (11) equal points
along the axial meridian. This was then repeated along the circumference of the cone at 36° apart, resulting in
11 x 10 = 110 measuring points. The minimum thickness tmin, maximum thickness tmax, average thickness tave and the
standard deviation tsq for all the manufactured cones can be found in Table 1. Secondly, a digital Vernier caliper was
used to measure the inner and outer diameters of the specimens. Five equally spaced diameters were measured at the
top and bottom ends respectively. The average measured mid-surface diameter for all specimens are also given in
Table 1. Thirdly, the axial length and slant length of the cones at eleven equal point were measured using a digital Vernier
caliper. The measured average axial length and slant length are in column 6 and 7 respectively in Table 1. These shape
measurements were assumed to represent the most obvious characteristic of the specimens.

Figure 1. Geometry of the analyzed cone having non-uniform length with number of waves, N = 4, in the form of sinusoidal wave
(Figure 1a), triangular waves (Figure 1b), and square waves (Figure 1c).
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Figure 2 depicts the plot of experimental buckling load against the number of waves for all the tested cones. The
plot of experimental buckling load for each conical pairs versus the number of waves corresponding to different
imperfection profile are presented in Figures 3-5 for cones with sinusoidal, triangular and square waves, respectively.
The magnitude of the collapse load for all the tested cones is given in Table 2. From Figures 3-5, it can be observed that
nominally identical conical shell failed with similar collapse load. The percentage error in collapse load within each pair
were: 2% (model 1 vs 2), 4% (model 3 vs 4), 2% (model 5 vs 6), 2% (model 7 vs 8), 3% (model 9 vs 10), 3% (model 11 vs 12),
4% (model 13 vs 14), 2% (model 15 vs 16), 1% (model 17 vs 18), 2% (model 19 vs 20), 3% (model 21 vs 22), 0% (model
23 vs 24), 0% (model 25 vs 26), 1% (model 27 vs 28), 1% (model 29 vs 30) and 1% (model 31 vs 32). From the results,
comparison of experimental results for each pairs are seen to be very good especially for imperfect cones with square
waves as shown in Figure 5. Hence, confirming repeatability of experimental data. The largest error of 7% was found in
conical shells with sinusoidal waves, N = 10 — models 9 and 10 (see Figure 3), while the smallest error of 0% is observed
twice in conical shells with square waves, N = 4 — models 13 and 14, and N = 6 — models 15 and 16 (see Figure 5).

Table 1. Measurements of all tested conical shells.

Model N A 2 2re . Lant fmin fmax fave tsed Wave shape
(mm) (mm)
1 0 0 49.71 99.02 112.99 114.77 0.95 0.96 0.96 0.0050 Perfect
2 0 0 49.53 98.78 112.71 114.73 0.95 0.96 0.96 0.0050 Perfect
3 4 0.28 49.05 97.67 112.41 114.45 0.95 0.99 0.96 0.0081 Sinusoidal
4 4 0.28 49.68 99.21 112.50 114.65 0.95 0.97 0.96 0.0085 Sinusoidal
5 6 0.28 49.62 98.69 112.69 114.76 0.95 0.97 0.96 0.0057 Sinusoidal
6 6 0.28 50.52 99.19 112.75 114.78 0.95 0.97 0.96 0.0060 Sinusoidal
7 8 0.28 49.72 99.05 112.47 114.58 0.95 0.97 0.96 0.0089 Sinusoidal
8 8 0.28 49.52 98.83 112.59 114.59 0.95 0.99 0.96 0.0095 Sinusoidal
9 10 0.28 49.69 98.86 112.59 114.76 0.95 0.97 0.96 0.0060 Sinusoidal
10 10 0.28 51.05 98.44 112.85 114.76 0.95 0.98 0.95 0.0056 Sinusoidal
11 12 0.28 50.01 98.88 112.82 114.74 0.95 1.01 0.96 0.0082 Sinusoidal
12 12 0.28 49.39 98.76 112.80 114.76 0.95 1.08 0.96 0.0143 Sinusoidal
13 4 0.28 51.16 99.80 111.89 114.55 0.95 0.97 0.96 0.0057 Triangular
14 4 0.28 50.60 99.52 111.81 114.45 0.95 0.97 0.96 0.0054 Triangular
15 6 0.28 50.58 99.81 111.85 114.40 0.95 0.97 0.96 0.0047 Triangular
16 6 0.28 50.82 100.67 111.86 114.48 0.95 0.97 0.96 0.0053 Triangular
17 8 0.28 50.03 99.11 111.78 114.42 0.95 0.97 0.96 0.0048 Triangular
18 8 0.28 50.55 99.48 111.76 114.35 0.95 0.97 0.96 0.0052 Triangular
19 10 0.28 50.15 99.62 111.68 114.49 0.95 0.97 0.96 0.0040 Triangular
20 10 0.28 50.37 100.04 112.00 114.29 0.95 0.97 0.96 0.0055 Triangular
21 12 0.28 50.26 99.45 111.48 113.99 0.95 0.97 0.96 0.0043 Triangular
22 12 0.28 50.28 99.26 111.68 114.31 0.95 0.97 0.96 0.0052 Triangular
23 4 0.28 50.19 99.25 111.64 113.92 0.95 0.97 0.96 0.0051 Square
24 4 0.28 50.11 98.99 111.82 114.29 0.95 0.97 0.96 0.0049 Square
25 6 0.28 50.90 99.62 111.77 114.36 0.95 0.97 0.96 0.0053 Square
26 6 0.28 50.42 99.65 111.29 114.37 0.95 0.97 0.96 0.0049 Square
27 8 0.28 50.23 99.40 111.79 114.53 0.95 0.97 0.96 0.0051 Square
28 8 0.28 49.99 99.52 112.05 114.43 0.95 0.97 0.96 0.0054 Square
29 10 0.28 49.93 99.21 111.29 114.58 0.95 0.97 0.96 0.0045 Square
30 10 0.28 50.57 99.90 112.07 114.50 0.95 0.97 0.96 0.0039 Square
31 12 0.28 50.27 99.42 112.09 114.49 0.95 0.97 0.96 0.0041 Square
32 12 0.28 50.28 99.68 111.94 114.54 0.95 0.97 0.96 0.0049 Square
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Figure 2. Plot of experimental collapse load of perfect and imperfect cones having different wave profiles and different number of

wave, N.
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Table 2. Comparison of experimental and numerical buckling load of imperfect cones with different wave number and wave shape.

Buckling load of cone (kN)

Model N % difference Wave shape
Exptl ABAQUS
1 0 38.99 36.14 7.3 Perfect
2 0 39.91 36.11 9.5 Perfect
3 4 37.41 34.54 7.7 Sinusoidal
4 4 39.06 34.38 12 Sinusoidal
5 6 38.86 34.07 12.3 Sinusoidal
6 6 39.64 34.1 14 Sinusoidal
7 8 34.71 34.45 0.7 Sinusoidal
8 8 33.96 34.56 1.8 Sinusoidal
9 10 35.79 34.03 4.9 Sinusoidal
10 10 38.43 33.97 11.6 Sinusoidal
11 12 37.47 34.35 8.3 Sinusoidal
12 12 36.4 34.42 5.4 Sinusoidal
13 4 40.91 34.71 15.1 Triangular
14 4 42.35 34.69 18.1 Triangular
15 6 41.39 34.35 17 Triangular
16 6 40.61 34.39 15.3 Triangular
17 8 41.36 34.5 16.6 Triangular
18 8 41.67 34.48 17.3 Triangular
19 10 40.5 34.53 14.7 Triangular
20 10 39.65 34.53 12.9 Triangular
21 12 39.53 34.49 12.8 Triangular
22 12 38.3 34.47 10 Triangular
23 4 37.49 34.11 9 Square
24 4 37.39 34.09 8.8 Square
25 6 37.61 33.69 10.4 Square
26 6 37.65 33.62 10.7 Square
27 8 40.16 34.78 13.4 Square
28 8 40.65 34.77 14.5 Square
29 10 39.96 33.22 16.9 Square
30 10 39.58 33.23 16.1 Square
31 12 41.48 33.73 18.7 Square
32 12 41.24 33.71 18.3 Square
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Figure 6 depicts the comparison of average experimental collapse load for each wave’s profile. Here, the collapse

force for imperfect cones were normalized by the collapse force of perfect cones (i.e., Fco”/FEg,'lfe“). From Figure 6, it is
evident that triangular waves are the least sensitive to imperfection as compared to other wave profiles. This observation
is the same with that of imperfect cylinders reported in (Ifayefunmi and Zulkefli 2019). Surprisingly, two distinct regions
are seen for cones having sinusoidal and square waves, (i.e. region ‘A’ and region ‘B’). As can be seen from Figure 6, at
region ‘A’, where the number of waves, N is small, cones having square waves show more sensitivity towards
imperfection. However, at region ‘B’, as the number of waves increases, cones having sinusoidal waves have a lower load
carrying capacity. Generally, it can be seen that for axially compressed conical models with small amplitude of axial
imperfection (A = 0.28 mm), there is a significant reduction in the load carrying capacity of the shells. This behavior is
seen to be similar to what has been reported in (Btachut 2015; Ifayefunmi and Zulkefli 2019) for imperfect cylinder with
sinusoidal waves. This is quite significant from the practical point of view, because the manufactured-induced
imperfection amplitude seen in real life situations are very small. In addition, it is apparent that the number of waves
producing the largest drop in buckling strength for cones with different wave shape is somewhat different. As an example
for cones with sinusoidal waves, largest drop of 13% was observed at N = 8, while 1% reduction was observed for cones
with triangular waves having N = 12 and 5% reduction for cones with square waves with N = 4. Although, this may not be
entirely true when you considered N = 2.
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Figure 6. Plot of average experimental collapse load of perfect and imperfect cones having different wave profiles and number of
wave, N.

3 NUMERICAL MODELLING

Numerical validations were carried out on imperfect cones with non-uniform axial length subjected to axial
compression to validate the experimental results from previous study (Ifayefunmi, Mahidan and Wang 2019; Mahidan
and Ifayefunmi 2020). As depicted in Figure 1, cone is assumed to be fixed at the big radius ends, while the same condition
was employed at the top ends except movement in the axial direction. Three types of imperfections profile with different
number of waves along the compressed edge (i.e., the small radius end of the cone) were considered, they are:
(i) sinusoidal waves (Figure 1a), (ii) triangular waves (Figure 1b), and (iii) square waves (Figure 1c). The choice of
introducing uneven length at the small radius end of the cone can be attributed to the fact that for conical shells the
spread of plastic strain is concentrated within the small radius end of the cone (Btachut and Ifayefunmi 2010a; Btachut,
Ifayefunmi, and Corfa 2011). Conical specimens were modelled as deformable body using four noded shell elements with
six degree of freedom (S4R). The numerical predictions employed the use of measured specimen data i.e., average
thickness and average mid-surface diameter (Table 1). The material is modelled as elastic-perfectly plastic with the
following material data: Young’s Modulus E = 168.791 GPa, yield stress, oy, = 229.774 MPa and Poisson ratio, v = 0.3
(data taken from material data sheet). It is worth mentioning that the material data were obtained from uni-axial test as
presented in (Ifayefunmi, Mahidan and Wang 2019). Axial load was applied to the small radius end of the cone through
a horizontal and rigid plate moving downward as shown in Figure 1. To mimic the axial loading application during
experimental testing, a reference node was defined at the center of the rigid plate. During the computation, surface-to-
surface contact interaction between the rigid plate and the cone using master-slave algorithm was employed. In the
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master-slave algorithm, the rigid plate is referred to as the master, while the set of all nodes at the top edge of the cone
is referred to as the slave. Then, non-linear static analysis was carried out on the conical model using modified RIKS
algorithm. Mesh convergence study was carried out on perfect cone and the results is presented in Table 3. From the
study, it shows that 1872 elements were sufficient in the numerical modelling of the conical models.

Table 3. Mesh convergence studies for axially compressed perfect cone.

Element size 260 560 988 1872 9006
Fcoll, (kN) 40.05 38.88 38.14 37.85 37.82

4 RESULTS AND DISCUSSION

4.1 Validation of experimental data

First, numerical computations using ABAQUS FE code was presented for the purpose of validating the experimental
data presented in (Ifayefunmi, Mahidan and Wang 2019; Mahidan and Ifayefunmi 2020). The simulations employed the
use of specimen measured data (i.e., average thickness and average mid-surface — as shown in Table 1). The ensuing
results from the numerical computation of conical models are given in column 4 of Table 2 with their corresponding
experimental buckling load. It is found from Table 2 that different wave profiles will affect the collapse load of mild steel
conical shells differently. For example, at N = 4 and 6, cones with square was produce the lowest buckling load, and as
the wave number increases to N = 8, there is transition where cones with sinusoidal waves becomes the lowest. This
confirm the experimental behavior depicted in Figure 6. Again, the smallest drop of buckling strength produced by axially
compressed conical shells with triangular waves as compared to other waves profiles has been confirmed numerically.
Comparisons between average experimental and numerical collapse load against number of waves for cones with
sinusoidal waves is depicted in Figure 7. It can be seen that there is a good agreement in the comparison of collapse load
of conical shells from experimental and numerical simulation. The ratio of experimental load to numerical collapse load
ranges from 1% to 14% for all tested cones. The experimental results overestimates all of the numerical prediction, except
for conical shell model 8. It is hope that the use of variable geometry and variable thickness (see Table 1) in the numerical
calculation will provide a better agreement.

Identical plots to Figure 7 for conical shells having triangular waves and square waves are presented in Figures 8
and 9, respectively. Although, there is a better comparison between experimental data for cones with triangular and
square waves as compared to sinusoidal waves, there is a large difference experienced between experimental and
numerical data. The reasons for this variation is not extremely clear. Furthermore, it is evident that there is a good visual
agreement of both experimental and numerical deformed shape for the cones as exemplified in Figure 10 for the case of
perfect cone and imperfect cones with N =12. All cones fail through bulging in the region where the compressed load
was applied. This failure mode is typical for axially compressed shells within the elastic plastic domain as reported in
(Btachut and Ifayefunmi 2010b; Khakimova et al. 2016a; 2016b; Wagner, Hiihne, and Khakimova 2019) for cones and
(Evkin et al. 2019; Fan 2019) for cylinders.
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Figure 7. Comparison of average numerical and experimental plot of axial force versus number of waves for perfect and imperfect
cones having sinusoidal wave.
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Figure 8. Comparison of average numerical and experimental plot of axial force number of waves for perfect and imperfect cones

having triangular wave.
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Figure 9. Comparison of average numerical and experimental plot of axial force versus number of waves for perfect and imperfect

cones having square wave.
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Figure 10. Typical view of deformed perfect and imperfect cones with A = 0.28 (a) experimental and (b) numerical.
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4.2 Further numerical calculation

Further numerical computations were conducted to understand the (i) effect of imperfection amplitude, (ii) effect
of wave number, (iii) effect of wave shape, (iv) effect of contact problems, and (v) effect of different type of imperfection
on the buckling behaviour of imperfect truncated mild steel cone having uneven length subjected to axial compression.
Conical models geometries, loading and boundary conditions are the same as discussed in section 3 — numerical
modelling. For the numerical calculation in this section, nominal thickness of 1 mm, axial imperfection amplitude, A,
varied from 0 — 2.8 and six different wave numbers, N =2, 4, 6, 8, 10 and 12 were considered. It is worth mentioning that
for experimental programme in this paper, cones with wave number, N = 2, was not tested. Three types of wave profiles
were investigated, they are: (i) sinusoidal waves, (ii) triangular waves and (iii) square waves.

Firstly, computation of buckling load was carried out for perfect and imperfect conical model having sinusoidal wave
number (N=0, 2, 4, 6, 8, 10, 12) with small radius-to-thickness ratio, r1/t = 25. The imperfection amplitude, A, was varied
from 0 — 2.8 and a constant nominal thickness of 1 mm was used. Figure 11 depicts the plot of collapse force against the
number of sinusoidal waves. The collapse force is normalized by the collapse force for the perfect cone. The
corresponding magnitude of the collapse force is given in Table 4. From Figure 11, it can be observed that the buckling
loads of conical shell with non-uniform axial length is strongly dependent on the imperfection amplitude of the sinusoidal
wave. It is apparent that as the imperfection amplitude increases, the buckling load of the conical shells decreases. As an
example, imperfect conical shell with sinusoidal waves, N = 2, having imperfection amplitude, A, of 1.12 can only
withstand 77% of the buckling load of the perfect cone as compare to cone with imperfection amplitude, A, of 0.28,
where the imperfect cone can sustain 92% of the buckling load of the perfect cone. However, increasing the number of
waves seems to have minimal influence on the buckling load of the imperfect cone. For instance, at small imperfection
amplitude, A £0.28, the lowest buckling load was observed at wave number, N = 10. And as the imperfection amplitudes
increases, i.e., 0.56 < A < 2.8, the lowest buckling load was noticed at N = 4, whilst for A > 2.8, the lowest buckling load
was seen to occur at N = 2. This trend appears to be consistent with that of experiment presented in this paper. It is
worth mentioning that the drop in numerical buckling load at N = 8 and N = 10 are very close. Hence, confirming the
experimental prediction of N = 8.

Figure 12 presents the plot of collapse load against axial shortening for perfect and imperfect cone having four
sinusoidal waves with imperfection amplitude, A of 1.12 (point ‘P’ on Figure 11). In addition, finite element analysis was
carried out to investigate the buckling resistance of imperfect cone with N =4 and A = 1.12 having radius-to-thickness ratios
of ri/t = 100. Figure 13 depicts the plot of collapse load versus axial shortening for imperfect cone with N=4 and A=1.12
with radius-to-thickness ratios of ri1/t = 100. The corresponding magnitude of collapse load can be found in Table 5. It is
obvious that increasing the radius-to-thickness ratio of the cone results in increase in the cone sensitivity to imperfect
length. For instance, cone with A=1.12, increasing the radius-to-thickness ratio from 25 to 100, the ratio of the load carrying
capacity of the imperfect cone to their corresponding perfect cone is reduced from 75% to 34%. Similarly, for cone with
A =2.24, increasing the radius-to-thickness ratio from 25 to 100, the ratio of the load carrying capacity of the imperfect
cone to their corresponding perfect cone is reduced from 61% to 31%. From Figure 12, it can be seen that the load deflection
curve for the perfect cone is linear up to the collapse load and afterward, a gentle fall in the post-collapse region. However,
for the imperfect cone, the plot shows a wavy behaviour in the load deflection curve. This behaviour can be said to be as a
result of the wavy nature of the compressed top edge of the cone. Although, for the perfect cone with r1/t = 100, there is a
sharp drop in the curve within the post-collapse region. In addition, for the imperfect cone with r1/t = 100, the waviness of
the load deflection curve is more pronounced as compared to imperfect cone with ry/t = 25.
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Figure 11. Effect of cone axial imperfection amplitude, A, on the buckling load of axially compressed imperfect cone having
sinusoidal waves with small radius-to-thickness ratio, r1/t of 25.
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Table 4. The buckling load for imperfect cone with different number of sinusoidal waves and axial imperfection amplitude-to-
thickness ratio ranging from 0 — 2.8.

Collapse load (kN) for different A (t =1 mm)

N 0.28 0.56 1.12 1.68 2.24 2.8

0 37.85 37.85 37.85 37.85 37.85 37.85
2 34.8 33.44 29.14 25.22 23.29 21.25
4 36.05 33.38 28.28 25.20 23.05 22.89
6 35.92 34.07 29.21 27.07 25.52 24.29
8 35.84 34.05 333 28.39 27.63 27.83
10 35.78 35.49 32.52 30.59 31.01 31.61
12 36.01 35.63 33.95 33.84 33.83 34.07

0.0 r—t1=25;:—$=2.ﬂ;r—:=2.24;[3=12.6”;N=4

30.0

10.0

0.0

0.0 1.0 2.0 3.0 4.0 5.0 6.0
Axial shortening(mm)

Figure 12. Plot of load versus compression extension for perfect and imperfect cone having radius-to-thickness ratio, ri/t = 25, with
imperfection amplitude, A =1.12, and fixed number of wave at the top edge, N = 4.

Table 5. Effect of imperfection amplitude and radius-to-thickness ratio on the buckling load of axial compressed uneven cone. The
number in bracket is the ratio of buckling load of imperfect cone to perfect cone.

Collapse load (kN) for different A (t =1 mm)

ri/t N
0 1.12 2.24
25 4 37.851 (1.0) 28.282 (0.75) 23.052 (0.61)
100 4 9.182 (1.0) 3.130(0.34) 2.849 (0.31)
10.0 %:100;%:2.0;%:2.24;3:12.5°;N=4|
80 |
g 6.0 |
3
4.0
2.0
0.0
0.0 1.0 2.0 3.0 4.0 5.0 6.0

Axial shortening(mm)

Figure 13. Plot of load versus compression extension for perfect and imperfect cone having radius-to-thickness ratio, ry/t = 100,
with imperfection amplitude, A = 1.12, and fixed number of wave at the top edge, N = 4.
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Figures 14 and 15 depict the plot of collapse force against the number of waves for cones with triangular and square
waves, respectively. The corresponding magnitude of collapse load are given in Table 6. Again from 14, it is obvious that
increasing the axial imperfection amplitude will result in a decrease in the load carrying capacity of the conical structures.
However, this is only true for square waves at small number of waves, as the wave number increases, the lines are seen
to be crossing each other. Again, this behavior was similar to that obtained from experiment as can be seen in Figure 6.
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Figure 14. Effect of cone axial imperfection amplitude, A, on the buckling load of axially compressed imperfect cone having
triangular waves with small radius-to-thickness ratio, ry/t of 25.
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Figure 15. Effect of cone axial imperfection amplitude, A, on the buckling load of axially compressed imperfect cone having square
waves with small radius-to-thickness ratio, r1/t of 25.
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Table 6. The influence of wave amplitude, wave number and wave shape on the buckling load for imperfect cone with uneven
length. (1) = sinusoidal waves, (Il) = triangular waves, and (lll) = square waves.

Collapse load (kN) for different wave number, N, t=1

Wave amplitude, A Wave Shape

2 4 6 8 10 12
0.28 (1 34.80 36.05 35.92 35.84 35.78 36.01
(1) 35.14 36.34 36.00 36.29 36.16 36.12
(1) 35.64 29.58 35.25 34.92 34.91 35.33
0.56 (1) 33.44 33.38 34.07 34.05 35.49 35.63
(1) 32.50 34.27 34.84 35.16 35.70 35.68
(1) 31.02 34.09 33.54 34.08 34.04 34.76
1.12 (1) 29.14 28.28 29.21 33.30 32.52 33.95
(1) 29.31 32.10 32.10 33.94 35.35 34.55
(1) 26.49 30.08 33.06 34.44 34.76 34.40
1.68 (1 25.22 25.20 27.07 28.39 30.59 33.84
(1) 26.72 30.29 31.18 32.85 33.76 34.70
(1) 26.02 27.50 33.88 34.74 35.42 33.69
2.24 (1) 23.29 23.05 25.52 27.63 31.01 33.83
(1) 24.39 27.93 29.96 31.78 34.19 35.48
(1) 25.81 27.56 33.52 33.76 36.06 36.25
2.8 (1) 21.25 22.89 24.29 27.83 31.61 34.07
(1) 21.81 25.73 29.00 30.69 33.69 34.78
(1) 25.51 28.21 34.42 35.37 36.22 36.96

Secondly, the paper examines the influence of wave number, N, on the load carrying capacity of the conical models.
Figures 16-18 present the plot of axial collapse force against axial imperfection amplitude for cones with sinusoidal,
triangular and square waves, respectively. Again, the corresponding magnitude of axial collapse load can be found in
Table 6. It can be seen that small number of waves is sufficient to produce the largest reduction in the load carrying
capacity of axially compressed conical shells especially at large imperfection amplitude. For conical model having
sinusoidal wave and imperfection amplitude of 0.28, the largest reduction in collapse load was observed at N = 2,
followed by N = 10 (see Figure 16), whereas, for conical models with triangular waves having the same imperfection
amplitude, the largest drop in collapse load was seen to be found at N = 2, followed by N =12 (see Figure 17), and for
conical model with square waves with the same imperfection amplitude, the lowest buckling load was noticed at N =4
(see Figure 18). Again, this result is the same with that of experiment as presented in Figure 6. In general, it can be said
that increasing the waves number on the cones has minimal effect on the buckling load as reported in (Btachut 2015) for
cylinder with sinusoidal waves.
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0 0.28 05 084 112 1.4 1.68 196 224 252 28 3.08
Wave amplitude, A

Figure 16. Effect of wave number, N, on the buckling load of axially compressed imperfect cone having sinusoidal waves with small
radius-to-thickness ratio, ri/t of 25.
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Figure 17. Effect of wave number, N, on the buckling load of axially compressed imperfect cone having triangular waves with small
radius-to-thickness ratio, r/t of 25.
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Figure 18. Effect of wave number, N, on the buckling load of axially compressed imperfect cone having square waves with small
radius-to-thickness ratio, r1/t of 25.

Thirdly, the paper examines the influence of imperfection shape on the load carrying capacity of the conical models.
Three types of initial geometric imperfection shape were considered, they are: (i) sinusoidal waves, (ii) triangular waves,
and (iii) square waves. Figures 19-21 present the plot of axial collapse force against axial imperfection amplitude for
cones with different waves numbers, N = 4, 6 and 8, respectively, with the corresponding magnitude of collapse load
given in Table 6. Observed here for all the different wave number considered, at small imperfection amplitude, A <0.56,
cone with triangular waves have the least imperfection sensitivity. This may be said to be due to the fact that for the
triangular waves, the shape helps to spread out the load, thereby being able to sustain more load at the compressed
edge of cone as argued in (Ifayefunmi and Zulkefli 2019) for cylindrical shells. In general, the largest reduction in buckling
load is observed for cone with square wave. This confirms the results from experimental tests discussed earlier in the
paper (see Figure 6). However, from experiment, for wave number, N = 8, the largest drop in buckling load was found to
be cone with sinusoidal waves. This can be attributed to the use of nominal thickness value in the numerical analysis. It
is hoped that using measured thickness will produce the same result as the experiments as exemplified in column 3 of
Table 2. Furthermore, at relatively large imperfection amplitude, 1.12 < A < 2.8, except for N = 4, where cone with
triangular waves produce the least imperfection up until (A = 2.24), the square waves was the least sensitive for all the

number of waves considered. Here, the largest reduction in the load carrying capacity of the structures was observed for
conical shells with sinusoidal waves.
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Figure 19. Effect of wave shape on the buckling load of axially compressed imperfect cone having waves number, N = 4, with small
radius-to-thickness ratio, r1/t of 25.
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Figure 20. Effect of wave shape on the buckling load of axially compressed imperfect cone having waves number, N = 6, with small
radius-to-thickness ratio, ri/t of 25.

40 i
Sea
35 b oA . _.--m
Eacs il T .---
-
30 - 4
- -+
25 |
3
=
§ 20 |
w
15
10 |
T T + - Sinusoidal waves
Sr 1= 25;72 =2.0; L =224;8=12.6°;N=8 4 - Triangular waves
t rq ry = - Square waves
0 1 1 1 1 1 1 1 1 1 1

0 028 056 084 112 14 168 196 224 252 28
Wave amplitude, A

Figure 21. Effect of wave shape on the buckling load of axially compressed imperfect cone having waves number, N = 8, with small
radius-to-thickness ratio, r1/t of 25.
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Fourthly, the contact interaction problem between the imperfect cone having sinusoidal waves with imperfection
amplitude, A, ranging from 0.28 to 2.80. Two different contact interaction between the rigid plate and the compressed
edge of the cone were analyzed, and they are: (i) contact interaction with set of top edge nodes, and (ii) contact
interaction with set of N-point nodes. Table 7 gives the result obtained from the ensuing numerical computations.
Surprisingly, the contact interaction between the rigid plate and the deformable cone has a significant influence on the
collapse load of the imperfect cone. This implies that the choice of contact interaction employed during the analysis is
very important. However, experiment reveals that this choice strongly depends on the imperfection amplitude as
reported in (Ifayefunmi, Mahidan and Wang 2019), where for small amplitude, the buckling of the cone was experienced
and at large amplitude, local buckling of the waves was observed. To further explore the contact interaction problem,
growth of contact area during buckling process was investigated. Five points were chosen to examine the contact
interaction between the rigid plate and the deformable cone at loading steps. The points are represented by ‘i’ to Vv,
where points ‘i’ to ‘iii’ are within the pre-collapse region, point ‘iv’ refers to the collapse point of the cone and point ‘v’
is within the post-collapse region. Figure 22 presents growth of contact area on five chosen points during the buckling
stages for a conical shell having sinusoidal waves, N = 4, and imperfection amplitude, A, ranging from 0.28 to 2.8. The
horizontal lines indicate the size of the contact area at the chosen point.

From Figure 22a, it can be noticed that full contact was recorded for the cone at collapse (F = 36.0455 kN). The
contact area recorded at all four points of the cone are the same, indicating the maximum length of conical shell. Full
contact is also noticed in the post-collapse region represented by point 'v'. Similar trend was observed for cones with
imperfection amplitude, A = 0.56 (see Figure 22b). This result is somewhat similar to what was reported for cylinder in
(Btachut 2010). In the contrary, for cones with large amplitude i.e., 1.12 < A < 2.8, it is seen that contact of the entire
area was not achieved at collapse. Full contact was only achieved at the post collapse path (point ‘v’). Hence, it can be
said that the contact interaction between the rigid plate and the deformable cone is largely influenced by imperfection
amplitude. It was found that for cone with smaller imperfection amplitude, the buckling is happening at the top edge
nodes which is characterized by the buckling of the cone — as seen for (A = 0.28) in Figure 5 of (Ifayefunmi, Mahidan and
Wang 2019). Whilst, for cone having higher imperfection amplitude, the buckling will happen at N-point nodes which
denotes localized buckling of the waves — as seen for (A = 2.8) in Figure 6 of (Ifayefunmi, Mahidan and Wang 2019). The
corresponding load deflection curve of the cones indicating the location of the five point is presented in Figure 23 (for
cone having imperfection amplitude, A = 0.28) and Figure 24 (for cone having imperfection amplitude, A = 2.8).

Table 7. The effect of contact interaction on the buckling load for imperfect cone with different number of sinusoidal waves and
axial imperfection amplitude. Note: (I) = contact interaction with set of top edge nodes, and (Il) = contact interaction with set of N-
point nodes.

Collapse load (kN) for different A (t = 1mm)
N 0.28 0.56 1.12 1.68 2.24 2.8
| 1] | ] | ] | 1] | ] | 1]

0 37.851 37.851 37.851 37.851 37.851 37.851 37.851 37.851 37.851 37.851 37.851 37.851
2 34.795 6.085 33.438 6.269 29.137 5.676 25.222 5.293 23.293 5.78 21.252 5.547
4 36.046 11901 33.376 11.421 28.282 9.014 25.197 9.147 23.052 9.573 22.889 8.675
6
8

35.917 16.434 34.072 16.114 29.209 14.817 27.07 13.816  25.518 14.252 24.292  13.508
35.837 19.829 34.053 19543 33.295 20.725 28.388 15.321 27.627 143 27.83 12.266
10 35.783 24.667 35.494  24.237 32.522 18.53 30.591 16.193 31.01 13.857 31.607 13.442
12 36.007 26991 35.634 26.026 33.949 20.305 33.844 19.241 33.829 14.564 34.069 14.031
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Figure 22. Growth of contact area on five chosen points on the loading steps for a conical shell having sinusoidal waves (N = 4).
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Figure 23. Plot of collapse load versus axial shortening for cone having sinusoidal waves with N = 4 and A = 0.28, indicating the
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Figure 24. Plot of collapse load versus axial shortening for cone having sinusoidal waves with N = 4 and A = 2.80, indicating the
location of the contact area.

Lastly, comparison of imperfection sensitivity for axially compressed cones with uneven length imperfection and
eigenmode imperfection was investigated. It is a general believe that different types of imperfections will affect the
magnitude of load carrying capacity of thin-walled structures such as conical shells. The eigenmode imperfection is one
of the most commonly used imperfection type in thin-walled structures. In this analysis, the eigenmodes were obtained
by running eigenvalue buckling using subspace solver. A total of ten eigenmodes were considered in the finite element
analysis. The modes were imposed on the perfect conical shell geometry to study its effect towards the buckling of cones.
Several eigenmodes shape is a necessity when determining the shell’s worst sensitivity towards eigenmode imperfection.
The imperfection amplitude is kept the same for comparison purposes to be: 0 < A < 2.80. Figure 25 depicts the plot of
comparison of sensitivity of conical shells to four different imperfection type, i.e., uneven length with sinusoidal waves,
uneven length with triangular waves, uneven length with square waves and eigenmode imperfections. Surprisingly, it is
obvious that axially compressed cones with uneven length produce the worst imperfection at small imperfection
amplitude, 0 <A <1.12. However, as the imperfection amplitude gradually increases, eigenmode imperfection takes the
worst case. This result is supported by the findings from (Btachut 2015) for axially compressed cylinders with sinusoidal
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uneven length. It must be stressed here that this finding is very significant since the imperfection amplitude encountered
in real life application are within the range 0 < A < 1.12. This results highlight the severity of uneven length imperfection

on the buckling behavior of axially compressed cones which will be of high importance for design purpose in order to
prevent potential failure of the structure.
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Figure 25. Plot of comparison of sensitivity of conical shells to four different imperfection type, i.e., uneven length with sinusoidal
waves (N = 2), uneven length with triangular waves (N = 2), uneven length with square waves (N = 2) and eigenmode imperfection.

5 CONCLUSION

Axial compressive test results on thirty-two conical models with imperfect axial length manufactured in pairs having
three different wave profiles and its accompanying numerical predictions were presented in this paper. Repeatability of
experimental data was good. Also, experimental results are in good agreement with numerical predictions especially for
conical shells having sinusoidal waves. From the results, it can be confirmed that imperfect axial length has a strong
influence on the load carrying capacity of the conical geometry considered.

From the foregoing results, the following conclusions can be drawn: (i) it is apparent that imperfection amplitude
plays a great role towards the buckling load of conical shells; as the imperfection amplitude increases, the buckling load
of the conical shells decreases, (ii) increasing the waves number on the compressed edge of the cone has marginal effect
on the load carrying capacity of conical shells, (iii) at small imperfection amplitude (0 < A £0.56), cones with square waves
produced the largest reduction in the load carrying capacity of the structures, while at larger imperfection amplitude
(1.12 < A £ 2.8), conical shells having sinusoidal waves result in the largest drop in the buckling load of the structures,
(iv) the contact interaction between the rigid plate and the deformable cone has significant influence on the buckling
strength of axially compressed cone having imperfect axial length and strongly depends on imperfection amplitude, A.
The magnitude of imperfection amplitude determines where the buckling of the shell will occur either (a) the buckling
on cones for small imperfection amplitude (A < 1.12) or (b) localized buckling on waves for larger amplitude (A > 1.12),
and (v) buckling load of conical shells with imperfect axial length are significantly lower in comparison the same conical
shells having eigenmode imperfection. It is recommended that this comparison is extended to other types of geometrical
imperfection to provide a comprehensive understanding on the imperfection sensitivity of conical shell structures.
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