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Abstract 
A mechanical model was developed to evaluate the reliability of very slender columns subject to creep, 
employing the nonlinear moment-curvature relationship. Second-order effects were considered by the finite 
difference method. Numerical tests were carried out on 432 columns with a slenderness index between 100 
and 200. The general nonlinear method was adopted to determine the design load, applying the displacement 
of the stress-strain diagram for consideration of creep. The reliability index was calculated using the Monte 
Carlo method and the First Order Reliability Method. Among the results obtained, it was observed that it is 
important to review the safety criterion of the Brazilian Standard NBR 6118 about the very slender columns 
(90 < λ ≤ 200) by performing the calibration of the additional coefficient γn1. In addition, it was observed that 
an increase in the reinforcement ratio commonly produces a reduction in the reliability index; an increase in 
the first-order relative eccentricity promotes a decrease in reliability, among other evaluated factors. 
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1 INTRODUCTION 

Considering that Brazil presents a favorable condition about the absence of seismic activity and other natural 
phenomena, it is possible to construct slender buildings. In this way, more slender columns also are observed, in which 
the second-order effects become quite significant. The Brazilian Standard NBR 6118 (ABNT, 2014) admits the design of 
columns with a slenderness index (λ) up to 200. However, there are few studies on the behavior of elements with λ > 90, 
since above this level of slenderness it is required the application of laborious numerical methods. Furthermore, creep 
effects should be considered in columns with λ > 90 and only the general method can be used for elements with λ > 140, 
with an additional coefficient γn1 being required for 140 < λ ≤ 200. Therefore, several requirements related to very slender 
columns need to be analyzed to guarantee the reliability of this type of structural element. 

Given this condition, an analysis was made of the structural reliability of columns with a slenderness index between 
100 and 200, based on the Brazilian Standard for reinforced concrete. About 432 elements with square or rectangular 
cross-section were considered, varying the following parameters: cross-section dimensions, slenderness index (λ), 
characteristic compressive strength of concrete (fck), first-order relative eccentricity (e1/h) and reinforcement ratio (ρ). 
The general nonlinear method was applied in all cases, considering the creep effects through the effective creep 
coefficient (ϕef) with the displacement of the stress-strain diagram, based on Fusco (1981) and Casagrande (2016). The 
curvature (1/r) of each section was obtained from the moment-curvature relationship (M-1/r), and the second-order 
effects were determined using the finite difference method (FDM). To determine the reliability index (β) and the 
probability of failure (Pf), the Monte Carlo method and First Order Reliability Method (FORM) were used. 

Researchers from other countries have also studied second-order effects in very slender columns, as can be seen in 
Strauss et al. (2018) and Benko et al. (2019). However, in these studies, the emphasis was placed on Eurocode 2 (CEN, 
2004) using the global safety factor. Therefore, the reliability index and the respective probability of failure have not 
been determined. Several studies were limited to second-order effects on columns with λ < 90, such as: Damas (2015), 
Magalhães et al. (2016), Barbosa (2017) and Klein Júnior et al. (2020). Thus, there is a vast field of research to be 
explored, aiming to meet the demand of contemporary engineering in the face of advances in the technology of design 
tools, materials, and building systems. 

This research was limited to reinforced concrete elements subjected to compression load with a uniaxial moment. 
It was intended to evaluate the reliability of very slender columns using the general nonlinear method and the linear 
creep theory. Therefore, the following items were analyzed: reliability index (β) in relation to the target reliability index 
(βt); adequacy of the additional coefficient γn1 with regard to its range of application and its results; variation of the 
reliability index in function of the variation of the dimensions of the cross-section; and influence of the other parameters 
considered in the value of the reliability index. In this way, it was possible to evaluate the recommendations of the 
Brazilian Standard for columns with 90 < λ ≤ 200 and check if there is a need for adjustments. 

2 DESIGN MODEL 

According to the Brazilian Standard NBR 6118 (ABNT, 2014), for columns with slenderness index λ above 90, the 
following methods are allowed: model column method coupled to M-N-1/r diagrams, which is an approximate process 
for elements with λ ≤ 140; and general nonlinear method, with the application of the moment-curvature relationship 
and use of a non-approximate process to consider second-order effects. A linearization of the moment-curvature diagram 
characterized by the secant stiffness can be used to calculate deformations. The two possibilities for considering the 
moment-curvature relationship are shown in Figure 1. It should be noted that the application of the safety formulation 
in which the second-order effects of the increased loads of γf / γf3 are calculated to be later increased by γf3 = 1.1, is 
permitted by the Brazilian Standard, but it is not mandatory. 

It is emphasized that only the nonlinear moment-curvature diagram was used throughout this work. The 
dimensionless curvature (θ) was adopted, depending on the overall cross-section depth (h) and the curvature (1/r), 
according to Equation 1. 

𝜃𝜃 = 1000 ℎ 1
𝑟𝑟
 (1) 

For the computational implementation of the moment-curvature relationship for the design condition, the 
algorithm shown in Figure 2 was adopted. From the flowchart, it is observed that there are several necessary checks. For 
example, in determining the curve corresponding to 0.85 fcd, the strains in the section should be checked about the 
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ultimate strains of the materials, obtaining the ultimate moment (MRd). In turn, the curve for 1.10 fcd should be limited 
to the ultimate moment calculated by the previous curve. 

Material properties were included through constitutive relationships. For concrete, the simplified parabola-
rectangle diagram was adopted. Creep was considered by displacing this diagram with the application of the effective 
creep coefficient ϕef, based on Fusco (1981) and Casagrande (2016). 

NON-LINEAR MOMENT-CURVATURE

M

θ

MRd
Curve to 1.10fcd Curve to 0.85fcd

MOMENT-CURVATURE WITH SECANT STIFFNESS

M

Curve to 1.10fcd
and NRd / γf3 Curve to 0.85fcd

MRd / γf3

Secant line

arctan(EI)sec → secant stiffness

MRd

θ
 

Figure 1 Options for applying the moment-curvature relationship. 
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Figure 2 Flowchart to implement the moment-curvature relationship for the design condition. 
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The proportion of 75% of the long-term load was admitted, resulting in ϕef = 1.18. The Brazilian Standard NBR 6118 
(ABNT, 2014) also considers creep approximately, including an additional eccentricity ecc. However, this will not be seen 
in this paper, as a more precise procedure is adopted. The tensile stresses in the concrete were neglected in the design 
procedures, as their consideration is not allowed in the design model of the Brazilian Standard. For the steel of the 
longitudinal reinforcement, the perfect elasto-plastic behavior was considered valid for both tension and compression. 
The stress-strain diagrams are shown in Figure 3. 

PERFECT ELASTO-PLASTIC DIAGRAM
FOR LONGITUDINAL REINFORCEMENT

σs

εs

fyd

εsy εsu

Es

PARABOLA-RECTANGLE DIAGRAM
FOR CONCRETE

σc

εc

0.85 fcd
φef = 0 φef > 0

εc2 εcu (1+ φef)εc2 (1+ φef)εcu  
Figure 3 Stress-strain diagrams for concrete and longitudinal reinforcement (design model). 

The moment-curvature relationship contemplates physical nonlinearity, considering the materials that make up the 
cross-section working together. However, it is also necessary to consider geometric nonlinearity when calculating very 
slender columns. Therefore, it is needed to select a non-approximate calculation procedure that evaluates the 
displacements in the axis of the element to determine the bending moments and verify the stability. This verification is 
essential, given the risk relative to the loss of stability of the very slender columns. 

In Figure 4, the bending moment diagrams are presented for a column subjected to an increasing axial load (Fi =  Fi-1 + ΔF), 
as in an experimental test. The moment (Mi) is the result of the product between the applied force (Fi) and the eccentricity (ei) 
in relation to the axis of the element. As the load increases, the displacement of the axis also increases (δi = δi-1 + Δδ). This 
generates ever-greater bending moments until the rupture of the cross-section or loss of stability of the column. In this study, 
the finite difference method (FDM) was selected to determine second-order effects. 

 
Figure 4 Load increment process and its moment and displacement results. 

Seeking to elucidate the process of applying the finite difference method (FDM) to the reinforced concrete columns, 
the computational implementation algorithm is shown in Figure 5. The cantilever column equivalent to the pinned-
pinned column was used to calculate the displacements to reduce computational effort. 
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Figure 5 Flowchart to implement the finite difference method. 

Besides, for columns with λ > 140, the Brazilian Standard NBR 6118 (ABNT, 2014) requires an additional coefficient 
γn1 in the analysis of second-order effects, given by Equation 2, which should multiply the design loads. 

𝛾𝛾𝑛𝑛1 = 1 + [0.01 (𝜆𝜆 − 140) 1.4⁄ ] (2) 

3 MECHANICAL MODEL 

The resistance of the columns should be determined based on experimental tests. However, they are laborious and 
expensive. In probabilistic analysis, numerical methods are applied to estimate such values. Thus, it is common to develop 
a mechanical model to represent the behavior of the elements. This model differs from the design model due to its 
distinct characteristics. In other words, a computational model is elaborated, which must be validated from the 
experimental results. To develop a suitable mechanical model, it is necessary to adapt the general nonlinear method. 
First, all safety factors must be disregarded. Then, a moment-curvature relationship with a single curve is applied for the 
mean value of concrete compressive strength (fcm), as shown in Figure 6. 

M

θ

Mu
Curve to fcm

 
Figure 6 Moment-curvature relationship for the mechanical model. 
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Searching for a computational model with more reliable behavior in relation to physical models, the stress-strain 
relationship of nonlinear analysis was used for the concrete subjected to compression, according to Eurocode 2 (CEN, 
2004). Concrete tensile strength was also considered, including the tension stiffening effect, according to Collins & 
Mitchell (1997). Both cases are shown in Figure 7. The displacement of the concrete diagrams is considered due to the 
creep effect through the effective creep coefficient ϕef. In the case of tension, there is also a drop due to the coefficient 
α2, when the element is subjected to the sustained load. The perfect elasto-plastic behavior was considered for 
longitudinal reinforcement, as seen in Figure 3, but with no safety factor. 
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εc1 εcu1 (1+φ)εc1 (1+φ)εcu1

σct
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COMPRESSION DIAGRAM
Non-linear model by Eurocode 2 (CEN, 2004)

TENSION DIAGRAM
Collins & Mitchell (1997)

where and

 
Figure 7 Concrete stress-strain diagrams for the mechanical model. 

Considering that safety factors should not be adopted in the mechanical model, the algorithm for determining the 
moment-curvature relationship is shown in Figure 8. 

START

Adoption of an initial value for dimensionless curvature (θ = 0)

Adoption of an initial value for the neutral line depth (x = 0)

Calculation of deformations in the cross-section (εi)

Calculation of force components in materials (Ri)

Calculation of the resulting normal force in the section (Ni)

Is there a balance between 
internal and external forces?

(Ni = F)

NO

Calculation of the resulting moment in the section (Mi)

YES

Is there a strain higher
than the limit deformation

of some material?
(εci ≥ εcu or |εsi| ≥ |εsu|)

NO

YES
END

In
cr

em
en

t o
f n

eu
tr

al
 li

ne
po

sit
io

n 
(x

 =
 x

 +
 ∆

x)

Di
m

en
sio

nl
es

sc
ur

va
tu

re
ad

ju
st

m
en

t(
θ

= 
θ

+ 
∆
θ)

 
Figure 8 Flowchart to implement the moment-curvature relationship for the mechanical model. 
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As previously mentioned, the mechanical model needs to be validated based on experimental results. For this 
reason, a database was developed based on results available in the literature obtained by several authors, considering 
slender columns subjected to short-term and sustained loadings. The main characteristics of the columns subjected to 
short-term loading are presented in Table 1. The characteristics of the elements tested for sustained loading are shown 
in Table 2, which were also evaluated in Westerberg (2008). 

Table 1 Database with short-term loading columns considered in the model validation. 

Reference 
Number 

of columns 

Dimensions of the 
cross-section 
(b x h) in mm 

Distribution 
of steel bars 

(see Figure 9) 
fc (MPa) ρ (%) λ e1/h 

Claeson & Gylltoft (1998) 12 120x120 or 200x200 (A) 33.0 to 93.0 1.99 to 3.11 52 to 69 0.10 to 0.17 
Dantas (2006) 5 250x120 (B) 33.9 to 37.6 1.57 87 0.12 to 0.50 
Enciso (2010) 4 250x150 (A), (B), (C) 46.9 to 53.6 1.26 to 4.29 69 0.13 

Goyal & Jackson (1971) 26 76.2x76.2 (A) 19.9 to 23.6 1.72 to 2.45 55 to 125 0.17 to 0.50 
Kim & Lee (2000) 4 100x100 or 200x100 (A), (B) 27.0 2.13 to 2.84 42 0.40 

Kim & Yang (1995) 18 80x80 (A), (D) 25.5 to 86.2 1.98 to 3.95 62 to 104 0.30 
Melo (2009) 17 250x120 (B) 37.2 to 45.8 1.57 58 to 87 0.05 to 0.50 

Table 2 Database with sustained loading columns considered in the model validation. 

Reference 
Number 

of columns 

Dimensions of the 
cross-section 
(b x h) in mm 

Distribution 
of steel bars 

(see Figure 9) 
fc (MPa) ρ (%) λ e1/h 

Goyal & Jackson (1971) 20 76.2x76.2 (A) 19.9 to 23.6 1.72 to 2.45 55 to 125 0.17 to 0.50 
Khalil et al. (2001) 8 b = 152 

80 ≤ h ≤ 125 
(A) 41.5 to 53.6 2.58 to 4.23 100 to 216 0.08 to 0.12 

Kordina (1972) 10 264 ≤ b ≤ 272 
172 ≤ h ≤ 176 

(A) 20.9 to 27.1 0.98 to 3.19 101 to 104 0.20 to 0.50 

Ramu et al. (1969) 8 250x150 (C) 21.5 to 37.2 1.66 to 4.21 100 0.03 to 0.25 

Altogether, 132 columns were evaluated in the database. There are 46 columns subjected to long-term loading, for 
which the value of the effective creep coefficient must be calculated. For short-term loading, it is assumed that there is 
no creep effect. The cross-section is square or rectangular in all cases, defined by the width (b) and the overall depth (h). 
The distribution of the longitudinal reinforcement bars is shown in Figure 9, where the support scheme is also observed. 

(A) Cross-section with 4 bars

(D) Cross-section with 8 bars

(B) Cross-section with 6 bars

(C) Cross-section with 8 bars
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Figure 9 Cross-sections and support scheme of the columns considered in the database. 
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Graphs were drawn up for some relevant characteristics. First, the columns were divided into two groups, according 
to the type of loading they are subjected to, short or long-term. Then, their distribution concerning the slenderness index 
was demonstrated. In addition, the distribution of the values considered for the effective creep coefficient of the columns 
subjected to the sustained loading is presented, as shown in Figure 10. 
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Figure 10 Distribution of columns in the database according to the slenderness index and effective creep coefficient. 

Using the developed computer program, numerical tests were performed for all columns presented in Tables 1 and 
2. The results of the mechanical model (Fmod) showed good adherence to the experimental results (Fexp), as can be seen 
in Figure 11. In addition, the range of variation of the values found for the Fexp / Fmod ratio is demonstrated, identifying 
the mean and extreme values. 
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Figure 11 Fexp / Fmod ratio for all columns analyzed in the model validation. 
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The statistical parameters presented in Table 3 were obtained based on the database, considering the ratio between 
the ultimate experimental load Fexp and the ultimate model load Fmod. It is observed that the mechanical model fits well 
with the experimental results, given the mean value μ = 1.00 and the standard deviation σ = 0.10. It should be noted that 
the data dispersion was small, given the minimum of 0.75 and maximum of 1.30 obtained for the quotient. 

Table 3 Statistical synthesis of results based on the Fexp / Fmod ratio. 

Minimum Maximum Range 
Mean 

(μ) 
Standard deviation 

(σ) 
Coefficient of 

variation (COV) 

0.75 1.30 0.55 1.00 0.10 0.10 

One cannot fail to consider the variation of the computational model results through the model error emodel, 
according to Mirza & Skrabek (1991). Its value is obtained by Equation 3, where μmodel = 1.00 and z is a Gaussian random 
variable with zero mean and standard deviation equal to one. Vmodel is the coefficient of variation of column strength due 
to inaccuracies in the theoretical model. Therefore, it is important to apply this correction method to the ultimate load 
values obtained by the mechanical model. 

𝑒𝑒𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 = 𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(1 + 𝑧𝑧.𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) (3) 

The value of Vmodel is given by Equation 4, where Vt/c is the coefficient of variation of the ratio of test to computed 
strengths (admitted equal to COV of Fexp / Fmod), Vin-batch is the coefficient of variation of column strength due to in-batch 
variabilities of all variables affecting its strength, and Vtest is the coefficient of variation of column strength due to testing 
procedures. After the relevant calculations and considerations, it is assumed that Vt/c = 0.10, Vin-batch = 0.044 and Vtest = 
0.04. 

𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 = �𝑉𝑉𝑡𝑡/𝑐𝑐
2 − 𝑉𝑉𝑖𝑖𝑛𝑛−𝑏𝑏𝑏𝑏𝑡𝑡𝑐𝑐ℎ2 − 𝑉𝑉𝑡𝑡𝑚𝑚𝑡𝑡𝑡𝑡2 (4) 

Such data result in Vmodel = 0.08 for the mechanical model developed in this work. Thus, it is considered that it is 
suitable for performing numerical tests. 

4 STRUCTURAL RELIABILITY 

To evaluate the reliability of structures, it is necessary to determine their limit state function, according to Equation 
5, where the resistance (R) and the load effect (S) are considered. The resistance is obtained from the product between 
the ultimate load (Fu, mod) and the model error (emodel). The other part gives the load effect by the sum of permanent and 
variable loads, Fg and Fq, respectively. 

g(𝑅𝑅, 𝑆𝑆) = 𝑅𝑅 − 𝑆𝑆 = 𝑒𝑒𝑚𝑚𝑚𝑚𝑚𝑚𝐹𝐹𝑢𝑢,𝑚𝑚𝑚𝑚𝑚𝑚 − �𝐹𝐹𝑔𝑔 + 𝐹𝐹𝑞𝑞� (5) 

As seen earlier, the resistance value comes from the mechanical model, and the load effect value comes from the 
design model. According to Nowak & Collins (2000), the safety margin g(R, S) is obtained from the difference between R 
and S. Thus, it is necessary to identify the appropriate probability density function (PDF) for each variable. Frequently, 
the normal distribution is adopted for both. However, its adherence to the data must be verified utilizing a normality 
test. In turn, the probability of failure (Pf) can be calculated from Equation 6. 

𝑃𝑃𝑓𝑓 = 𝑃𝑃(𝑅𝑅 − 𝑆𝑆 < 0) = 𝑃𝑃(g < 0) (6) 

The relationship between the probability density functions (PDF) for resistance (R) and load effect (S) must be 
evaluated, according to Figure 12, adapted from Nowak & Collins (2000). The occurrence of a failure zone is observed 
when there is an overlap between the two curves. Consequently, a probability of failure (Pf) is observed regarding the 
negative values that appear for the curve referring to the safety margin (g). 
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Figure 12 Relationship between resistance and load effect, adapted from Nowak & Collins (2000). 

For the parametric analysis, random variables were adopted, with their respective probability distribution, as shown 
in Table 4. In most cases, the variables considered fit well with the normal distribution, except for the variable load (Fq), 
which has greater adherence to the distribution of Gumbel's extreme value I. Another significant observation concerns 
variability. The variable load has the highest coefficient of variation (COV) among all the variables considered. Therefore, 
its intensity can have a significant influence on the value of the reliability index. 

Table 4 Random variables considered in the parametric analysis. 

Random variable Distribution Mean (μ) Standard deviation (σ) References 

Compressive strength of concrete 
(fc) 

Normal 𝜇𝜇𝑓𝑓𝑐𝑐 = 𝑓𝑓𝑐𝑐𝑐𝑐
1−1.645 𝑉𝑉𝑓𝑓𝑐𝑐

 where 𝑉𝑉𝑓𝑓𝑐𝑐 =

0.10 

𝜎𝜎𝑓𝑓𝑐𝑐 = 𝜇𝜇𝑓𝑓𝑐𝑐𝑉𝑉𝑓𝑓𝑐𝑐  where 𝑉𝑉𝑓𝑓𝑐𝑐 =
0.10 

Magalhães (2014)  
Damas (2015)  

Barbosa (2017) 
Yield strength of reinforcement 

(fy) 
Normal 𝜇𝜇𝑓𝑓𝑦𝑦 = 1.09𝑓𝑓𝑦𝑦𝑦𝑦  𝜎𝜎𝑓𝑓𝑦𝑦 = 0.05𝜇𝜇𝑓𝑓𝑦𝑦  Damas (2015) 

Width of the cross-section (b) Normal 𝜇𝜇𝑏𝑏 = 𝑏𝑏 (nominal design 
value) 

𝜎𝜎𝑏𝑏 = 0.5 cm Nogueira (2006) 
Magalhães (2014)  

Damas (2015)  
Barbosa (2017) 

Overall depth of the cross-section 
(h) 

Normal 𝜇𝜇ℎ = ℎ (nominal design 
value) 

𝜎𝜎ℎ = 0.5 cm Nogueira (2006) 
Magalhães (2014)  

Damas (2015)  
Barbosa (2017) 

Effective depth of the cross-
section (d) 

Normal 𝜇𝜇𝑚𝑚 = 𝑑𝑑 (nominal design 
value) 

𝜎𝜎𝑚𝑚 = 0.5 cm Magalhães (2014)  
Damas (2015)  

Barbosa (2017) 
Permanent load (Fg) Normal 𝜇𝜇𝐹𝐹𝑔𝑔 = 1.05𝐹𝐹𝑔𝑔𝑦𝑦 𝜎𝜎𝐹𝐹𝑔𝑔 = 0.10𝜇𝜇𝐹𝐹𝑔𝑔  Nogueira (2006)  

Magalhães (2014)  
Damas (2015) 

Variable load (Fq) Gumbel's extreme 
value I 

𝜇𝜇𝐹𝐹𝑞𝑞 = 𝐹𝐹𝑞𝑞𝑦𝑦 (characteristic 
value) 

𝜎𝜎𝐹𝐹𝑞𝑞 = 0.25𝜇𝜇𝐹𝐹𝑞𝑞  Nogueira (2006)  
Magalhães (2014)  

Damas (2015) 

In Santiago et al. (2020), some statistics related to Brazilian reality are presented. Based on more than 39 thousand 
cylindrical concrete specimens made in Brazil and submitted to the axial compression test, the mean and the COV 
decrease with the increase of the characteristic compressive strength. However, the average values are close to the 
results found by the formulation proposed by Magalhães (2014), Damas (2015), and Barbosa (2017). Therefore, the use 
of the relationship seen in Table 4 is justified. For the other random variables, greater variability was observed in some 
experimental tests. However, the observed variation does not compromise the validity of the adopted propositions based 
on the literature. 

The Monte Carlo method was applied to obtain 500 simulations, according to the flowchart shown in Figure 13. It 
is noteworthy that the determination of the number of simulations was adequately analyzed since the process has a 
good convergence to it. Furthermore, the same sample size was also evaluated by other researchers, such as Damas 
(2015), Magalhães et al. (2016), and Barbosa (2017). However, the value of the reliability index (β) was calculated from 
the First Order Reliability Method (FORM), adopting the algorithm proposed by Magalhães (2014), according to the 
flowchart shown in Figure 14. 
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Calculation of the safety margin for each combination of variables (g = R – S)

Calculation of the reliability index β and the probability of failure Pf

START
Load effect

END

Determination of the maximum load 
that can be applied to the column by the 

design model (FSd = FRd)

Determination of average values of 
permanent and variable loads from 
combinations of actions (µg and µq)

Generation of random variables
(Fg and Fq) to determine the load effect

(S = Fg + Fq) for each pair of values

START
Resistance

Generation of random variables to 
determine the resistance

(fc, fy, b, h, d)

Calculation of the ultimate loads using 
the mechanical model (Fu,mod)

for each combination of variables

Calculation of the resistance value
(R = emodel Fu,mod) for each combination 

of variables

Calculation of the mean (µg) and standard deviation (σg) of the safety margin

 
Figure 13 Flowchart of application of the Monte Carlo method. 

Adoption of an arbitrary value for the point of failure (X1*, X2*, ..., Xn*)

Calculation of the parameters of the equivalent Normal distribution for variables 
whose distribution is not Normal depending on the initial point of failure

Calculation of cosine directors (α1*, α2*, ... , αn*)

Determination of β by means of the function g(β) = 0
using the Newton-Raphson method

Calculation of the new point of failure
(X1* = µX1 – αX1 β σX1 , X2* = µX2 – αX2 β σX2 , ... , Xn* = µXn – αXn β σXn)

START

Is there a 
convergence of β?

NO

YES

END
 

Figure 14 Flowchart of application of the FORM based on Magalhães (2014). 
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5 NUMERICAL TESTS 

Numerical tests were performed on 432 columns with a slenderness index between 100 and 200. Square and 
rectangular cross-sections were adopted, as shown in Figure 15. The variation in dimensions was also considered, with 
the width (b) varying between 20 and 40 cm, while the overall depth (h) varies between 20 and 80 cm. In all rectangular 
sections, b/h = 2 was adopted. This choice is justified by the fact that the rectangular cross-section is the most common 
in buildings. Typical values were adopted for the characteristic compressive strength of concrete (fck), opting for 30 and 
60 MPa. Two ratios were considered for the first-order relative eccentricity (e1/h), equal to 0.15 and 0.30. Furthermore, 
the geometric reinforcement ratio (ρ) was varied between 1.0 and 3.0%. 
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Figure 15 Cross-sections and support scheme for the columns considered in numerical tests. 

All columns were considered subjected to sustained load. The effective creep coefficient ϕef = 1.18 was applied, 
which concerns 75% of long-term loading, based on Casagrande (2016). This percentage corresponds to the usual 
condition for building projects. For steel properties, it was adopted the characteristic yield strength of reinforcement 
fyk = 500 MPa and modulus of elasticity Es = 210 GPa. 

The forces and the respective resulting moments were determined by integrating the cross-section, divided into 20 
strips. Concerning the calculation of the second-order effects, the equivalent cantilever column was considered divided 
into 10 sections. The moment-curvature diagram was made with an increment of the dimensionless curvature Δθ = 1. 
The increment was reduced to Δθ = 0.1, this being the ultimate curvature precision near the ultimate moment. The depth 
of the neutral line was determined to an accuracy of 1 mm. The values of the ultimate load were obtained in kN. All 
calculations were performed using computational tools implemented in object-oriented programming and spreadsheets. 
The algorithms were developed and implemented by the authors themselves. In this way, numerical tests could be 
performed on conventional computers. 

The reliability index values obtained from the First Order Reliability Method (FORM) for the 432 tested columns are 
shown in Table 5. 
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Table 5 Reliability index (β) for very slender columns.  

Cross-section e1/h ρ (%) 

fck = 30 MPa fck = 60 MPa 

Slenderness index (λ) Slenderness index (λ) 

100 120 140 160 180 200 100 120 140 160 180 200 

CS-1-20x20 0.15 1.0 3.69 3.85 3.89  4.75 5.36 6.02 3.51 3.56 3.75 4.64 5.47 6.01 
2.0 3.37 3.32 3.36 4.13 5.01 5.44 3.25 3.26 3.34 4.24 4.92 5.60 
3.0 3.30 3.10 2.99 3.89 4.62 5.20 3.12 3.12 3.00 3.87 4.59 5.22 

0.30 1.0 3.31 3.36 3.35 4.18 4.79 5.48 3.32 3.35 3.30 4.09 4.94 5.67 
2.0 3.18 3.23 3.06 3.84 4.59 5.19 3.14 2.97 3.00 3.87 4.54 5.09 
3.0 3.30 3.07 3.07 3.80 4.51 4.94 3.05 3.05 2.87 3.70 4.41 5.02 

CS-2-30x30 0.15 1.0 3.94 4.00 4.08 4.99 5.76 6.37 3.75 3.80 3.99 4.94 5.73 6.36 
2.0 3.46 3.44 3.49 4.33 5.07 5.70 3.39 3.42 3.44 4.35 5.10 5.75 
3.0 3.44 3.22 3.18 4.06 4.75 5.39 3.24 3.17 3.17 4.02 4.75 5.41 

0.30 1.0 3.44 3.54 3.49 4.35 4.97 5.62 3.50 3.39 3.43 4.25 5.08 5.79 
2.0 3.33 3.33 3.18 3.98 4.73 5.34 3.30 3.08 3.18 4.04 4.68 5.29 
3.0 3.46 3.15 3.20 4.00 4.65 5.20 3.20 3.19 3.01 3.87 4.59 5.23 

CS-3-40x40 0.15 1.0 3.99 4.04 4.10 5.08 5.81 6.38 3.79 3.89 4.07 5.03 5.81 6.42 
2.0 3.51 3.48 3.53 4.40 5.14 5.78 3.45 3.43 3.51 4.39 5.15 5.82 
3.0 3.51 3.27 3.22 4.09 4.81 5.42 3.29 3.20 3.18 4.06 4.83 5.45 

0.30 1.0 3.48 3.58 3.54 4.35 5.03 5.67 3.51 3.50 3.45 4.32 5.09 5.88 
2.0 3.38 3.36 3.24 4.05 4.84 5.42 3.37 3.15 3.23 4.06 4.75 5.36 
3.0 3.49 3.21 3.24 4.02 4.70 5.27 3.25 3.22 3.07 3.90 4.66 5.29 

CS-4-40x20 0.15 1.0 3.69 3.89 3.92 4.75 5.48 6.07 3.56 3.59 3.77 4.66 5.47 6.11 
2.0 3.36 3.38 3.37 4.22 4.95 5.54 3.27 3.24 3.31 4.15 4.90 5.57 
3.0 3.30 3.09 3.02 3.85 4.64 5.19 3.12 3.03 3.03 3.90 4.63 5.19 

0.30 1.0 3.34 3.45 3.34 4.16 4.89 5.35 3.32 3.32 3.30 4.16 4.93 5.66 
2.0 3.18 3.16 3.04 3.81 4.52 5.17 3.16 2.97 3.05 3.89 4.56 5.10 
3.0 3.38 3.05 3.01 3.76 4.45 4.98 3.05 3.06 2.88 3.72 4.41 5.02 

CS-5-60x30 0.15 1.0 3.94 4.02 4.07 5.00 5.72 6.32 3.72 3.82 3.98 4.88 5.69 6.36 
2.0 3.48 3.42 3.47 4.32 5.06 5.70 3.38 3.41 3.46 4.37 5.12 5.75 
3.0 3.47 3.23 3.21 4.05 4.78 5.36 3.23 3.17 3.13 3.99 4.77 5.39 

0.30 1.0 3.45 3.51 3.50 4.32 4.99 5.63 3.51 3.44 3.42 4.28 5.07 5.81 
2.0 3.35 3.32 3.20 3.99 4.74 5.32 3.31 3.10 3.17 4.03 4.70 5.28 
3.0 3.48 3.16 3.18 3.98 4.62 5.16 3.23 3.16 3.05 3.86 4.62 5.19 

CS-6-80x40 0.15 1.0 3.96 4.10 4.14 5.11 5.83 6.39 3.79 3.94 4.04 5.02 5.81 6.44 
2.0 3.49 3.49 3.53 4.40 5.16 5.77 3.42 3.47 3.50 4.38 5.15 5.84 
3.0 3.47 3.28 3.23 4.06 4.80 5.42 3.28 3.22 3.17 4.06 4.83 5.49 

0.30 1.0 3.51 3.56 3.54 4.36 5.04 5.67 3.51 3.45 3.45 4.33 5.10 5.85 
2.0 3.40 3.38 3.27 4.04 4.82 5.42 3.35 3.18 3.25 4.05 4.74 5.35 
3.0 3.50 3.20 3.22 3.99 4.71 5.27 3.24 3.23 3.10 3.90 4.69 5.28 

6 RESULTS ANALYSIS 

Based on the results obtained for the reliability index, an analysis of the structural safety of the elements was carried 
out. The following parameters were analyzed: cross-sections dimensions, compressive concrete strength, first-order 
relative eccentricity, slenderness index, and reinforcement ratio. 

Through graphs, a visualization of the structural behavior is presented as the values of the variables undergo some 
change. To aid in the analysis, both the γn1 application zone and the value of the target reliability index βtarget were 
presented in most graphs. It is noteworthy that the additional coefficient γn1 is defined by the Brazilian Standard NBR 
6118 (ABNT, 2014) for columns with a slenderness index greater than 140, in the slenderness range in which only the 

 



Reliability analysis of very slender columns subjected to creep Ribeiro et al. 

Latin American Journal of Solids and Structures, 2021, 18(07), e401 14/25 

general method can be used. In turn, βtarget = 3.8 was adopted based on Model Code 2010 (FIB, 2012). Finally, the 
probability of failure of the columns was evaluated. 

6.1 Cross-section dimensions 

Considering the division of the columns according to the type of cross-section, the results are grouped for 216 
columns with a square section in Figure 16 and 216 columns with a rectangular cross-section in Figure 17. 

It is observed that the dimensional variation influences the reliability index. In numerical tests, it is quite common 
to adopt a nominal standard deviation for both the width and the overall depth of the cross-section. Such adoption 
corresponds to minor errors in the formwork elaboration during the construction of bridges and buildings. Therefore, if 
the dimensions vary and the nominal error remains constant, it can result in a variation in reliability. The situation is 
worse for sections with a lower overall depth, as dimensional variation significantly reduces reliability. 

Square and rectangular sections exhibit similar behavior. In both cases, the variation of the overall depth of the 
cross-section (h) should be noted. Cross-sections with h = 20 cm have a lower reliability index than the other cases. This 
indicates that sections of small overall depth should be avoided for greater safety of the structure. The Brazilian Standard 
NBR 6118 (ABNT, 2014) has an adjustment coefficient γn for sections with one dimension less than 19 cm. Therefore, an 
adjustment coefficient could be designed especially for very slender columns since even the dimension of 20 cm is 
inadequate in the safety analysis for λ ≤ 140. Another way to solve this problem would be to implement an additional 
coefficient γn1 that covers the entire range of elements with 90 < λ ≤ 200. It will be discussed below. 

 
Figure 16 Analysis of the reliability index according to the dimensions of the square cross-section. 
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Figure 17 Analysis of the reliability index according to the dimensions of the rectangular cross-section. 

6.2 Compressive concrete strength 

As was done in the previous item, the columns were divided into two groups. The results obtained for the square 
section elements are shown in Figure 18 and for the rectangular section in Figure 19 concerning the variation of the 
compressive concrete strength. 

In general, it is observed that it is not possible to state that there is any tendency to increase or decrease the 
reliability index when varying the characteristic compressive strength of concrete (fck). However, only two characteristic 
values were analyzed, fck = 30 MPa and fck = 60 MPa. Therefore, it is impossible to conclude that this is valid for the entire 
range of fck values, which varies between 20 and 90 MPa, according to Brazilian Standard NBR 6118 (ABNT, 2014). 
Because of this, it is intended to expand the analysis of the compressive concrete strength in future research. 

6.3 First-order relative eccentricity 

Bearing in mind that the eccentricity of an axial force produces a moment in the cross-section, and it influences the 
second-order effects, it is important to evaluate this variable. For this reason, the variation of the first-order relative 
eccentricity (e1/h) was analyzed based on Figures 20 and 21. In numerical tests, e1/h = 0.15 and e1/h = 0.30 were adopted. 
This range includes many columns of buildings subjected to axial load and uniaxial bending moment.  
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Figure 18 Analysis of the reliability index as a function of concrete strength for square cross-section. 



Reliability analysis of very slender columns subjected to creep Ribeiro et al. 

Latin American Journal of Solids and Structures, 2021, 18(07), e401 17/25 

 
Figure 19 Analysis of the reliability index as a function of concrete strength for rectangular cross-section. 
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Figure 20 Analysis of the reliability index as a function of the relative eccentricity for square cross-section. 
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Figure 21 Analysis of the reliability index as a function of the relative eccentricity for rectangular cross-section. 
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For the elements with reinforcement ratio (ρ) of 1.0 and 2.0%, the superiority of the reliability index (β) was clear 
for lower first-order relative eccentricities. For ρ = 3.0%, the curves became closer. Still, β is usually higher for e1/h = 0.15 
than for e1/h = 0.30. This reduction of the reliability index with the increase in the relative eccentricity was also observed 
for columns with λ ≤ 90, in Damas (2015), and Barbosa (2017). 

6.4 Slenderness index 

Typically, columns are evaluated for slenderness to determine which methods are allowed to calculate second-order 
effects. This parameter is also used to decide whether it is necessary to include the creep effect in the analysis. In 
parametric tests, the slenderness index between 100 and 200 was considered. The results obtained for the reliability 
index in function of the slenderness can be evaluated from Figures 16 to 21. However, to simplify the analysis, the values 
determined for the 432 columns were assembled in two scatter diagrams in Figure 22. 
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Figure 22 Analysis of the reliability index as a function of the slenderness index. 

From Figure 22, it can be seen that the value of the reliability index β increases significantly to λ > 140. This is a 
practically linear increase. This is due to applying the additional coefficient γn1, adopted by the Brazilian Standard NBR 
6118 (ABNT, 2014). In turn, for λ ≤ 140, it is perceived that the current safety criterion is insufficient in several cases, as 
it results in reliability index values less than βtarget = 3.8 and a significant probability of failure. Therefore, it is important 
to study the adoption of an additional safety factor for this slenderness range, covering all slender columns with 90 ≤ λ ≤ 
200. In addition, it is necessary to carry out the calibration of the additional coefficient to guarantee the safety of the 
structures without compromising the economy. 

Although the other variables analyzed influence the value of the reliability index β, it is observed that most columns 
with λ ≤ 140 has β < βtarget. These results indicate a relationship between the slenderness index and the reliability of 
elements, regardless of the other factors. Therefore, an adequately adjusted additional coefficient γn1 could solve this 
problem and circumvent the reduction in reliability promoted by other variables, such as cross-sections with reduced 
dimensions or with a high reinforcement ratio. 

6.5 Reinforcement ratio 

For the geometric reinforcement ratio (ρ) analysis, the format of the graphs was changed to visualize better the 
behavior of the columns as a function of this variable. As a result, all plotted curves are shown in Figure 23. 

It is observed that the reliability index decreases when there is an increase in the reinforcement ratio, with some 
exceptions. However, such distinct behavior occurs only 14 times for this sample of 432 columns. Among all cases, the 
exception sometimes occurred for elements with e1/h = 0.30, ρ = 3.0%, and λ ≤ 140, simultaneously. 

Therefore, the increase in the reinforcement ratio ρ commonly causes a reduction in the reliability index β. This is 
due to the rise in the load capacity of the column. Under a more significant variable load, there is a greater effect caused 
by its coefficient of variation (COV), which has the highest COV among all random variables. 
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Figure 23 Analysis of the reliability index as a function of the reinforcement ratio. 
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6.6 Probability of failure 

Another parameter used to analyze the risk of collapse of the structures is the probability of failure (Pf). As shown 
earlier, it can be determined from the reliability index (β). Their relationship is shown in Figures 24 and 25, for columns 
with slenderness index (λ) between 100 and 140 (within the range of 90 < λ ≤ 140 of the Brazilian Standard NBR 6118) 
and for columns with slenderness index between 160 and 200 (within the range of 140 < λ ≤ 200 and with the application 
of the additional coefficient γn1), respectively. 
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Figure 24 Probability of failure for columns with 90 < λ ≤ 140. 
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Figure 25 Probability of failure for columns with 140 < λ ≤ 200. 

Commonly, the target reliability index βtarget = 3.8 is adopted for reinforced concrete columns, based on Model Code 
2010 (FIB, 2012). It is observed that the probability of failure for this value is 7.24x10-5. However, its value must be 
evaluated according to the type of structure and the consequence of some structural failure. The probability of failure 
decreases exponentially as the value of the reliability index increases. This fact demonstrates the importance of adopting 
structural elements with a high reliability index to reduce the risk of structural collapse. The results show a higher risk 
for most elements with a slenderness index between 90 and 140. In contrast, elements with 140 < λ ≤ 200 have a reduced 
probability of failure due to the additional coefficient γn1. 
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7 CONCLUSION 

The numerical tests showed that the general nonlinear method proves to be efficient for determining the ultimate 
load in very slender columns. However, it needs to be adjusted through an additional coefficient adequately calibrated 
to ensure structural safety. Based on the results obtained, the following conclusions are admitted: 

• elements with a small overall depth of the cross-section (h = 20 cm) have a lower reliability index than larger 
sections, considering square cross-sections with dimensions ranging from 20 to 40 cm and rectangular cross-
sections with the proportion b = 2h, denoting the need to implement a safety factor to cover this problem or limit 
the use of reduced sections on very slender columns; 

• elements with a square or rectangular cross-section have a similar reliability index, as long as they have the same 
overall depth of the cross-section, considering the proportion h = b with 20 cm ≤ h ≤ 40 cm for square cross-section 
and b = 2h for rectangular cross-section in all tests performed; 

• the variation in the concrete strength did not significantly affect the value of the reliability index, but this aspect 
needs to be better evaluated because only fck = 30 MPa and fck = 60 MPa were considered in numerical tests, within 
the range of 20 to 90 MPa allowed by the Brazilian Standard NBR 6118 (ABNT, 2014); 

• the increase in the first-order relative eccentricity reduces the reliability index, having been considered e1/h = 0.15 
and e1/h = 0.30 in the tests; 

• the design criteria for the columns with a slenderness index between 90 and 140 require adjustments, since the 
target reliability index βtarget in this range was not reached for most elements, adopting the general nonlinear 
method with the displacement of the stress-strain diagram due to creep; 

• the reliability of columns with slenderness index above 140 commonly exceeds the target reliability index, 
adopting the additional coefficient γn1 proposed by the Brazilian Standard NBR 6118 (ABNT, 2014) and considering 
βtarget = 3.8, based on the Model Code 2010 (FIB, 2012); 

• the increase in the reinforcement ratio commonly reduces the reliability index, except for specific cases, when 
varying e1/h between 0.15 and 0.30, ρ between 1.0 and 3.0%, and λ between 100 and 200, since that only some 
columns with e1/h = 0.30, ρ = 3.0% and λ ≤ 140 were the exception to this proposition. 

In summary, it is observed that the Brazilian Standard NBR 6118 (ABNT, 2014) was careful concerning the columns 
with λ > 140. The additional coefficient γn1 corrects possible reductions in reliability index due to several factors: small 
dimensions of the cross-section, high longitudinal reinforcement ratio, high variation of the variable load, among other 
building design conditions. However, this coefficient requires calibration. Another point to be considered is that the 
application zone of the coefficient needs to be expanded, as the columns with 90 < λ ≤ 140 have a significant probability 
of failure in comparison with other slenderness ranges. 

Taking into account that this research integrates a more comprehensive program about the reliability of very slender 
columns, it is intended to develop a proposal for an additional safety factor for 90 < λ ≤ 200 in future works. In this way, 
it is intended to contribute to the knowledge about the highly slender columns and provide a basis for future normative 
revisions. 
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