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Abstract

The present study analyzes the bending of a simple electro-elastic cylindrical shell by the compound matrix
method. The cross-section of the circular cylindrical shell is a non-circular curved shape, with y; a function of
A/B and the mode number, where A and B are the pre-deformation inner and outer radii of the cylindrical
shell, and u, is the ratio of the deformed inner radius to A . In the first step, a numerical model of the problem
is developed to obtain specific differential equations. The modeling yields a system of two Ordinary
Differential Equations with three boundary conditions of the same type. Next, it is shown that the dependence
of yy to A/B has a boundary layer structure. Simple numerical observations were made for bifurcation
conditions. The analysis is, in fact, based on the variations of the inner and outer radii A and B , assuming a =
U Aand b = u, B, and based on the bifurcation of u; and p, ratios with respect to radius. For this purpose,
the compound matrix method is used to show the validity of the arguments.
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Analysis of the bending of a neo-Hookean electro-elastic shell of arbitrary thickness under an externally- Omid Teymoori et al.
applied hydrostatic pressure

1. Introduction

The study of nonlinear electro-elasticity is a major branch of physics and mathematics in solid mechanics and statics.

In the age of nanotechnology and bioengineering, much research is centered on multipurpose applications in solid and
fluid mechanics. One topic of interest in mechanical engineering (solids and fluids) is the theory of hyperelasticity, Dorfmann
and Ogden (2005). The study of elastic and electro-elastic materials is within the scope of nonlinear elasticity and electro-
elasticity. The materials have several applications, including in motor technologies, sensors, imaging systems, smart
adaptive structures, and artificial muscle. Further, these materials have been incorporated into complex and heterogeneous
systems such as granular media and composites. It must be noted that the term Maxwell stress originates in the electro-
static field, with the elastic and electrical states of the object intrinsically coupled. The elastic and electrical behavior of the
object is significant in establishing general nonlinear constitutive rules. Accordingly, most authors present these constitutive
rules and relations in the specific form of a mathematical and physical model, Fiebig (2005) and Toupin (1956(.Toupin (1956)
set the groundwork for a general theory on electro-elastic materials , Fiebig (2005) and Toupin (1956(. By including the
effects of heat, Tiersten (1971) further developed the problem. Later, Zharii (1990) formulated the general expansion of the
Eigen-function in non-stationary dynamic problems based on nonlinear and linear electro-elasticity theories. The extensive
use of piezo-electric converters requires the behavior of piezo-ceramic structural members to be studied , Dieulesiant ,
Royer (1981) and Shul'ga (2005). In this regard, comprehensive studies were carried out on harmonic electro-elastic
vibrations of piezo-ceramic (solids Dieulesiant , Royer (1981) and Shul'ga (2005)).

Eva (2006) tested different methods for establishing numerical algorithms for electro-elasticity, eventually solving
the stationary vibration problem for a radially-polarized hollow piezo-electric cylinder under different electrical boundary
conditions and mechanical pressure. Later, Eva and Shul'ga (2008) relied on the Hamilton - Starogradski principle to
address a particular case of initial-boundary-value problems in the theory of electro-elasticity. They considered the
problem of free vibrations of a piezo-ceramic layer to characterize non-stationary problems in the theory of electro-
elasticity. Electro-sensitive elastomers often referred to as electro rheological elastomers are materials that react to an
electric field by changing their mechanical behavior considerably. Thanks to their potentials, these materials have
recently received much attention, Dorfmann and Ogden (2005). The Eigen-function Expansion Method (EEM) can be used
to obtain some general properties of non-stationary wave fields in quasi-elastic wave. Recent successes in new dielectric
elastomer material technology have led to the rapid rise of devices relying on electro-sensitive material, including
actuators, sensors, energy conversion equipment, and making artificial muscle prototypes, Melnikov and Ogden (2016).
Elastic electro-sensitive polymers are materials, whose mechanical properties can be rapidly tuned using an electric field.
Showing remarkable potential for making chip connections and replacing lamps in mechanical devices such as actuators,
these materials have evoked much scientific attention among industries, companies, and individuals thanks to scientific
advances in bioengineered tissues and artificial muscle. Electro-active Polymers (EAPs) are materials that react to electro-
static actuation by deformation. Offering light weight and flexibility, these accessible materials have several applications,
including artificial muscle (Bar-Cohen (2001)), energy generation equipment (Mckay et al. (2010)), micro pumps
(Rudykh et al. (2012)), and tunable wave guides (Shumel et al. (2012)) , among others. Dorfmann and Ogden (2010)
proposed a formulation, showing the dependence of the surface wave velocity on the electric field in an electro-elastic
half-space (voltage-controlled). Shumel et al. carried out a study on the dielectric layer under plane strain, showing the
effects of the bias electro-static field and pre-stretch on the wave velocity under load control, (Shumel et al. (2012)). In
a more recent study, Wang et al. (2017) investigated vibrations in compact multi-layer plates, discussing interesting
phenomena, such as frequency veering in plates under pressure.

Several works have been published in recent years, including those by Dorfmann and Ogden (2017), on the study and
introduction of the theory of nonlinear electro-elasticity and electro-elastic materials. Dorfmann and Ogden (2017) took a
theoretical approach to the analysis of boundary value problems, presenting applications for certain electromechanical
reactions. Dorfmann and Ogden (2005) provided the theoretical grounds for characterizing the nonlinear features of electro-
elastic materials, applying the theory in some boundary value problems for initial models comprising simple electro-elastic
materials, while showing the effects of the impact of the electric field on mechanical reactions of materials, Dorfmann and
Ogden (2005). They investigated the effect of a radial electric field on the axial shear of a thick-walled circular cylindrical tube,
describing nonlinear electromechanical reactions in shape-shifting materials and summarizing the required relations from
nonlinear continuum mechanics, Melnikov (2016).

Bifurcation of an internally-pressurized, thick-walled, circular, elastic shell was addressed by Liu (2014) under
perfectly elastic conditions. Recently, more results have been collected on different elastic models, including details
regarding external pressure. Melnikov and Ogden (2016) later investigated the bifurcation of deformations in a
pressurized, thick-walled, circular, cylindrical tube made of a soft dielectric material that was closed on both ends and
had compliant electrodes on its curved boundaries, analyzing the configuration based on the theory of electro-elasticity,
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Melnikov et al. (2020). Later, Melnikov (2016) wrote a thesis on the finite deformations of a pressurized, circular,
cylindrical electro-elastic tube under an electric field and with compliant electrodes on boundaries. He also explained the
dependence of pressure and reduced axial load in the deformation, showing the voltage between electrodes or the
uniform surface charge distribution, Haughton and Ogden (1978).

Further expanding their works, Melnikov and Ogden (2018) studied prismatic bifurcations of a deformed, thick-
walled circular, cylindrical tube of electro-elastic material in a radial electric field, finding the number of possible modes
for a stretched neo-Hookean electro-elastic material and the axisymmetric bifurcation of neo-Hookean and Mooney -
Rivlin electro-elastic materials Haughton and Ogden (1978). Finally, together, Melnikov et al. (2020) examined a
pressurized spherical electro-elastic shell with compliant electrodes on inner and outer surfaces. Drawing on the theory
of small incremental electro-elastic deformations, they obtained a new configuration for the spherical shell. In the study
of electro-active materials, Lie (2014) presented an energy formulation pf continuum electro-elasticity based on the free-
energy principle. He proposed a general form of total free energy as a three-dimensional system of equations, implicitly
deriving linear and nonlinear boundary value problems for electro-elastic and electro-magneto-elastic materials based
on the free-energy principle and from Euler—Lagrange equations. Cohen et al. (2016) undertook a multi-scale analysis of
electromechanical coupling in elastic dielectrics. Their analysis started from the discrete monomer level and extended to
the polymer chain at the macroscopic level. Accordingly, three models were developed simulating the local relations
between molecular dipoles and their corresponding electric fields, introducing the electro-elasticity of polymer networks
as a new concept (Sanjaranipour et al. (2013)). Expanding on their previous works, Su et al. (2019) addressed
deformations caused by bending a dielectric-elastic bilayer reacting to voltage variations. Relying on the theory of
nonlinear electro-elasticity and linearized incremental field theory, they carried out numerical and linear analyses.
Broderick et al. (2020) studied the Lamb wave propagation in soft dielectric plates under electrical and mechanical
loading. They also discussed explicit expressions for the dispersion equations for neo-Hookean and Gent dielectrics,
explaining field effects on the plate thickness and wavelength Broderick et al. (2020).

The present study is structured as follows:

Section 2 is dedicated to the concepts and structural equations of nonlinear electro-elasticity. In Subsection 2.2,
boundary conditions and governing equations are discussed. Under Section 2.2, the Lagrangian form of electric field
components is presented, Subsection 2.3 defines and formulates structural equations. 2.4 investigates finite
deformations in a hollow, cylindrical tube of neo-Hookean electro-elastic material.

Section 3 goes into the bifurcation analysis of the hollow cylindrical shell made of neo-Hookean electro-elastic
material. Further, spectral bifurcations and boundary conditions are discussed in Sections 3.1 and 3.2, and the problem
is non dimensionalized in Section 3.3.

In the end, Section 4 goes through the analysis of numerical results using the compound method, presenting the
data in tables and figures.

2. Nonlinear Electro-elasticity Equations

Let us assume an electro-elastic, deformable solid with a reference configuration of B,- and boundary conditions of
0B, in the absence of any body and hydrostatic forces or electric fields. By applying specific body and hydrostatic forces
and subjecting the object to an electric field, the new configuration B with boundary condition dB is formed, which is
referred to as the current configuration. By assuming X and x denote positive vectors in the reference B, and current
0B configurations, the location of the particle and the deformed object in the current configuration can be expressed as
x = x(X). Now, the deformation gradient tensor F is defined as follows:

F = Grad(y), (2.1)
where Grad is the gradient operator defined based on y. Further, in the absence of body forces, the relation below holds:
] =detF =1, (2.2)

This relation, known as the incompressibility condition, must hold for any X. Depending on the deformation gradient, left
and right Cauchy-Green deformation tensors, defined in the following, must be used:

C=FTF,B=FFT. (2.3)
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2.1. Governing Equations and Boundary Conditions

The Maxwell equation for dielectrics is considered in the following forms in statics:
CurlE =0,divD =0, (2.4)
where E is the electric field and D is the electric displacement vector in the current configuration B. Further, Curl and
div operators are defined based on x. The corresponding fields outside of the elastic object are represented by E* and
D* between which the following standard relation holds for non-polarizable materials:

D* = ¢, E*, (2.5)

where & is the vacuum permittivity. These parameters must satisfy (2.4), too. Then, according to (2.4), standard
boundary conditions are as follows:

(E* —E)x n=0,(D* —D).n=o0pondB, (2.6)

where n is a unit normal vector on the boundary of 3B and oy is the free surface charge on the said boundary per unit area.
In the absence of body and mechanical forces, the mechanical equilibrium equation is simplified by joining electric field forces:

dive = 0, (2.7)

where o denotes the overall Cauchy stress tensor and depends on the deformation and electric field on the object. Let
us not that o is symmetric. Moreover, the boundary conditions corresponding to (2.7) are as follows:

on=t,+ty,on dB; (2.8)
where dB; is the stretched portion of the boundary, t, is the mechanical component of tension, and t;;, = o}, nis the

overstretch based on the Maxwell stress oy,, which is calculated from the field outside object B. Maxwell stress is
calculated as follows:

o = & E° @ E* =1/, & (E*.EVI, (2.9)

where [ represents the identity tensor.

2.2. Lagrangian Form of Electric Fields

The Lagrangian form of electric fields is defined as follows:
E,=FTE,D, =] F7'D. (2.10)
Note that /] = det F, and these relations must comply with the reference configuration.
Curl E, =0,DivD;, =0. (2.11)

Here, Curl and div operators are defined based on X. Further, by obtaining the Lagrangian forms of equilibrium equations
(2.7), the nominal stress tensor is defined as follows.

T=] Flo. (2.12)
Further, according to the equation, the Lagrangian form of the electromechanical equilibrium equation (2.7) is as follows:

DivT =0, (2.13)
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Further, the boundary conditions corresponding to (2.13) can be obtained from the relation below:
onds = TT NdS. (2.14)

This relation was established using Nanson's formulands = J F~T N dS for infinitesimal regions ds and dS in reference
and current configurations, with n and N representing unit normal vectors corresponding to the regions. Accordingly,
(2.8) can be rewritten as follows:

TTN =t, + tj; on 0B, (2.15)

where 0B, is a pre-image of dB; and t, and ty, = T;,TN are mechanical and Maxwell stretch per unit reference area.
Using Nanson's formula and (2.10), the boundary conditions of (2.6) are converted into the following Lagrangian form:

(FTE* — E))X N=0,(J F"'D* — D;).N = gz on 9B, (2.16)

where N denotes the normal unit on the boundary of dB,. and oy are the free-surface charge density per unit area of d3B,..

2.3. Structural Equations

Throughout this paper, D; is assumed as an independent electric variable. In this case, the overall stress tensor and
electric field for incompressible electro-elastic materials are as follows:

T = 6W/6F -p F_l, E, = aW/aDL , (2.17)

where W(F, D,) is the total strain energy density function and is defined based on the type of elastic material. Further, p
is an arbitrary Lagrangian coefficient. For an incompressible, isotropic, electro-elastic material the strain energy function
W of which depends on Fand D, , principal invariants are calculated based on the right Cauchy—Green deformation tensor
C and the electric displacement vector D, as follows:

L=trCl=1/,[(tr €)? — tr C?],I; = detC =1, (2.18)
I4 =Dy, .Dy,Is = Dy, .(C D), I = Dy .(C* D), (2.19)

based on the definition of W, we aim to express it using principal invariants. Therefore, the stress D, . (C D,) and the
electric field E are defined:

o=2W,B+2W,(ILB—B%) —pI+2WsDQ®D+2W,(D®BD+ BD ® D), (2.20)
E=2(W,B 1+ WsI+WyB)D, (2.21)

where W; = aW/OI is calculated fori=1, 2,4, 5 and 6, and B denotes the left Cauchy—Green tensor. The total nominal

stress tensor T is defined as follows:
T=BF+ AD, + pF 'FF'—p*FYLE = ATF +CD,, (2.22)

where B, A, and C are tensors of the fourth, third, and second order, which are referred to as electro-elastic moduli
based on W and defined as follows:

_ oW
Bujw = /0 FedFy A = /a F;0Dy,’ /aDLiaDLj- (2.23)
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Since the tensor Tis symmetric, then B;ji; = Byy;;, Cij = Cj;and A;jx = Ajjx- Therefore, (2.22), can be rewritten using
these elements.

Tij = Biji Fie + Aije Dy, + 0 Fij 'F Fy ' —p* Fy ™t
Ey = Ayjji Fje + Cij Dy, (2.24)

2.4. Finite Deformations of an Electro-elastic Tube

Consider an incompressible, isotropic, homogeneous, and electro-elastic shell. Let us assume the electro-elastic
shell is defined as follows in the reference configuration:

A<R<B0<0<n0<Z<IL, (2.25)

where A and B are the inner and outer radii of the hollow electro-elastic cylinder and L denotes its height. Applying an external
hydrostatic pressure on the hollow cylinder deforms it, and the current shell configuration can be defined as follows:

a<r<bh0<0<m0<z<lI, (2.26)

where a and b are the inner and outer radii subsequent to deformation (Dorfmann and Ogden (2005)). Note that the
cylinder height remained unaffected. Therefore, a plane-strain deformation has taken place. The plane-strain
deformation is defined as follows:

r=r(R),0=0,z=172 (2.27)
In this case, the following relation holds between the inner and outer radii, before and after deformation:

a=u Ab=u,B (2.28)
where p; and p, are constants that satisfy the applied pressure problem, and 0 < pq, u, < 1.

Moreover, the incompressibility condition is suggestive of the absence of body forces and charges. Accordingly,
and p, are related as follows:

w?=1—(1—-u?A/p)? (2.29)

Let D,.(r) be the only element representing changes in the electric field. Here, Div(D) = 0, based on the electric
displacement, holds and can lead to the following:

d(r D) _

= 0, (2.30)

where r D,.(r) is a constant. Therefore, for the boundary conditions of r = a and r = b, we have:

r D.(r) = a D,(a) = b D,(b) (2.31)
According to Gauss's theorem, there is no field, then D* = 0. Now, the boundary condition of (2.6) on = a and r = b shows:
D.(a) = Ofa, D.(b) = Ofb » (2.32)

where a;, and o), denote the free-surface charge densities on the two boundaries.

Latin American Journal of Solids and Structures, 2022, 19(1), e421 6/20



Analysis of the bending of a neo-Hookean electro-elastic shell of arbitrary thickness under an externally- Omid Teymoori et al.

applied hydrostatic pressure

3. Bifurcation Analysis of a Hollow Electro-elastic Cylinder

This section investigates principal stretches in the deformation gradient tensor and bifurcation in the bending of a

hollow cylindrical shell made of incompressible neo-Hookean material.
Let us assume that the displacement vector x = u can be written as follows:

u=ve twe,+ues.

Further, based basic vectors e;, e, and e; on the component matrix L = grad (u) is:

u+v
[ - £y, UT]I
[Lii] = Yo w, w
ij r z r
Ug—v
r uZ uT

The following can be derived from the incompressibility condition tr (L) = 0:

u+vg

+w, +u,=0.

T

3.1. Spectral Bifurcations

Assuming that u, v and w are independent of z, matrix L can be written for spectral bifurcations:

Uu+vg v

r T

[LU] = 0 0 0
ugr—‘l] 0 ur

Therefore, the incompressibility condition is reduced to:
u+vg+ru,=0.
Given that w = 0, the governing equilibrium equations are as follows in the electric field:

1
Ti110 + T313 + ;(T31 +Ti3) =0,

1
Ti31 + T333 + ;(T33 —Ti1) =0,

0(rDr3) , 0(Dry) _
ar T a6 0,

O(rEr) _ 9(ELs) _ 0
or 20 !

then, Cauchy stress components are calculated from the four equations above for the cylindrical configuration:

Ty1 = Bi111 L11 + Biyzs Las +p Ly —p* + A113D,,,
Ti3 = By313 L3y + By3zg L1z +p Liz + Agza Dy,
T31 = B3y31 L13 + B3113 L3y +p L3y,

T33 = B3311 L1y + B3sss L3z +p Las —p* + Asz 3D,
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Ep, = Ay31 L3y + C11Dy, (3.14)
Ep, = A11j3 L11 + Azzj;z L3z + C33D,. (3.15)
The following relations are obtained by substituting these in (3.6) and (3.7), and using the incompressibility condition
(3.5):

72 pi = —By111 U+ T(B3s33 + 7 B'3333 + 7 p') Uy + 72 B3333 Uy — 2B1111Vp + Bii1qtige + 7(Aszp3 +
T A'33)3 DL3) + A333 D, r + As33 Dy, 9, (3.16)

. 1
T pg = 1(B3131 + 7 B'31331) Uy — (B1111 + 70 )V + 17°B313q Uy + B1111Vgg + (2 Byy11 + 70 Dug + 54333 Dy,
(3.17)

Further, substituting (3.14) and (3.15) in (3.9) yields:
—A'333v+ 27Dy, €1y —Azz;3 vr+2 C19(Dy, + Dy + Dyg) + Alzzp3 g — +Aszz3 Upg = 0. (3.18)

3.2. Boundary Conditions

This section aims to find boundary conditions for the bending problem. Since E* = 0, according to (2.15), both the
mechanical tension and t, and Maxwell tension t;, are zero; therefore, the boundary conditions are:

(B3333t03) uy +p* + Azz3D,, = 0,7 = a,b,(3.19)
rv.+ug—v=07r=ab,(3.20)
Asz3(ug —v) +2r €D, = 0.7 =a,b,(3.21)
Note that, by defining ¢(8, ) the incompressibility condition (3.5) holds as follows:

u=% y= — @y (3.22)

T

Similarly, by defining ¥(8, 1), (3.8) holds for the following ratios:
_ Yo —
Dy, ==,D, ==Y, (3.23)

However, both ¢ and 1 combine variables. Therefore, the two functions are defined in the following forms to allow for
a numerical solution of the principal and boundary equations.

@ =71 f(r)sinnd, P = g(r) sinnd ,(3.24)

where r and 0 are defined separately. Therefore, substituting (3.22 — 3.24) in (3.16 -3.18) produces the below system of
differential equations:

r 53131 ")+ (6 7': B33 + 227”4 B'313.)f"'(r) + (7“: B33, + n22r2231111 +5 7’2 B3i31 —n*r? Bszzs —
71° B'3130)f"(r) + (r® B" 3131 = n°r By — 7 B3j3q —n°r B3gzz —nr B'11111+ 7% B'3131 —
n? 12 B'3333)f'(r) + (n* = 1)(n® By11q — B3131 +7 B'3131 + 12 B'313)f(r) + 3 r? Azz3 " (r) +

1 I} ’ !
;(7'2 Alzz3 — nr A33|3)g () — n*rA'zpg()=0 (3.25)

1 1 1 1
5 r? Azzs (1) + (E r(n? + 2) Azz;z + 5 TA'33|3>f'(7”) =3 r(n® —1) Al 355 (r) — r2 €y, 9" (r) =7 (Cyq
+7 C'1)g' (") + n?Cyy g(r) =0(3.26)
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Further, the three boundary conditions corresponding to the above equations are:

73 B3y3q f"'(r) + (472 B3yz; + 13 B'313, )f"' (1)

+ (r? B'3131 — n?r? Bi111 + 7 B3y31 — n?r B3i31 — n21’133333)f'(r)

+(n® = 1)(B3y31 + 7 B'3131 )f(r) —n? Ass39(r) + > rA'3339'(r) = 0(3.27)
27 Ci1g9'(r) =27 Agziaf' (N + (n* = 1) f(r) =0 (3.28)
r2f"@)+r ')+ m?* -1 f(r)=0 (3.29)

Note that, the following equations were used to obtain (3.25 — 3.29).

Bajs— B
I ! i 3131 1313
P'=B3i31— Bz +————

"o pr " B3131— B1313 | B’3131— B’1313
p" = B'3131 — B 1331 + 2 + . :

3.3. Problem Non dimensionalization

The following dimensionless parameters are defined to help achieve the objectives and numerical results.

~ T A f(T') PN g(r) ~ 2 Gfaz
T_A;f(r)_ A’ ()_O_faAJGfa _‘Ug
8=23-45 2-L 330
,Ll’ O-fa’ A

Further, given the nature of the problem, it is found that the deformation gradient tensor F is as follows.

r/R 0 0
[F]=]10 1 0 l (3.31)
0 0 dr/dR
The principal stretches are, therefore, as follows:
_r_r _ _R_ Vk+r2
Al_E_W'AZ_l'Ag_T_ r (332)

In the numerical calculations, a simple strain energy function can be used for an electro-elastic material corresponding
to the neo-Hookean, thus:

Wy I) =5 =3) +5. I (3.33)

wherey = ¢ = 1.
Further, electro-elastic moduli are obtained as follows:

2
2 2 2 Ttk 2. 2
B3131 = B33zz3 = 43" + Dr(a) 054" = 2 D, (a)?or,%,

7'2

2
Bi313 =By111 = 4" = 2tk

,2A13)1 = Azz3 =2 D, (a),
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Ci1=C33=1,D,(a) = % (3.34)

Finally, the following system of (non dimensionalized) equations is obtained using Mathematica software:

3(n?-1) 40@?—kn?+k)+n?r’(n?-5)
. 2 24 o245, 2 f@)
r T (k+r +a afa)
n2+3 2k(412+kn?>+2k)+ r>?(B3n?r? + 4r? — 7kn?)
+ + 22 21 o245, 2 £
r(k +12)2(k + 12 + a%07,2)
8(k+r?)—n?r n?+3 1 k+r?
" + == "
((k+r2)(k+r2+a20 2) r? @ ar ar(k+r2+a20fa2) 9'®
n? + 1)(k +r? n?+1 2n? 2n?(k +r?
NACGENIETS s (27 (e +72) o
arz(k +r2 + a%oy, 2) ar? ar ar3(k +r2+ azafaz)

2
+7 )f’”(r) +f""(r) =0,(3.35)

_k+r2+a20 2

1_2 1 2 2 1
ST iy - SR oy & ey -1 g0 4+ 90 + 700 = 0,(336)

r3

Similarly, boundary conditions (non dimensionalized) are as follows:
1-n? 2 (n?-1) 2 n?(k+r?) 2 (k+r?)-n?r? 2n2%+1
( r3 + r(k+r2+a20fa2)>f(r) + (a rz(k+r2+a20f 2) ar2> )+ <(k+r2)(k+r2+a20'fa2) )f ) + (

k+72 2)>g'(7')+( )f”(r)+f’”(r)—0(3 37)

ar(k+r2+aosq

r k+r2+a2

fr') += f ) +2 f(r) =0,(3.38)

("2 )f()—0(339)

g'( ——f (r) +
4. Numerical Results

This section is divided to three parts. part 1 involves briefly compound matrix method, and we use this method for
solving governing equations of our problems. part 2 show changes process thickness of cylinder respect to changes of
modes. Also, we show changes process thickness with changes of free-surface charge density; i.e. oz,.

Compound Matrix Method

Ng and Reid (1979) introduced the compound matrix method (CMM) as a solution to Eigen-value and boundary
value problems, including ODEs and unstable systems of ODEs. This method deals with a homogeneous system of 2n
first-order differential equations written in the following vector form [24]:

dy _

where y is a 2n X 1 vector and A is a 2n X 2n order matrix, which is a function of the independent variable x and A.
Homogeneous boundary conditions at the beginning and end of the interval are as follows:

B(x,)y=0,x=a (4.2)

C(x,)y=0,x =b (4.3)
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where B and C are 2n X n matrices of the n-th order. The solutions are represented with y(i) fori=1,2, 3, .. n The
general form of the differential equation’s solution of (4.1) is:

n
y =) kiy®, (44)
i=1

where k; are constants. The above is a solution for the Eigen-value problem, provided that a non-zero set K = {k4, k5, ...,
k,} can be found that satisfies the boundary condition of (4.2-4.3). In the following, the 2n X n order matrix M is defined
where the i-th column is made up of y, then y = M K. Based on the structure of y®, we have:

aM
H=am. (4.5)

For matrix M, the boundary condition at x = b is as follows:
n
c(b, 1) = Z kiy® (b) = C MK = 0, (4.6)
i=1
Given that a non-trivial solution is sought here, the following condition must hold:

det(CM) = 0, (4.7)

however, the direct calculation of the determinant is avoided in the compound matrix method. Instead, the Laplace
expansion of the determinant of (4.7) is used:

c(2n,n)

det(CM) = > i b1, (48)
i=1

where ¢; and i; are n X n cofactors of matrices Cand M and c(2n, n) denotes 2n choose n.
Therefore, governing equations are rearranged as a system of six ODEs with new variables. For this purpose, new
variables are introduced as follows:

y1() = f(),y:(r) = f'(r), y:(r) = f' (1),
ya() = f"(r),ys(r) = g(r), y6(r) = g’ (1). (4.9)
Therefore, it construct compound matrix with respect to (3.36) to (3.38) equations. So we have

@)+ P () + P (0 f () + Ps(0f'(r) + Pa(r)f(r) + Ps(r)g" (r) + Ps(r) g’ (r) + P;(r)g(r) = 0.(4.10)

9" (M) +0:(Mg' () + Q(Mg(r) + Qs(Mf () + Qu(M)f'(1) + Qs(r)f"'(r) = 0. (4.11)
Participant with the following boundary conditions:
f"'@) + Ry () + Ry () f' (1) + Rs()f (r) + Ry (r)g'(r) + Rs (g (1) = 0, (4.12)
f'@)+ T()f'(r) + To(r)f(r) = 0, (4.13)

9' M) + Ny f'(r) + N, (r)f (r) = 0, (4.14)
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where P;’s are coefficients of first main equation and it is:

P()—2+ 4r
=g k+ 1%+ a20p,?
8(k+1?)—n?r? n?+3

P,(r) = -
2(r) (k +12)(k + 12 + a?07,%) T2

]

n?+3 2k(4r*>+kn®?+2k)+ r2(3n%r? +4r? — 7kn?)
P3(T) = 3 +
r r(k +12)2(k + 2 + a%07,2)

)

3(n>-1) 4@?—-kn?>+k)+n?r?(n®*-5)
Pu(r) = 4 T 2 2 2, 2
r r(k+r +a afa)

]

1 k+1r?
ar ar(k+r?+ azafaz)'

Ps(r) =

m? + 1)k +7132) n?+1

ar?(k+r%+ a%op,?) ~ar?’

Pg(r) =

2n? 2n%(k +1?%)

ard g r3(k +12 + a?os,?)

P,(r) = (4.15)

Q;'s are coefficients of second main equation and it is:

1
Q:(r) = o

2

n
Q,(r) = — r_z'

1-— 2
Qs(r) =¥,

1 2
Qu(r) = — w,

Qs(r) = —%. (4.16)

R;'s are coefficients of first boundary condition equation and it is:

R()—2 2r
=g k+12+a?0;,%

2(k+1r%)—n?r? 2n?+1
(k +12)(k + 1% + a?07,?) r2

Ry(r) =

)

1—n? N 2(n*-1)
r3 r(k+r2+ a20fa2)'

R3(r) =

Latin American Journal of Solids and Structures, 2022, 19(1), e421 12/20



Analysis of the bending of a neo-Hookean electro-elastic shell of arbitrary thickness under an externally- Omid Teymoori et al.
applied hydrostatic pressure

Ra(r) 1 k+ 1?2
r)=—— :
* ar ar(k+r?+ azafaz)
2n%(k +1?) 2 n?
R = - .(4.17
() ar?(k+r?+a%0,2) ar? (4.17)

Also, other coefficients for third and second boundary condition equation are:

n®—-1

r2

1
T(r) = -, Tp(r) =

’

2_
Ny () = =&, Ny(r) =221 (4.18)
T T
Now, we can show (4.4) the reduced system to the following form:

Yy, () =y,(1),y" () = y3(1), ¥ (1) = ya (1),

Y, () = =(Pa())y1(r) = (Ps()y2(r) = (P,())y3(r) = (Ps()y'6(r) = (Ps(1)ys (r) — (P7(r))ys(r)
_(P1 (T))Y4(7”)

y's(r) =ye(r),
YIG(T') = _(Q3(7’))}’1(7") - (Q4(7'))3’2 (r) — (Qs (T')))’3 (r) — (Qz(T))YS(T) - (Q1(T))Y6(T)- (4.19)

Also, we have this reduced system for boundary conditions to the following form:

R3(r) y1(r) + Rs(r) ys(r) + Ry (1) ¥, (r) + Ry(r) y6(r) + R1(r) y3(r) + y4(r) = 0,
y3(1) + Ty (1) y,(r) + T,(r) y,(r) = 0,

Ye() + Ny (r) y,(r) + Np(r) y1(r) = 0. (4.20)
In order to, we could obtained to matrix forms Z—If:AM and SCM = 0.

4.2. Bifurcation analysis and numerical results

In this section, we show obtained numerical results as compound matrix method with using Mathematica software.

In Figures 1 to 8, we conclude bifurcation process of y,and p, respect to A for mode of n = 2, 4, 6, 8. in states (l)
0rq= 0.03, (Il) 074= 0.3, (lll) 07,=0.6 and (IV) g5,=0.9.

Also, we show bifurcation results for pyand u, for difference free-surface charge destinies g7,=0.0, 0.3, 0.6, 0.9 in
constant mode n=20 in Figures 9 and 10.
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—— Bifurcation of pq and A for mode n = 2
10 Jo— Bifurcation of py and A formode n = 4
- Bifurcation of juj and A for mode n = 6
—— Bifurcation of py and A for mode n = 8
0.9
P11 os |
0.7 A
06
0.5 T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 1.2
A
Figure 1. u; plotted against A for modes of n = 2, 4, 6, 8, for charge destiny g,=0.0.
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0.96
0.94
15 092 4
0.90 ~
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0.86 { — Bifurcation of pp and A for mode n = 2
0.84 J — Bifurcation of pp and A for mode n = 4
Bifurcation of pp and A for mode n = 6
0829 Biurcation of p2 and A for mode n = 8
0.80 T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 1.2
A
Figure 2. u, plotted against A for modes of n = 2, 4, 6, 8, for charge destiny g,=0.0.
1.2
1.0 4
0.8
K1
0.6
— Bifurcation of pj and A formode of n =2
0.4 - —— Bifurcation of pj and A formodeofn =4
- Bifurcation of p and A formode of n =6
—— Bifurcation of pj and A formodeofn =8
0.2 T T T T T
0.0 0.2 0.4 06 0.8 1.0 1.2

A
Figure 3. u; plotted against A for modes of n = 2, 4, 6, 8, for charge destiny g5,=0.3.
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1.10
—— Bifurcation of p, and A for mode of n = 2
—— Bifurcation of p, and A for mode of n =4
05 Bifurcation of L, and A for mode of n = 6
—— Bifurcation of p, and A for mode of n = 8
1.00
0.95
n2
0.90
0.85
0.80 T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 12

Figure 4. u, plotted against A for modes of n =2, 4, 6, 8, for charge destiny 05,=0.3.

1.3
——— Bifurcation of p1 and A formode of n = 2
1.2 1 —— Bifurcation of uj and A formode of N = 4
—— Bifurcation of p1 and A for mode of n = 6
111 —— Bifurcation of p1 and A formode of n = 8
1.0 o
0.9
k1
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0.7 4
0.6 i
0.5 T T T T
0.0 0.2 04 06 0.8 1.0

Figure 5. i1, plotted against A for modes of n = 2, 4, 6, 8, for charge destiny 05,=0.6.

1.20
—— Bifurcation of p, and A for mode of n = 2
115 9 — Bifurcation of p, and A for mode of n = 4
e Bifurcation of p, and A for mode of n = 6
- —— Bifurcation of p, and A for mode of n = 8
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0.0 0.2 0.4 0.6 0.8 1.0 32

Figure 6. i, plotted against A for modes of n = 2, 4, 6, 8, for charge destiny g,=0.6.
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16
—— Bifurcation of p and A formodeofn = 2
—— Bifurcation of pj and A formodeofn = 4
1.4 1 —— Bifurcation of py and A formode of n = 6
—— Bifurcation of p] and A formodeofn = 8
1.2 1
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1.0 4
0.8 1
0.6 T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 1.2

Figure 7. u; plotted against A for modes of n = 2, 4, 6, 8, for charge destiny 05,=0.9.
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—— Bifurcation of p; and A formodeof n = 2
13 Bifurcation of p, and A formode of n = 4

Bifurcation of p, and A formode ofn = 6
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A
Figure 8. i, plotted against A for modes of n =2, 4, 6, 8, for charge destiny 05,=0.9.
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Plot of pq4 and A respectto charge destiny ofy = 0.3

12 Plot of pq4 and A respectto charge destiny ofy = 0.6
Plot of pq and A respectto charge destiny of; = 0.9
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0.0 D2 0.4 0.6 0.8 1.0

A
Figure 9. Bifurcation of u;respect to A for or,= 0.0, 0.3, 0.6, 0.9, for number mode n=20.
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1.4
—— Plot of pp and A respect to charge destiny of, = 0.0
—— Plot of pp and A respect to charge destiny of5 = 0.3

31 —— Plot of pp and A respect to charge destiny o7, = 0.6
—— Plot of pg and A respect o charge destiny ofz = 0.9
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Al

12

1.0
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00 0z 04 06 08 1.0

A
Figure 10. Bifurcation of u,respect to A for az,= 0.0, 0.3, 0.6, 0.9, for number mode n=20.
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Figure 11. Changes process u; with attention to changes of oz,
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Figure 12. Changes process p, with attention to changes of y

In Figures 11 and 12, it is showed changes processes u; respect to oy, and u, respect to y;. As evident, the
bifurcation analysis is carried out based on A. The analysis results are presented in Tables 1 and 2.
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Table 1. Compound matrix solutions of y; for different values of A and n = 100.

A a5l 251 o5t a5l o5t

05a=0.0 05q=0.2 Orq =04 05q=0.6 05, =0.8
0.5 0.616005 0.599355 0.600151 0.599919 0.957494
0.53 0.500005 0.598354 0.538688 0.599537 0.651913
0.56 0.560631 0.507016 0.598684 0.516120 0.599669
0.59 0.626707 0.600103 0.599023 0.599421 0.650876
0.62 0.600155 0.599589 0.569425 0.601424 0.610456
0.65 0.584606 0.547435 0.649998 0.600089 0.656912
0.68 0.551917 0.500009 0.594061 0.600000 0.550495
0.71 0.507148 0.539729 0.565126 0.599627 0.550000
0.74 0.550362 0.552027 0.568323 0.599788 0.494906
0.77 0.546872 0.552007 0.568439 0.599866 0.655166
0.80 0.546872 0.552007 0.568439 0.599866 0.655166
0.83 0.546872 0.552007 0.568439 0.599866 0.655166
0.86 0.546872 0.552007 0.568439 0.599866 0.655166
0.89 0.546872 0.552007 0.568439 0.599866 0.655166
0.92 0.546873 0.552008 0.568440 0.599867 0.655167
0.95 0.547275 0.552431 0.568938 0.600015 0.655807

Table 2. Compound matrix solutions of y, for different values of A and n = 100.

A 251 251 251 251 251

05, =0.0 Ofqa =0.2 Orq =04 05, =0.6 07, =0.8
0.5 0.919174 0.916410 0.916540 0.915502 0.989545
0.53 0.888440 0.905356 0.916540 0.905576 0.915685
0.56 0.885983 0.875794 0.894770 0.905576 0.893964
0.59 0.888043 0.881623 0.893757 0.877460 0.894074
0.62 0.868364 0.868213 0.881367 0.881461 0.871119
0.65 0.849644 0.839117 0.869486 0.868701 0.871678
0.68 0.823682 0.808210 0.837129 0.854193 0.823245
0.71 0.790920 0.801716 0.810486 0.839085 0.805227
0.74 0.786300 0.786939 0.793265 0.822892 0.765849
0.77 0.764472 0.766657 0.773744 0.805852 0.816687
0.80 0.742566 0.744994 0.752860 0.768308 0.796690
0.83 0.719117 0.721814 0.730547 0.747659 0.778977
0.86 0.693968 0.696968 0.706669 0.725629 0.760176
0.89 0.666928 0.670270 0.681062 0.702089 0.740205
0.92 0.637756 0.641490 0.653523 0.676882 0.718966
0.95 0.606472 0.610676 0.624204 0.649936 0.696886

Conclusion

The present study investigates the bending of a simple electro-elastic cylindrical shell of neo-Hookean material
placed under external hydrostatic pressure and exposed to an electric field. Further, after modeling the problem, the
compound matrix method was used to analyze the bifurcation of yu; and u, using the Eigen-value problem. According to
Table 1, for a numerical mode number of 100 when oy, is zero (that is, electric displacement has the least impact on the
electric field), yy values fluctuate from A = 0.5 to 0.75. However, from A = 0.75 to 0.95, i, does not exceed oz, . For g,=
0.2, similarly, p; fluctuates in the A=0.5to A = 0.75 range, but from A = 0.75 to 0.95, u; converges to 0.5520. The same
goes for oy, = 0.4, 0.6, and 0.8, as p, approaches 0.5684, 0.5998, and 0.6551. However, no conclusion can be made
regarding i, variations by increasing or, from 0 to 0.8 and for n = 100; since, as evident from Table 2, u, changes
according to A and u,, whereas p; depends only on A and oy,.
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