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ABSTRACT

A closed-form analytical solution to rheological phenomena is obtained based on Hoek-Brown (HB) yield criterion
and the generalized Bingham model. Once the circular tunnel is excavated, an initial plastic region is formed.
When the total stresses fulfil the yield condition, the initial plastic region steps into the viscoplastic region, in
which the displacement develops with time. The one-dimensional constitutive equation of the generalized
Bingham model is transformed into a three-dimensional expression in polar coordinates by combining the plane
strain condition. With the help of equilibrium differential equation, geometric equation and boundary condition,
the stress and displacement in the initial plastic region can be expressed. At the moment of t, the stresses and
displacements are described similar to the solutions of the elasto-plastic state. The stresses, strains and
displacements after transformation can be expressed in the viscoplastic region. The proposed solution was
verified by the closed-form solution of circular tunnels in elastic-brittle-plastic rock mass.
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Elastic-viscoplastic solution of a circular tunnel in Hoek-Brown rock mass Xiao-fei Wang et al.

List of Symbols

a Excavation radius
o, 0p Radial and tangential stresses
&, €9 Radial and tangential strains

o/, o Radial and tangential viscoplastic stresses

g, €, Radial and tangential viscoplastic strains
u Radial displacement

u'P Radial viscoplastic displacement

E Young’s modulus

G Shear modulus

oc Uniaxial compression strength

u Poisson’s ratio

¢ Dilatancy angle

¢ Cohesive strength

¢ Friction angle

m, s The first and section strength parameters
pi Internal supporting pressure

p¢ Radial stress at elasto-plastic interface

Po The radius of the initial plastic region

R: The radius of the viscoplastic region

Derivative of variable to time

1. Introduction

Because of the urgent need of mineral resources, the mining dramatically deep into the earth, many coal and metal
mines have been mined to a depth of more than 1 km. In order to facilitate the passage, deep buried tunnel construction
has been common. However, deep buried roadway is located in the harsh environment of high confining pressure, high
temperature and high permeability, which is easy to produce engineering geological disasters such as rheology, rock
burst and large deformation of surrounding rock. Especially in the soft rock roadway, rock lithology metamorphism and
surrounding rock failure occur frequently, the construction process is full of challenges [1]. This will seriously affect the
stability of roadway surrounding rock, cause safety hazards to construction and traffic personnel, and cause huge
economic losses to the roadway repeatedly renovated and maintained. Correctly predicting the deformation, stress and
failure mode of surrounding rock can provide reliable reference for the stability evaluation of underground engineering.
The expansion of surrounding rock fracture range is time dependent. This leads to the nonlinear continuous deformation
of surrounding rock, which makes it more difficult to maintain the stability of surrounding rock. For soft rock mass, the
creep displacement is significant, and the deformation of soft rock mass can reach tens of millimeters every day, and
when the support strength is weak, the deformation can reach tens of centimeters every day. In the 1960s, Lecian’s
concept of aging was first introduced into the analysis of stress and strain around tunnels [2]. An increasing number of
researchers and engineers are paying attention to the time-dependent characteristics of the surrounding rock in
underground engineering. Rheological research provides a reference for support design in rock foundations, slopes, and
underground engineering. The deformation of these projects is time-dependent, and the deformation of the surrounding
rock increases with time. After a certain period of time, large cumulative deformation results in damage to the tunnel

support structure, and rock rheology is closely related to the long-term stability of geotechnical engineering. In deep
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underground engineering, due to high stress, the rheologic phenomena of the rock mass are more obvious, and research
on the mechanical state of the rheological rock mass is of great value to engineering stability and safety design. Therefore,
it is necessary to derive analytical solutions considering rheological factors.

Axisymmetric analysis of a circular tunnel is a classical problem. Many studies in existing research reports have been
performed on the analytical solutions after excavation, and many engineering problems have been solved. In 1983,
Brown et al. [3] proposed a method for analyzing the distribution of the stress and displacement in the plastic region into
surrounding rock by using the Hoek-Brown (HB) criterion. Sharan, S. K. [4-5] presented stress and displacement field
analysis and analytical solutions of the rock surrounding tunnels under the HB criterion. Carranza et al. [6-7] presented a
closed multidimensional elastoplastic solution of the rock surrounding tunnels under the HB criterion and elasto-plastic
solutions of the rock surrounding tunnels based on the Mohr-Coulomb (MC) and HB criteria, respectively. Zhang et al.
[8] dealt with elasto-plastic coupling solutions for the prediction of displacements around circular openings in elasto-
brittle-plastic rock masses. Wang et al. [9] divided the strain softening region into k infinitesimal rings, and this method
considered the effect of parameter degradation in the strain softening process. Jiang et al. [10] divided the surrounding
rock into the elastic region, the plastic region, and the plastic region, and obtained the stress and deformation solutions
of each region. Wu et al. [11] established a three-dimensional twin tunnels scale model utilizing the discrete element
method (DEM) with PFC3D, and investigated the displacement (in horizontal and vertical directions) and deformation of
the first tunnel lining in four different cases, in which the clear distance of twin tunnels is 5, 10, 15 and 20 m during the
second tunnel construction process. These above solutions are instantaneous without considering the rheological
factors. However, in engineering practice, the rheological effect is often an important factor for the deformation and
stability evaluation of underground engineering.

In addition to elastic-plastic research, many scholars have carried out extensive research on the rheological
properties of the surrounding rocks. H. N. Wang et al. [12] derived the analytical solution of stress and displacement of
lining tunnel by viscoelastic method. P. Nomikos et al. [13] derived the analytical formulas of stress and displacement of
an axisymmetric tunnel with the Burgers model under elastic lining support, and analyzed the influence of viscoelastic
parameters. A. Fahimifar et al. [14] derived the analytical solution of tunnel wall deformation under hydrostatic pressure
and predicted the time-dependent displacement of the tunnel wall, assuming that the rock mass is an incompressible
Burgers viscoelastic material. The above analysis does not take into account the plastic deformation of the rock mass and
cannot fully explain the behavior of underground engineering. D. Sterpi and G. Gioda [15] used rheological models that
consider elastic-plastic, viscoelastic and viscoplastic properties to simulate three-stage creep behavior of rocks in
squeezing rock of deep-buried tunnels. Panet [16] and J. Sulem [17] analyzed the aging characteristics of a circular tunnel
and considered the plastic mechanical properties of the surrounding rock, overcoming the disadvantage that the
viscoelastic model cannot calculate the influence of strain softening and plastic dilatancy of the surrounding rock on
rheological deformation. M. E. Gurtin and E. Sternberg [18] presented the application of Stieltjes integration to the
treatment of discontinuous boundary conditions in viscoelastic problems. G. A. C. Graham [19] studied the viscoelastic
solution of a thick-walled cylinder in temperature and stress fields. Nevertheless, in the solution of the above theories,
the researchers all assumed that the rheological properties of the surrounding rocks follow Kelvin's viscoelastic equation
and then introduced the MC yield criterion. P. Fritz [20] presented an analytical solution of a modified St. Venant slider,
and the viscoplastic constitutive equations were obtained by a similar method. Based on the research of these scholars,
the evolution law of stress and displacement with radius and time is analyzed by using generalized Bingham model and
strict theory of solid mechanics.

When analyzing the rheological behavior of the rock mass in deep tunnel engineering, the rheological constitutive
model and mechanical calculation model are two key factors affecting the results. In analytical research, the rheological

constitutive model has been widely used. Empirical models, component models, internal variable models without yield
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surface, and rheological constitutive models [21] based on damage mechanisms are widely used in the literature. The
generalized Bingham model used in this paper is one of the component models. In many practical cases, especially in
jointed rock masses, the nonlinear HB empirical yield criterion is more suitable. It can better reflect the inherent
characteristics and nonlinear failure characteristics of the surrounding rock in deep tunnels, as well as the influence of

the number of structural planes, rock strength, and stress state on the strength of the surrounding rocks [22].

By combining the HB yield criterion and generalized Bingham elasto-viscoplastic constitutive model, a three-
dimensional constitutive equation can be established. The analytical solutions of the elasto-viscoplastic stress and
displacement are obtained by MATLAB software. The results are compared with those of the MC criterion under
equivalent parameters, the analytical solutions in this paper are compared with the previous results. Finally, the

influences of associated parameters, such as the support force and dilation angle, are systematically investigated.

2. Problem description

Although the rock mass is actually discontinuous medium, Fazelabdolabadietal. [23] develops a Bayesian
framework to quantify the absolute permeability of water in a porous structure from the geometry and clustering
parameters of its underlying pore-throat network. Herein, A circular tunnel with a radius a is excavated in a homogeneous
infinite isotropic rock mass subjected to a hydrostatic stress (po), the influence of porosity and permeability is not
considered. The inner surface of the opening is subjected to a support pressure p;, and the inner support pressure p;
equals the hydrostatic stress po before the excavation. The elasto-viscoplastic circular tunnel is shown in Figure 1. The
analytical model of the surrounding rock consists of three concentric annuli, i.e., the elastic region, the viscoplastic region,

and the initial plastic region.

N
Elastic region <

Viscoplastic region
— ~ T~ -—

Initfal plastic regiqn
> / -
Po Do
— -
— P
b -

Fig. 1 Physical model of a circular opening.

To derive the analytical solution, the following assumptions are necessary: the rock mass is isotropic, uniform, and
homogeneous; the plane strain condition is considered and the problem illustrated in Figure 1 can be considered to be
axisymmetric. For plane strain problems, it can be assumed that the radial stress o is the minor principal stress, and the
tangential stress og is the major principal stress. Additionally, the strains are assumed to be small. The notation u

represents the radial displacement, and the superscripts “c” and “e” represent plastic region and elastic region,
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respectively. The displacements and stresses are functions of the distance r to the center of the cross section and the
time t when gravity is ignored.

The support pressure p; gradually decreases, and the deformation of the rock mass converges, when the roadway
is excavated. When p; is lower than the elasto-plastic support pressure p¢, the plastic region begins to appear outside the
excavation face. After that, the material properties of the plastic region reach the residual value. Therefore, the macro
brittle failure of the rock is the result of crack initiation, propagation, and connection in the medium. The elasto-brittle-
plastic model is shown in Figure 2, where AD represents the ideal plastic model, ACE represents the actual stress-strain
curve of the rock, and ABE represents the assumed brittle-plastic model, the assumed brittle plastic model is used to

analyze the stress and deformation of surrounding rock.

Z

Y

<k Ideal plastic
= M — R,
E \
2 \ Actual
@ \— ctual curve
g
g \
.S \ ; :
5 B , Brittle plastic
= C E
g /
g . “Unloadin g path
& /
= /
0

Axial strain (-)
Fig. 2 Mechanical behavior model for elastic-btittle-plastic material.
For the problem of circular openings, the tangential stress (0g) and radial stress (o;) are the major and minor stresses

in circular tunnels, respectively. In this paper, two of the most commonly-used yield criteria are considered, the linear
MC criterion

o,=No, +S§ (1)

and the nonlinear HB criterion

0, =0, ++/mo,o, +SGS2 (2)

where o3 is the minor principal stress, o1 is the major principal stress, N=(l+sing)/(l1-sing) ,
S =2ccosp/(1-sing), ¢ and ¢ are the cohesion and friction angle of the rock mass, respectively, m and s are
material parameters that depend on the properties of the rock, and os is the uniaxial compressive strength of the intact
rock mass.

The yield criteria of Egs. (1) and (2) for both intact and residual rock masses can be expressed as, where Eqg. (3) and
Eq. (5) represent MC and HB intact rock mass, respectively; Eq. (4) and Eqg. (6) represent MC and HB residual rock mass,
respectively.

o,=No, +S§ forintact rock mass (3)
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o,=N.o, +S, forresidual rock mass (4)

0,=0, +\Jmo,c, +sc. for intact rock mass (5)
0,=0,+m.o.0c, +s0. forresidual rock mass (6)

where the N_, S,, m, and s, are residual values of the rock properties, o, is the uniaxial compressive strength

and N, =(1+sing,)/(1-sing,),and S, =2c cosep, /(1-sing. ), in which ¢, and c, are the residual friction angle

and cohesion, respectively.
For axisymmetric problems, the stresses satisfy the differential equation of equilibrium in each region (without

considering the body force of the surrounding rock), as shown in Eq. (7)
rdo, /or=0,-o0, (7)

The geometric equation of this axisymmetric problem can be denoted as
g, =0u/or
(8)

g, =ulr

By the geometric equation of Eq. (8), the compatibility equation can be shown as Eq. (9)

0gy, &,—&

=0 9
or r ©)

The difficulty of elastic-plastic problems is that the plastic deformation is nonlinear. By the theory of plastic, plastic
strain is determined by the plastic potential, and rock mass materials generally obey the MC plastic potential function,
which can be shown as Eq. (10)

O=0,-ao, (10)
where s the dilatancy angle of the rock mass, and a =(1+siny)/(1—-siny).

The classical potential theory can be shown in the following equations, the radial and tangential plastic strains can

be obtained:

(11)

Combined the integration results of Eq. (11) with the elastic strain, and considering the influence of roadway

excavation, the total strain of the rock mass can be expressed as
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&, =[(1-p)(o, - p,) - u(o, —po)]/(ZG)—M} (12)

&y =[(= )0, = py) = 1(0, = p)]/ 2G) + 4

where G=E/(2(1+y)) is the shear modulus, u is Poisson’s ratio, and A is the plastic strain multiplier. When

A =0, Eqg. (12) represents the constitutive equation of the elastic rock mass.

The initial condition, contact condition and stress boundary condition of the present problem can be expressed as
Eq. (13)

r=a, O,=Dp,
r= R(: > o-r (R(,i > t) = Gr (RL‘JF )’ u(Rci 2 t) = u(R(:Jr)

r—> 0, O, =Dy

(13)

— — e — e — e
t=0,0,=05,0,=0,,Uu=1,

where p, isthe supportforce, R, and R’ representthe inner and outer boundaries, respectively, at 7 =R.. When

the radius tends to infinity, the radial stress equals the original in situ stress. Parameters o, and oy, are the radial

stress and tangential stress, respectively, of rock mass in the elastic regionat 7=0.

3. Surrounding rock model

In the quiescent state, the Bingham viscoplastic model can keep nonzero deviatoric stresses when the stress is less
than the yield stress, and no plastic flow appears. Once the stress reaches the critical value, plastic flow occurs [24]. The
generalized Bingham body is composed of Hookean, Newtonian, and St. Venant elements, so it is slightly different from
the Bingham model. Elastic deformation occurs before applying stress is less than the yield stress, and the material
manifests elasto-viscoplastic deformation when the yield stress is reached. Figure 3 shows the generalized Bingham

model.

I |
e

Fig. 3 Calculated mechanical model.

The strain of the generalized Bingham model is a function of time, the one-dimensional constitutive equation can

expressed as Eq. (14)

+279% (14)

. O
E=—
E n
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“wn

where dot “-” on the top of o and € denotes the derivative of time, E is the elastic modulus, o, is the yield strength

§

of the slider, and 7 is the viscosity coefficient of the dashpot.

With the aid of the correspondence law, convert E to 2G, convert n to 2n, convert € to ej, convert o to s;. It is
generally considered that the volume deformation of rock mass is elastic, for the purpose of general description, the
volume deformation is considered as elastic viscoplastic deformation as the deviator strain tensor. According to the
above conversion method, one dimensional constitutive equation can be transformed into three-dimensional

constitutive equation, so the three-dimensional equation can be denoted as

. SU Si/'
426"
o (15)
E/c/c = % G_kk,
3K 2n

where e; is the deviatoric strain tensor; 8, is the deviatoric stress tensor; o, is the stress tensor, g, is the strain

tensor, and both the stress and the strain tensors can be decomposed into the deviatoric stress and hydrostatic pressure,

ie, s,=0,-0,0,/3 and ¢, =¢,~¢g,6,/3; 0y and &, represent the first invariants of the stress and strain,

respectively; 5, is the Kronecker symbol, when ; = ;, 5, =1, when ;= 7, 5,=0;Gis the shear modulus; K is the
bulk modulus; 7 is the viscosity coefficient of the deviatoric stress and deviatoric strain; 7' is the viscosity coefficient
of the volume strain ( ¢, ) and hydrostatic pressure (o, ).

In a circular opening, Eq. (15) can be unfolded in a polar coordinate system as Eq. (16)

.1 126 1 B l_i .

€r—2G[ (3 9K)®] 277[0,- (3 377,)®]

& =16, - -2901+ 1[0, - A - e (16)
Y] 3 9K 270 T3 3y

S S B CAV-Y UL I S R AY:

«‘{-—ZG[ (3 9K) 1+ 2 [o. 3)(1 77,)@)]

where ©® =0, +0,+0,, which is the volume stress.

By substituting the plane strain condition (&, =&, =0) into the third equation of Eq. (16), the axial stress can be

reformulated as

'7’
277+17
3K-2G

_3K-2G
O =K +2G 0 To)

(0' +0,)

z

(17)
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The coefficients of the first equation and the second equation of Eq. (17) are equal. Therefore, n’ can be represented

by n as follows

3K
26"

n' (18)

By combining Eq. (18) with Eq. (16), then using the equilibrium differential equation Eq. (7), (3K —2G)/ (6K +2G)
can be replaced by Poisson’s ratio zz, by simplification, the three-dimensional constitutive equation of this model in a

polar coordinate system can be finally obtained as Eq. (19)

- 1 - . 1 . .
£, —E[(l—#)oﬁ —/10'9]+Z[(1—ﬂ)0', — ué6,] »
I
59—2(;[(1 )G, ﬂffr]+277[(1 H)G, — uc,]

where 6. =0.-0., 6,=0,—0,,and o, and o, are the radial stress and tangential stress, respectively, of the

r

rock mass in the plastic region. Parameters 6, and G, indicate that rheological deformation occurs when the stress
exceeds the plastic yield limit.
4. Analytical solutions

4.1. Elasto-plastic solutions under the HB yield criterion

The elastic-plastic solutions in the surrounding rock under the MC criterion have been studied, and the results will
not be listed here. In the HB rock mass, the plastic region and the elastic region are formed, and the analytical solution
of the stress and displacement can be expressed:

(1) Plastic region (a<r<R))

By combining Egs. (1), (5), (7) and (13), the stresses of the plastic region can be obtained as Eq. (20)

o =Aln’(r/a)+Bin(r/a)+ p, } (20)

oy =Aln*(r/a)+(24+B)In(r/a)+ B+ p,

where A=m.o, /4, BZ\/W-

By utilizing the geometric Eq. (8), the compatibility equation for deformation Eq. (9) and the total strain Eq. (12),

the strains and displacements can be obtained as Eq. (21)
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& =|d i’ (v/ a)+(2d, +d,)In(r/ a)+d, +d; - Car™™ | /(2G)
gy =(d, In*(r/ a)+d,In(r/ @) +d, +Cr ")/ (2G) (21)

c _ c
u‘ =rg,

where d, =(1-2u)A4, d,=(1-24)B+2dA, d,=(1-2u)(p,—p,)+dB-2dA/(a+1), d=(1-u)(a-1)/(a+1),

and C is an integration constant.
(2) Elastic region (R, <r <o)
The stress, strain, and displacement of the elastic region can be easily obtained as Egs. (22) and (23)

ol =p,+(p° —pO)Rfr'z} 22)
0; =Dy _(pc —pO)RfV_2

& =(p" - p)Rr?/(2G)
o =(p,— PR/ (26G) (23)
u’ =re,

where p° is the radial stress of elastic-plastic interface and R is the radius of the interface. Because the radial stress

and displacement at the elastic-plastic interface are continuous, the integration constant C, the radius, and the stress at

the interface can be obtained as Eq. (24)

c s

2
R =aexp {Q - —(mCO'Spl. +5,07 )”2} (24)
m

2 1/2
1
where Y=—|[ 2] +mPois| -2, QZL(mCO'VpO-i-SCO'YZ—ch'sz)m.
2|\ 4 8 m,o, ‘ ’ ‘

—d,m% -4 (25)
a

pP= O,p =P —YO (26)

By combining Eq. (25) with Eq. (21), the solution of the displacement can be easily expressed as an explicit form. For

elastic brittle plastic mechanical model, if the peak mechanical parameters are equal to the residual mechanical
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parameters, the above analytical solution can be converted to the Kastner solution. Therefore, the elasto-plastic

analytical solution is a further elaboration of the Kastner method.

4.2. Elasto-viscoplastic solutions of the HB surrounding rock

Because only the cross section of the tunnel is studied, sequential excavation is not considered. It is assumed that
the long tunnel is excavated at one time here. In the context of the generalized Bingham calculation model, when the
tunnel is excavated, elastic deformation occurs instantaneously. Because the sudden stress release on the excavation
surface, the stress redistributed in the surrounding rock need to achieve a new equilibrium state, and a viscoplastic region

with radius R: generates near the boundary of the tunnel.

4.2.1. Elastic solution of the rock mass at t=0

Because rheological test data indicate that elastic deformation is much larger than plastic deformation [25].
Consequently, the mechanical behavior of rock mass can be assumed to be elastic at 7=0. Namely, once the tunnel is

excavated, only elastic deformation occurs. Hence, when ¢ =0, this solutions can be represented by Eq. (22) and Eq.

(23), p° isreplacedby p,,and R by the excavation radius a.

2
. a
0. =Dpo +(p; _po)r_Q

2

. a
Ogo = Py _(pi _po)r_z (27)
. 1 a’
u, =—- (p, — p.)—
e (po—p)) r

where the superscript “e” and the subscript “0” represent the solutions of the elastic state and the time =0,

respectively.

4.2.2. The solutions of the initial plastic region (e <r < p,)

The Newtonian element begins to play its role in the region with time when the stress reaches the yield condition.

At t=0", the initial plastic region occurs. By substituting the elastic stress of Eq. (27) into the yield criteria of Egs. (2)
and (5), the radius of the initial plastic region can be expressed as follows

2
4(pi - po) (a / Lo )4 —mo; (pi —Po )(a / Lo )2 =mop, + So-sz (28)

Eq. (28) is one variable equation of four times, and it can be calculated by the mathematical method.

Differentiation with respect to time in the geometric relation leads to
r—%=¢ -6, (29)

Because the equilibrium equation of Eq. (7) should be fulfilled all the time, it leads to
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Py
P, -6 (30)
or
Combining Egs. (19), (29) and (30) leads to the differential equation as follows
rﬁ[&, +6,+ (6, +6,)]=0 (31)
or
where pB=G/n.
Integrating with respect to r and t, Eq. (31) can be solved as Eq. (32)
G, +6,=f()+e"g(r) (32)

where f(¢) isthe function of the time t, and g(r) is the function of the radius r, yet to be determined.

By means of the first and fourth equations of Eq. (13), and utilizing Eq. (30), the radial and tangential stress can be

expressed as

o =c'(l-e")+oie” +(l—a2r’2)f(t)} (33)

o,=0s(l-e")+oie” +(l+a’r?)f(¢)

It should be noted that the equations of Eq. (33) are valid within the initial plastic region, and it was assumed that
the surrounding rock at radius r is always in a plastic state.

By combining Eq. (33) with the second equation of Eq. (19) and by integration of the tangential strain &, with
respect to t in Eq. (18), the displacement u of the region can be obtained as Eq. (34)

u=r!QO){[(1- oy, - uoty Je” +[ (- w)oy - uos [ —e ") +1=2u+a’r?) £ (1)}

(34)
w11 @{[(= )05 = 05) = (0l =) [A=e ) | Bl +r] @)1 =2p+ar™)| £ (ot + g, ()

The unknown function g,(7) can be determined by the fourth equation in the initial condition of Eq. (13), namely,
t=0, u=u,

where the displacement u; at ¢=0 isdefined in Eq. (27), the function gi(r) can be obtained as

g () =ru-Np,/(2G) (35)

Combining Egs. (34) and (35), the displacement of the initial plastic region can be derived as follows
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u=r/ QO (- oy, - uos, |+(1-2u+ar ") £ (1)}

(for a<r<p,) (36)
+r/ ) -2u+a’r? )J.f(t)dt +rQQu-1p,/(2G)

4.2.3. The analytical solutions of the viscoplastic region

Outside the initial plastic region (i.e., p, <r <R ), as a further assumption, the condition is introduced that the

total stresses may fulfil the yield condition, but they may never exceed it [20]. This hypothesis influences the
development of stresses and displacements with time, but not the final state. At the moment of t, when the radius of
the viscoplastic region extends to R;, the stresses and displacements are described similar to the solutions of the elasto-
plastic state. Namely, the stresses in the viscoplastic region are defined similarly to Eq. (19), and the displacements are
similar to Eqg. (21) and the radius R: to Eq. (24). In these new equations, a and p; are replaced by po and P(t), respectively.

The stresses, strains and displacements after transformation can be expressed as Egs. (37), (38), (39) and (40)

o = A" In*(r/ p,)+B” In(r/ p,)+P(t)
(37)
ol = A7 In*(r/ p,) + (24" + B")In(r/ p, )+ B” + P (1)
&’ =[d" n(r/ p,)(2+In(r/ p,))+d (1+1n(r/ p, )+ "
+r(ln(r ! p, )(1 —2u)+ d)mcas (oP(t)/or)/ (2. Im.c P(t)+s,0; ) 38)
+r(1=2u)(0P(t)/ or)—aC?r* ]/ (2G)
g =[d" I’ (r/ py)+dy In(r/ p,)+dy +C"r "]/ (2G)
u” = %[a’f” In*(r/ py) +dy In(r / p,)+dy +C"r "] (39)
2 Nz
R = p, exp Q——(mCJXP(t) +5,0 ) (40)
mL‘ s

where A% =mo /4 , BT =\moP{t)+soc’ , d’=01-2mA" , dF=01-2u)B” +2d4"

dy =(1-2u)(P(t)- p,)+dB” —2dA” / (a +1) ) P()=ci(1-e ™) +one” +[1-(al p, )z]f(z) and

LR R
C? =R p, - p° —d? In> =L —d¥ In—-—dY

Py Po
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Because the condition of displacement continuity at the position of = p,, the function f(#) in Eq. (33) and Eq.

(36) can be determined, i.e., Eq. (36) is equal to Eq. (39) at the radius = p,, and an equation about the function f()

can be expressed as

(1= )05, = poyy +Qu=Dp, —dy" =C”(p) "

2 2 (41)
HL=2p+(al p, Y1/ @)+ fll=2u+(a/ p)'1f f)dt =0
The boundary condition of f(¢) is as Eq. (42)
t=0:f(t)=[f(t)dt=0 (42)

Eqg. (41) is a transcendental equation, which can be solved numerically by a simple computer program.

In fact, the deformation of rock mass is the process that the stress is adjusted continuously to reach balance after
the tunnel excavation. In the viscoplastic region, the stress and deformation of the rock mass changes with time. When
the time ¢ — o, the solutions of this paper and those gotten by the elasto-plastic method are consistent at the
corresponding position, and at this time, even if the time increases, the viscoplastic region will not change again.
Eventually, the initial plastic region and the viscoplastic region becomes the plastic region, and the solution of the

calculated model corresponds to the foregoing section 4.1.

4.3 Calculation methodology

By inputting geometric and mechanical parameters of surrounding rock, f(¢) and If(t) can be calculated by

MATLAB software. According to the derived analytical solutions, the radius of the viscoplastic region at different time
can be obtained. When the radius of the viscoplastic region no longer changes, it indicates that the surrounding rock has
reached equilibrium again. A flow chart which summarizes the implementation of the proposed method is shown in

Figure 4.
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Input data of geometric and material parameters

|

Calculate the radius of the nitial plastic region by Eq. (28)

l

Calculate f{7) in Eq. (41) by MATLAB

|

Calculate the radius of the viscoplastic region at the next moment

l

Calculate the stress and the displacement of viscoplastic region

Yes

Judge whether the radius of
viscoplastic region is changing

Output results

l

End

Fig. 4 Flowchart of calculation methodology

5. Example verification

In order to analyze the influence of dilatancy angle on stress and displacement in the plastic region, dilation angles
of 0° and 30° are selected. The parameters of the HB criterion are converted into equivalent MC parameters. By doing
so, the solutions of the two yield criteria can be compared under similar geological conditions. The specific conversion
method [26] is as follows: by equating the areas covered by the two envelopes of the HB and MC criteria, Eq. (43) and
Eq. (44) are formed, which may be solved for the equivalent MC rock mass parameters when the HB constants are known

[27]. This results in the following equations for the angle of friction ¢ and cohesive strength c:

| 3Jm(s+mo,, )Jﬁ1

y (43)
(1+J)(2+J)+3Jm(s+m0'3n)

@=sin"

o o, [(1+2J)s+(1—.])m0'3n:|(s+m03n) (44)

(1+0) 2+ )1+ 6Im(s +ma, )™ |/ [(1+0)(2+)]
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Eq. (43) and Eq. (44) are derived from the generalized HB criterion. In this paper, J represents empirical parameters,

where J =0.5. o,, =0,,,. /0,, where o, is the uniaxial compressive strength and o, ., is the maximum confining

pressure. In tunnel engineering, the relationship between o, and the rock mass strength o, is as follows

-0.94
O-3max — 047 |:&:| (45)
o yH

cm

o -0 [m+4s—J(m—8s)|(m/4+s)"" (46)
o : 20+ )2+ J)

where, y isthe bulk density of the rock mass and H is the buried depth of the rock mass.
To validate the analytical solutions, the typical input data used by Carranza-Torres [7] were used. After equivalent

conversion, the mechanical parameters of the HB and MC criteria are listed in Table 1.

Table 1 Geometric and mechanical parameters

Scheme Value
Radius of tunnel, a (m) 1
Initial stress, po (MPa) 15
Young’s modulus, E (MPa) 5700
Poisson’s ratio, u (-) 0.3
Viscosity coefficient, n (Days:-MPa) 6000
Uniaxial compressive strength, a5 (MPa) 30
Dilation angle, Y (Deg.) 0,30
MC rock mass
¢ (MPa) 1.4184
¢ (Deg.) 31.64
cc (MPa) 1.1214
¢c (Deg.) 26.00
HB rock mass
m(-) 1.7
s(-) 0.0039
me (-) 0.85
sc (-) 0.0019

5.1. The solutions of functions f(t) and [ f(t)dt

The f{t) function in implicit equation (41) is solved by MATLAB software. Figure 5 (a) and Figure 5 (c) show the curves
of f(t)/po with the support force, dilation angle and time under the HB and MC criteria. Figure 5 (b) and Figure 5 (d) show
the curves of Eff(t)dt/(r;po) with the support force, dilation angle and time under the HB and MC criteria. f(t) show a

trend of first increasing and then decreasing under the two yield criteria; when t — oo, the value of f(t) eventually tends

Latin American Journal of Solids and Structures, 2021, 18(1), e340 16/25



Elastic-viscoplastic solution of a circular tunnel in Hoek-Brown rock mass Xiao-fei Wang et al.

to zero. [ f(t)dt always increase with time. In MC rock mass, when the support force increases from OMPa to 0.75MPa,
the peak value of f(t) decreases from 2.984 to 2.243, and the decrease percentage is 24.83%. However, when the
supporting force increases from 0 MPa to 0.75 MPa in HB rock mass, the peak value of f(t) decreased from 3.458 to 2.286,
the percentage of decrease was 33.89%. It can be seen that the f{(t) function of HB rock mass is more affected by the
support force. In any rock mass, the value of ff(t)dt decreases with the increase of support force. In MC and HB rock
mass, when the support force is 0 MPa, the peak value of f(t) increases from 2.984 and 3.458 to 4.552 and 4.899,
respectively, with the increase percentage of 52.55% and 41.67%. It can be seen that the f(t) function of MC rock mass

is more affected by the dilatancy angle.
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Fig. 5 The solutions of f(t)/po and Eff(t)dt/(npo) with time under different p; and ¢ in the HB and MC rock masses: (a) f(t)/po in HB
rock mass, (b) Eff(t)dt/(npo) in HB rock mass, (c) f(t)/po in MC rock mass, (d) Eff(t)dt/(npo) in MC rock mass.

5.2. Analytical solutions of stress and displacement

Figure 6 shows the variations in radial stresses and tangential stresses with radii at different times under the HB
criterion. As shown in Figure 6, with increasing time, under the HB yield criterion, At the outer radius of the initial plastic
region, i.e. r=po, the difference of tangential stress becomes smaller and smaller. Eventually, the difference becomes
zero. The stresses are compared at varying times under the HB criterion. When r/a=1, the value of the tangential stress
at t=2, t=6 and t=60 days are 19.94 MPa, 11.43 MPa and 1.69 MPa, respectively. At the free face of roadway, compared
with that at t=2 days, the tangential stress at t= 60 days decreases by 91.52%. The radial and tangential stresses in the
plastic region at any other time are always smaller than at t=0 under the HB criterion.

Under the HB criterion, the radius of the initial plastic region and the final plastic region are 1.2996 m and 2.4168

m, respectively, when there is no supporting force at the free face of the roadway. The viscoplastic region is the result of
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the plastic region expansion outwards with time. When t=2, t=6, t=60 days, successively, continuous deformation occurs
in the viscoplastic region. When t->oo, the radius of the viscoplastic region remains unchanged, meaning that the rock
mass reaches the equilibrium state. By numerical calculation, the critical pressure p¢is 6.12 MPa. A. B and C represent
the positions of the radius of the viscoplastic region in three time states, respectively. With the increase of time, the
radius of viscoplastic region expands outward, and the difference of circumferential stress values on both sides of pg is
smaller and smaller. When t=60 days, the circumferential stress in viscoplastic region and initial plastic region is

continuous.
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Fig. 6 The changes in the radial and tangential stresses with time and radius under the HB criterion.

The dilation angle is an important factor affecting the displacement. Figure 7 shows the variation in the radial
displacement of the tunnel with time and dimensionless r/a under the MC criterion and HB criterion when the dilation
angle is 0° and 30° Obviously, the radial displacement increases gradually with increasing time. Meanwhile, the
displacement changes rapidly at the value of r/a from 1 to 3 and tends to be flat after r/a=3 when {)=0°, which indicates
that large and rapid deformation occurs near the excavation face of the tunnel. For the condition of y=30° the
displacement varies rapidly when r/a increases from 1 to 2. Compared with the displacement of {=0°, the displacement
of the excavation face increases 3.44 times when t=60 days. The radial displacement increases with increasing dilatancy

angle. The radial displacement obtained in HB rock mass is larger than that in MC rock mass.
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Fig. 7 The radial displacement of the HB and MC criteria with radius changes at different times: (a) {=0°, and (b) p=30°

5.3. Displacement Verification of the HB yield Criterion

To prove the correctness of the results obtained in this paper, the verification results of the HB rock mass are
visualized in Figure 8. After calculation, the state at t = 300 days is selected. Because the viscoplastic region does not
change at this time, the final state becomes an elastic-plastic rock mass. Some examples for the HB rock mass are given
(Brown [3], Sharan [4], Zhang [8], Lee and Pietruszczak [28], and Park [29]). Herein, these previous results are utilized to
verify this new approach. The mechanical parameters of the HB rock mass are a=5m, pi=5MPa, pp=30MPa, E=5.5GPa,
u=0.25, 0,=30MPa, m=1.7, s=0.0039, m:=1.0, s.=0, and ¢)=30°. As Figure 8 indicates, the radial displacements calculated
in this paper are fully consistent with the solution of Lee & Pietruszczk, Zhang, and Park when ¢=30° while the
displacement solutions of Sharan overestimates and Brown et al.’s approximation underestimates the displacements.
The calculated results of the radial displacement at t = 300 days are compared with the solutions of Zhang [8], and the
two curves overlap. In this paper, the radial displacement on the excavation surface is 19.868 mm for | = 30° which is
approximately 2.8 times of 7.194 mm for { = 0°. And the analytical solution in this paper is compared with the result

obtained by Fritz, the results are basically the same.
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Fig. 8 Comparison of the radial displacement solutions for the Hoek—Brown rock mass (* denotes {=02)

5.4. Sensitivity analysis

5.4.1 Influence of support force

The dimensionless final plastic radii (R;/a) with different supporting forces (p;) are calculated and compared with
the analytical results of Zhang [8], as shown in Table 2. As seen from the table, the radii of the plastic region calculated
in this paper are consistent with Zhang [8]. With the increase in the supporting force, the dimensionless po/a and R./a
both decrease. This law shows that applying the support force can effectively reduce the extension of the plastic region
into the surrounding rock of the tunnel.

Figure 9 shows the initial and final plastic radii with different supporting forces (p;) for the HB and MC rock masses.
The relationship between the radius of the initial plastic region and the supporting force is linear, and the R-square is as
high as 99.9%. Under the two vyield criteria, the slope of the straight line is the same. However, the radii of the initial
plastic region under the HB yield criterion are larger under the same supporting force. The radii of the final plastic region
also decrease with increasing support force. The fitting curve in Figure 9 (b) shows an approximate linear relationship
under the MC yield criterion; the R-square is 99.4%. Under the HB yield criterion, the relationship between the support
force and radii of the final plastic region is nonlinear. When the support force is less than 0.4MPa, the radii of the final
plastic region under the HB yield criterion are larger than that under the MC yield criterion. When the support force is
greater than 0.4MPa, the opposite is true.

Table 2 Computed results of the dimensionless initial and final plastic radii with different p; (data in parentheses are solutions by

the method of Zhang [8])

Rock mass pi (MPa) pola R./a
MC rock 0 1.2856 2.2622 (2.2622)
0.15 1.2791 2.1724 (2.1724)
0.3 1.2726 2.0913 (2.0913)
0.75 1.2530 1.8879 (1.8879)
HB rock 0 1.2996 2.4168 (2.4168)
0.15 1.2930 2.2266 (2.2266)
0.3 1.2865 2.1066 (2.1066)
0.75 1.2667 1.8720 (1.8720)
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Fig. 9 Comparison of the initial (a) and final (b) plastic radii with different supporting forces (p;) for the HB and MC rock masses.

5.4.2 Influence of Young’s modulus

In order to analyze the influence of Young's modulus on the radius of viscoplastic region and the radial stress at the
outer radius of initial plastic region, Young's modulus is taken as 2, 5, 10, 20 and 40GPa respectively, the creep time is
taken as 4, 10 and 60 days respectively. As shown in Figure 10 (a), in MC rock mass, the radius of viscoplastic region
increases with the increase of Young's modulus. Under three different time states, the radius of viscoplastic region
increases from 1.573m, 1.677m and 2.095m to 2.178m, 2.246m and 2.262m respectively with the increase of Young's
modulus from 2GPa to 40GPa, and the percentages of increase are 38.46%, 33.93% and 7.97% respectively. Similarly, as
shown in Figure 10 (b), in HB rock mass, the radius of viscoplastic region increases with the increase of Young's modulus.
Under three different time states, the radius of viscoplastic region increases from 1.455m, 1.630m and 2.170m to
2.219m, 2.381m and 2.417m respectively with the increase of Young's modulus from 2GPa to 40GPa, and the percentages
of increase are 52.51%, 46.07% and 11.38% respectively. The location of the elastic-plastic interface, that is, the radius
of the viscoplastic region, increases with the increase of time and Young's modulus. The larger the young's modulus is,
the faster the viscoplastic region develops and the earlier the rock mass reaches equilibrium. The radius of the
viscoplastic region in HB rock mass under the same Young's modulus, the viscoplastic radius of HB rock mass develops
faster than that of MC rock mass.
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Fig. 10 Influence of Young's modulus on the radius of viscoplastic region for MC (a) and HB (b) rock mass

Latin American Journal of Solids and Structures, 2021, 18(1), e340 21/25



Elastic-viscoplastic solution of a circular tunnel in Hoek-Brown rock mass Xiao-fei Wang et al.

In MC rock mass, when Young's modulus increases from 2GPa to 40GPa, the radial stress at the outer radius of the
initial plastic region decreases with time. Under three different time states, the radial stress decreases from 3.704MPa,
3.131MPa and 1.539MPa to 1.312MPa, 1.412MPa and 1.104MPa respectively, and the percentage of decrease was
64.58%, 54.90% and 28.27%, respectively, as shown in Figure 11 (a). But in the HB rock mass, the radial stress decreases
from 4.780MPa, 3.602MPa and 1.356MPa to 1.223MPa, 0.851MPa and 0.780MPa respectively, and the percentage of
decrease was 74.41%, 76.37% and 42.48%, respectively, as shown in Figure 11 (b). Through comparative analyses, the
radial stress at the outer radius of the initial plastic region in MC and HB rock mass decreases with the increase of time

and Young's modulus, but the decrease percentage of HB rock mass is larger than that of MC rock mass.
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Fig. 11 Effect of Young's modulus on radial stress at the outer radius of initial plastic region for MC (a) and HB (b) rock mass

6. Conclusions

The paper presented elasto-viscoplastic solutions for the stress and displacement of a circular roadway in an elasto-
brittle-plastic rock mass with the generalized Bingham model and HB failure criterion. Rock rheology is the result of the
continuous accumulation of internal damage, which eventually leads to rock burst. The analytical solution is time
dependent, it can obtain the stress and displacement at any time in the process of surrounding rock deformation, this is
the biggest difference from the static solution. The HB yield criterion can be used to predict the failure of surrounding
rock to a greater extent and provide more reliable guidance for engineering design.

According to the mechanical parameters of HB rock mass, those of MC are deduced. The analytical results obtained
under the two yield criteria are compared. When p, <r <R/, the rock mass exhibits viscoplastic properties, and the

radius increases with time. When R:=R., the rock mass behaves brittle-plastic. The unknown function f(t) and its integral
(cf. Figure 5) can be calculated for an arbitrary time form through Eq. (41).

The radial and tangential stresses in the plastic region at the moment which t >0 are always smaller than at t=0
under the HB criterion. Comparing the results of this study with previous research results in the literature, the
displacement under the HB rock mass shows very good agreement with the solution of Lee & Pietruszczk, Zhang and
Park, which indicates the correctness of the new approach. In this paper, the influence of the dilation angle and the
support force is studied. When the dilation angle becomes 30° the displacement increases noticeably, and the
displacement under the HB yield criterion is larger than that under the MC yield criterion at the same time. With the

increase in the supporting force, the dimensionless po/a and R./a both decrease. The radius of viscoplastic region
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increases with the increase of Young's modulus, and the viscoplastic radius in HB rock mass develops faster. With Young's
modulus increases, the radial stress at the outer radius of the initial plastic region decreases with time, but the decrease

percentage in HB rock mass is larger.
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