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oped to automatically calculate the shape functions. In the present
study, the positional version of the Finite Element Method (FEM) is
employed. In this case, nodal positions and unconstrained vectors are
the current kinematic variables, instead of displacements and rota-
tions. To model near-incompressible materials under finite elastic
strains, which is the case of rubber-like materials, three nonlinear and
isotropic hyperelastic laws are adopted. In order to validate the pro-
posed finite element formulation, some benchmark problems with
materials under large deformations have been numerically analyzed, as
the Cook’s membrane, the spherical shell and the pinched cylinder.
The results show that the mesh refinement increases the accuracy of
solutions, high-order Lagrangian interpolation functions mitigate gen-
eral locking problems, and the seventh nodal parameter must be used
in bending-dominated problems in order to avoid Poisson locking.
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1 INTRODUCTION

Highly deformable elastic shell structures have been widely used in engineering, therefore the ade-
quate prediction of the behavior of such structures is an essential step during the design process. In
this context, the search for a reliable prediction method has been objective of several studies along
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the last decades. One way to analyze the mechanical behavior of structures is the use of numerical
or approximate methods, as the Finite Element Method (FEM). In general, these methods are more
practical and more efficient when compared to experimental methods, and analytical solutions are
available only for simplified cases. In this paper, an isoparametric triangular shell finite element of
any-order is employed to describe large displacements and large strains developed in general rubber-
like applications.

In order to reduce the computational effort, some researchers have attempted to improve the
accuracy of the results provided by coarse meshes and low-order elements via alternative methods
as, for instance, the reduced integration, the selective reduced integration, the enhanced assumed
strain (EAS) method, the assumed natural strain (ANS) method and the hourglass stabilization
methods. However, as pointed out by [1], these modified low-order elements tend to lack reliability
and are case-dependent, which makes them difficult to be implemented in finite element codes. In
general, elements of sufficiently high orders are more reliable, robust and their performance is less
case-dependent. Despite the computational effort required, the use of fully integrated finite elements
of higher orders tends to mitigate most types of locking, increasing the reliability of the formulation
(see, for instance, [2], 3], [4] and [5]). High-order shell finite elements are successfully employed, for
example, in [5-10].

Regarding the shell kinematics, one may employ the Reissner-Mindlin hypothesis, in which the
material fibers initially straight and normal to the undeformed mid-surface remain straight but not
necessarily normal to the deformed mid-surface. So, unlike the Kirchhoff-Love theory, the shear
strains are taken into account, and the shell kinematics depends on the mid-surface displacements
and on the vector that maps the material points out of the mid-surface, called director vector. In
this context, there are three classes of shell finite element usually employed in the scientific litera-
ture: the 5-parameter shells, in which the director remains unitary and, thus, the thickness does not
change with deformation; the 6-parameter shells, in which the director does not remain unitary and,
then, the thickness can change with deformation; and the 7-parameter shells, in which thickness
change and a linearly variable strain through the thickness direction are considered. For the first
class of shells, there are five degrees of freedom per node: three displacements of the shell mid-
surface, and two components of the director (the third component can be found by using the hy-
pothesis of a unitary deformed director). The 5-parameter shell formulation can be used to describe
membrane and shear strains. The sixth parameter introduced is related to the thickness stretch - or
the transverse normal strains (see, for example, [11], and [12]). Finally, in order to eliminate the
Poisson thickness locking in bending-dominated shells, the seventh parameter has been included.
This additional degree of freedom represents the linear variation of the (transverse) strain across the
thickness direction and, as pointed out by [13]|, was firstly proposed by [14]. According to [10], the
Poisson thickness locking does not decrease with mesh refinement of a six parameter formulation
and, thus, the seventh parameter is necessary.

In the context of the traditional FEM, in which the three-dimensional degrees of freedom are
extensions of the two-dimensional ones (such as displacements and rotations), the 7-parameter shell
finite element can be difficult to be implemented. This is due to the fact that, in general, it is neces-
sary to use finite rotations formulae in order to calculate the vector normal to the deformed mid-
surface, to properly approximate the rotation of the director, and to work with curvilinear coordi-
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nates. An alternative procedure, which avoids the abovementioned difficulties, is the positional ver-
sion of the FEM (see, for instance, [15], [16] and [9]). In this case, the seven nodal degrees of free-
dom of the shell are: three components of the current shell reference surface; three components of
the final deformed unconstrained director; and the final linear strain rate across the thickness. In
[9], the approximation order of the 7-parameter triangular shell finite element used is cubic and a
linear Saint Venant-Kirchhoff constitutive relation is employed. In this paper, the element order is
generalized, i.e., the approximation degree can be any one (low, moderate or high), and rubber-like
constitutive relations are adopted.

Regarding finite elastic deformations, two engineering applications can be cited: metals, which
can present large displacements with small strains; and rubber-like materials, which can also pre-
sent large strains. In order to describe finite displacements, the geometrically nonlinear analysis
together with the Nonlinear Continuum Mechanics is employed in the present study. Further de-
tails can be found in [17], [18] and [19], for instance. The modeling of finite strains is performed here
by means of nonlinear isotropic hyperelastic laws, often used to describe the response of homogene-
ous rubber-like materials (see, for example, [3, 20-24]).

Concerning studies about shell finite elements with linearly variable strain through the thick-
ness and composed of homogeneous rubber-like materials, one can cite the following papers: [12],
[25], [26] and [27]. In the first two studies, the material incompressibility condition is adopted and
the transverse shear strains are neglected. In [26] and [27], finite rotations are treated by the Euler-
Rodrigues formula, but in the first of these studies, condensation of the three-dimensional constitu-
tive model is performed via a consistent plane stress condition. In this paper, the constitutive model
is fully three-dimensional, the shear strains are considered and, as mentioned previously, no rotation
formulae are employed.

The purpose of the present study is to describe a numerical formulation with isoparametric tri-
angular shell finite elements of any-order, accounting for thickness stretch and linear strain varia-
tion across the thickness, in order to analyze homogeneous elastic shells under statically applied
forces, isothermal conditions, finite displacements and finite strains. One contribution of this paper
is to cover the lack in the assessment of the seven-parameter shell performance under large-strain
problems. In [6] and [9], for example, high-order hyperelastic shells with linear strain rate across the
thickness are employed, but only the Saint Venant-Kirchhoff model is used in the numerical exam-
ples. Moreover, the present finite element formulation can be easily implemented in a computer
code for any order of approximation.

This paper is organized as follows: in the first section the kinematics of the shell finite element
is described; after that, the adopted constitutive hyperelastic laws are given; then, the equilibrium
principle is briefly explained; the general calculation of the shape functions is provided in the se-
quence; in the sixth section the numerical examples, used to validate the formulation, are described;
finally, the conclusions drawn from the results are given. In the Appendix, the determination of the
matrices and vectors, employed here to calculate the shape functions and their derivatives, is pre-
sented. This determination, which can be used for any isoparametric triangular finite element, is
general, i.e., the determination of the shape functions can be done for any approximation order.
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2 FINITE ELEMENT MAPPING

The finite element adopted in the present study is briefly described in this section. The element is
a triangular shell of any-order with seven nodal parameters, similar to the shell element of cubic
order used in [9]. For both initial (X) and current (y) element configurations, the material

points can be split into two groups: the reference surface points, and the external points. To nu-
merically describe the position of the reference surface points, the following expressions are em-
ployed:

(Xi)m =XiL¢L (E-’I’E-’Z) (1)

(yi)m = YiLq)L (él"iz) (2)

where XiL and YiL are, respectively, the initial and the current positions of node L; (I)L is the

shape function associated with node L; and the non-dimensional coordinates ﬁl and 5‘;2 belong to
the triangular auxiliary space defined by the set {(3‘;1,@2) eR*/0< .6, +&, < 1} .

The external points of the shell, which are out of the reference surface, are mapped from a
vector defined at the shell mid-surface and represented here by g:

(&), = 26, [ vale 8)e ] = 2 wl(6 6. o +a(& 86 )=

where the superscript m denotes the reference surface points (equations 1 and 2); E_G is the third
non-dimensional coordinate (=1<& <1); m denotes a unit vector, whose direction defines the
points that are out of the reference surface; hO and h are the initial and the current shell thick-
ness; d0 and d1 are the initial and final directors, respectively; and variable a is the rate of line-

ar strain variation along the shell thickness. As pointed out by [11], the decoupling of the director
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vector d into its rotational and extensional components (that is, the use of d =hn) must be

done in order to avoid ill-conditioning in the thin shell limit. The initial unit normal vector n’

(equation 4), the vector g' (equation 6) and the rate a (equation 6) are also interpolated via

their corresponding nodal values and shape functions:

n?(gl’éz):(N?)L ¢L (gpéz) (7)
¢(5.8,)=G"o, (§,.€,) (®)

a(8.8,) =A%, (§,.8,) (9)

where N° represents the nodal values of the unit vector no; GiL denotes the nodal values of the

vector g} ;and A" is the value of variable a at node L. The initial unit vector (no) is normal
to the mid-surface, but the current unit vector (nl) is not necessarily normal to the current mid-

surface. In general, the vector g1 is neither unitary nor normal to the shell mid-surface. Except

for linear approximation order, the shell elements can be curved. As in the study of [9], there are
seven parameters - or degrees of freedom - per node (L): three current positions of the shell mid-

surface (YIL, YZL and Y3L), three components of the vector g' (GIL, GzL and G3L), and the

nodal value of variable a (AL ). To reproduce a simply supported node, for instance, one should

restrict the translational degrees of freedom YIL, YzL and Y3L, and to clamp the element edge,

one should also restrict the components of vector g1 along the nodes of this edge. Other shell
formulations, which can also numerically describe thickness change and linear strain across the
thickness direction are presented by [14], [28], [29], [30], [31], [5] and [9], among others.

Regarding Nonlinear Continuum Mechanics strain measures, the following Lagrangian quanti-
ties are used in this paper:

dy ayi
F:a_X or Fij_aT (10)
J:det(F) (11)
C=F'F or C,=F_F, (12)
B 1) or E =2 0
_E(C_ ) or ij_E(Cij_ y ()

Latin American Journal of Solids and Structures 10(2013) 1177 — 1209



1182  J. P. Pascon et al. / A shell finite element formulation to analyze highly deformable rubber-like materials

where F is the (material) deformation gradient; J is the Jacobian; C is the right Cauchy-Green
stretch tensor; E is the Green-Lagrange strain tensor; and the symbols I and & denote, respec-

tively, the identity matrix and the Kronecker delta.
The numerical determination of the deformation gradient F (equation 10) is performed as:

F:(Fl)(FO)il or F :(Fl)ik l:(FO)_lL (14)

ox X,

F, :g or (Fo)ij =a—E'\j (15)
dy 9y,

F = E or (Fl)ij = a_éj (16)

The position vectors X and y map the material points of the shell element, respectively at the

initial and the current configurations, from the non-dimensional space &= {§1,§2,§3}.

3 HYPERELASTIC CONSTITUTIVE LAWS

In this study, the (macroscopic) material behavior is mathematically described by means of hy-
perelastic constitutive laws, in which the material response is derived from a scalar potential
called Helmholtz free-energy function and represented here by . Three nonlinear hyperelastic
constitutive laws are employed here: the Hartmann-Neff model, denoted here by HN; and two
neo-Hookean models, denoted here by nH1 and nH2. Such models can be used for isotropic and
near-incompressible rubber-like materials. The mathematical expressions of these models are |21,
22, 24]:

— - —3/2
W, = %[JS +77 —2}+d(il3 —27)+c10 (i1 —3)+c01 (iz —3”) (17)

v = %[m(J)T +8[i ~3-2m(1)] (18)

NS R =

Vo =§[J2 ~1-In(1?) ]+

=

[i,-3] (19)
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where k is the bulk modulus; d, ¢, and ¢, are the isochoric coefficients of the HN model [21];

W is the shear modulus; J is the Jacobian (equation 11); and the invariants il, i2 and 1, are
given by (see equation 12):
. ~ -2/3 -2/3 -2/3
i, =r(C)=u[1°c]=17"(C)=17"C,, (20)
P ~! 23\ 23\
i, =tr(C jztr[(] C) }:[(J C) } (21)
kk
i =tr(C)=C, (22)

where tr( ) is the trace operator. For both models, as the Jacobian J is a measure of volumetric

change, one can highlight two aspects: the near-incompressibility condition (J=1) can be
achieved by setting a bulk modulus much larger than the other material coefficients [3, 21, 23];
and the energy W tends to infinity as J tends to zero, which represents the impossibility of an-
nihilating the material (J =0 ). Besides, the normalization condition is satisfied, that is, the ener-

gy Y is zero if the material is under a rigid-body motion (C=1).
In hyperelasticity, the relation among the Helmholtz free-energy function Y, the Green-

Lagrange strain tensor E (equation 13) and the stress tensor, used to describe the material be-

havior, is:

oy oy oy oy
S=—=2— o S.=—=2—
o~ “oc 7T e, Tac, 29

where S is the symmetric second Piola-Kirchhoff stress tensor. The derivatives of the Helmholtz
free-energy function () in respect to the right Cauchy-Green stretch tensor (C ), for the hyper-

elastic models (17), (18) and (19), can be found, for instance, in [19] and [23].

4 EQUILIBRIUM

In the present study, the equilibrium of each shell element and hence of the whole structure is
described by the Minimal Total Potential Energy Principle, also called Principle of Stationary
Total Potential Energy. The static equilibrium of forces is achieved if the following condition is
satisfied:

2 5
=1 (y)=] %dVo =t or (o), = a—yd\’o =(F..) (24)
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where fim is the internal force vector, which depends on the current configuration y (see section
2); QO and dVO denote, respectively, the initial domain and an infinitesimal volume element at
the initial position; and fext is the vector of external (applied) forces. Similarly to [9], as the equi-

librium condition (24) gives rise to a nonlinear system of equations, the Newton-Raphson iterative
technique is employed to achieve the solution. In order to apply this technique, the following
equations are used:

r=1,(v)-f, or r=(£,) ~(£.) (25)

— a_r — afint _ afext — Z\II _ azw :]
1= T oy _JO ayay 0 _Joayiayj Yo (20
y=y+Ay=y-H"'-r or yi=yi—(H’1)ijrj (27)

where T is the residual force vector, also called out-of-balance force vector; and H is the Hessian
matrix. The current position (y) is update via equation (27) until the following norm is smaller

than a given tolerance:

(28)

norm, = ¥ (Ay, )’ (20)

IlOI'l’l’l2 = (Xi)2 (30)

where X is the initial position vector (equation 3).

5 SHAPE FUNCTIONS

To employ a generalized polynomial order for the shape functions (see equations 1, 2, 5, 8 and 9),
a general numerical strategy has been developed. For any approximation order, all the shape
functions can be determined via the following expression:

d=M A

coef

3 (31)
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where @ is the vector that contains the value of the N shape functions; M is a NzN matrix,

coef
which contains all the shape function coefficients; and the vector of N components A is a vector
which has, in the proper sequence, products between the non-dimensional coordinates ﬁl and &2.

As one can see, N is the number of nodes per element. The derivatives of the shape functions in

respect to ﬁl and &2, used to determine the deformation gradients (equations 14 and 15), can

also be written in a similar way:

oD

f =M, Ve (32)
!

0P

f =M,, Ve (33)
2

The expressions used to determine the matrices MC M 4 and M 4o and the vectors v

oef

g
and Vg are given in the Appendix A of this paper. In addition, the matrices 1\/[dl and M(12 can

be stored in the computer memory and used when needed, resulting in a fast processing strategy.

6 NUMERICAL EXAMPLES

To validate the numerical formulation described in this paper, some large-displacement shell
problems have been analyzed. The main numerical results are given in this section. In this study,
the analysis is static and isothermal, and the material is considered homogeneous. For all exam-
ples, in order to describe the equilibrium path, the simulation is incrementally performed. The
adopted tolerance for the error (see equations 28-30) is 107, The computer code is developed in
FORTRAN language. The integrals (24) and (26) are evaluated via a full integration scheme,
with neither hourglass stabilization nor enhanced strain modes. In order to do so, the Gaussian
quadratures given in [32-34| are used. To solve the linear system of equations r=H-Ay (see

expressions 25-27), the MA57 solver [35] is employed. Although the initial shell thickness can vary
in the general formulation, this dimension is assumed to be constant here. As the formulation can
be used for any-order triangular shell finite elements, mesh refinement regarding the number of
elements and approximation order is done in all the examples, except the first one.

6.1 Large strain uniaxial compression

In order to show that the adopted hyperelastic models (17), (18) and (19) can be used to repro-
duce the material behavior at high compressive strain levels, a prismatic bar composed of a rub-
ber-like material is compressed up to a length reduction of 70% (see figure 1). The material pa-
rameters (see figure 1) have been interpolated by [23] from the experimental data of a structural
rubber presented in [20]. As the deformation gradient (10) and the strain field (13) are uniform
along the bar, only two shell elements of linear approximation order are used (see figure 1). Due
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to the double symmetry, only one quarter of the bar is analyzed. The good agreement between
the numerical simulations and the experimental data (see figures 2a and 2b) shows that the for-
mulation can be used to reproduce high compressive strain levels. For a bulk modulus kK much
larger than the shear modulus [ (see figure 1), the results provided by both neo-Hookean models

(18) and (19) are equivalent (see figures 2a and 2b). In figure 2b, one can see that the longitudi-
nal Cauchy stress progressively increases as the bar length approaches to zero. This behavior
shows the difficulty in annihilating the material. It is important to mention that the linear hyper-
elastic relation called Saint Venant-Kirchhoff model, used for example in [9], is not capable of
representing the real material behavior at high compressive strains (see [19] for further details).

I 200 | Prescribed displacements:
X, — x1=10.0:ux;=0.0
Py A R e Py x1=0.0: ux;= 7.0 (100 increments of 0.07)
¥X _ thickness = 1.0 x2=0.0-ux3=0.0
| 10.0 = ux3=0.0 (all nodes)

Hartmann-Neff model (equation 17): Neo-Hookean models (equations 18 and 19):
k =1000.0 k =1000.0
d =-0.00009288 p=0.69255694
c10=0.39506964
co1 =-0.00621006
Figure 1  Prismatic bar under uniaxial compression: geometry, boundary conditions and material parameters. The dashed lines denote
the discretized part of the bar.

& Experimental Data [Yeoh,1990]- - - Simulation (HN) Bar length

----- Simulation (nH1) —— Simulation (nH2) 12.0 10.0 8.0 6.0 4.0 20 0.0

8.0 r T T 0.0

7.0 4
g 05 2
g 5 2
2 6.0 g
g :‘-
Z 50 £
3 1.0 g
5 40 1 4 Experimental Data =
£ [Yeoh,1990] =

3.0 4 s
; - - - Simulation (HN) k-1.5 é
§= 20 %
) . .

—Simulation (nH1)

< 10 20 8

0.0 ¢ T T T T T eeees Simulation (nH2)

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0
Longitudinal displacement of point A 25
(@) ®

Figure 2 Prismatic bar under uniaxial compression: (a) force versus longitudinal displacement of point A; (b) longitudinal Cauchy
stress versus bar length. The letters HN, nH1 and nH2 in the graph caption denote, respectively, the Hartmann-Neff (equation 17) and
neo-Hookean models (equations 18 and 19).

6.2 Cantilever beam under free-end shear force

The second example is a prismatic cantilever beam under a shear force at the free end (see figure
3). The performance of the present finite element in an extreme bending situation is analyzed

here. Due to the symmetry regarding the plane X, =0.0, only one half of the cantilever has been

discretized. In order to study the convergence of results, meshes with different number of ele-
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ments and approximation orders have been employed. The final vertical displacement of point A
(see figure 3) converges to the reference solution (see figure 4a) for all the approximation orders.
However, as expected, for the linear and quadratic elements a large number of degrees of freedom
are necessary to reach convergence of displacements, and the cubic and fourth-order elements are
capable of simulating this problem with few degrees of freedom (see figures 4a and 4b). In the
reference [3] shell-like solid finite elements of high-order (from one to eight) are employed, and
convergence analysis is also carried out. Regarding the reference solution presented here (see fig-
ure 4a), the number of solid finite elements is two: one with dimensions 0.10 x 0.10 x 0.10 close to
the clamped section, and other with dimensions 9.9 x 0.10 x 0.10. In addition, the orders of poly-
nomial approximation in [3] are four in the in-plane directions, and variable (from one to eight) in
the beam thickness direction.

«. thickness=0.10 Restricted degrees of freedom (see section 2):
. x1=0.0:y1.Y2:Y3-81:82:83.2
X=0.0:y2, 82

Hartmann-Neff material (equation 17):

k=5000.0

d =0.00367
Prescribed load (per unit length): Cy0=0.1788
x1= 10.0: total line force t5 = 2x10° (200 increments of 1x107 ) Cg1=0.1958

Figure 3 Cantilever beam under free-end shear force: geometry, boundary conditions and material parameters. The dashed lines
denote the discretized part of the cantilever.

8.00 - --»-ul (Linear) --#--ul (Quadratic) —&—ul (Cubic) -©-ul (4th)
; . Number of degrees of freedom
® e 0.00 T T T |
& *E 00; 700 1400 2100 2800 3500 4200
s 5§ -0507 %
@« £ v
g g -1004 X
E k] LIRS
3 S -150 1\ ™
S ——u3 [Diister, Hartmann and Rank, 2003] E-] f \
5 -3¢+ u3 (Linear) 5 £ -200
= . E 2
= --#--u3 (Quadratic) = -2.50
S . 2
E —4—u3 (Cubic) o 3.00 1
> -©-u3 (4th) 2
= = -3.50
£ : : : : £
= = -4.00 -
0 700 1400 2100 2800 3500 4200
Number of degrees of freedom -4.50 -
(@) ®)

Figure 4 Cantilever beam under free-end shear force: (a) study of convergence regarding the final vertical displacements of point A;
(b) study of convergence regarding the final longitudinal displacements of point A. The word in parenthesis is the approximation order
of the elements.

6.3 Cook’s membrane

The third example is the Cook’s membrane (see figure 5). This problem is often used to validate
finite element formulations due to the singularity around point C (see figure 5). As in the refer-
ence [3], no plane strain conditions are assumed here. In the reference study, the mesh employed
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has six shell-like solid finite elements of variable order. The results in terms of displacements and
stresses are in accordance with [3] (see figures 6a-c). The reference value in figure 6a corresponds
to the converged solution, and the reference values in figures 6b and 6¢ have been obtained by
meshes with linear approximation along the thickness direction and variable order (from one to
seven) in the in-plane directions. As one can see, the linear elements of the present formulation
present severe locking, and the cubic and fourth-order elements present fast convergence to the
solution. The expressions employed to obtain the Euclidean norm of the displacement and the
equivalent Cauchy stress are:

ue = /uiz _ ,u12+u22+u32 (34)

teq = \/%devcs :devo = \/%(devc)“ (devc)“ (35)

1 1

where u, is the displacement along direction X, ; dev( ) denote the deviator operator; and O is

the Cauchy stress tensor. One can note the singularity at point C as the final equivalent Cauchy
stresses do not converge clearly with mesh refinement (see table 1). The final configuration of one
of the meshes is depicted in figure 6d, in which one can see the complexity of the displacement
field around point C. It is important to note that if the linear hyperelastic Saint Venant-Kirchhoff
model is adopted to run this problem, material annihilation occurs even for low values of the ap-
plied load.

6.4 Thin cylinder under two opposite line forces

The fourth numerical example is the thin cylinder depicted in figure 7. Geometry, material pa-
rameters and boundary conditions have been extracted from [22], which employed an eighteen-
node solid-shell finite element, with a hybrid strain stabilization and an enhanced assumed strain
method to overcome locking problems. Regarding the reference finite element, the total number of
degrees of freedom plus the EAS modes is 58. Due to the double symmetry in respect to the
planes and (see figure 7), only one quarter of the cylinder has been analyzed. The numerical
results regarding the final displacement of point A are in good agreement with the reference solu-
tion (see figure 8a). The present fourth-order elements converge similarly to the reference results,
but the convergence of the linear elements is slow. The cylinder behavior, which is similar to a
ring, can be seen in figure 8b.
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Restricted degrees of freedom (see section 2):
-x1=0.0:y1,y2

- - F - the displacements of all nodes along x3 are restricted
< F1t2
A r . )
B Prescribed load (per unit length):
- line segment AB: total line force t,= 1.0 (200 increments of 0.005)
= Geometry:
< (thickness = 1.0) - Point A: 48.0, 60.0, 0.0
24 - Point B: 48.0, 44.0, 0.0
— X - Point C: 0.0, 44.0, 0.0
[ 48.0 - Point D: 35.2, 44.0, 0.0
[
Material parameters:
- see the second example (section 6.2).
Figure 5 Cook’'s membrane: (a) geometry, boundary conditions and material parameters.
The dashed lines denote the membrane discretization.
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Figure 6 Cook’'s membrane: (a) study of convergence regarding the final displacements of point A; (b) study of convergence regard-
ing the final Euclidean norm (34) at point A; (c) study of convergence regarding the final equivalent Cauchy stress (35) at point D;

(d) final displacements along direction X, (general view and zoom around point C). The symbols U2 and UE (b) are, respectively,

the displacement of point A along direction X, and the Euclidean norm (34) of the point A displacement. The results showed in (d)

are provided by the mesh with 361 nodes (2527 degrees of freedom) and 72 shell elements of cubic order.
The dashed lines denote the membrane discretization.

Table 1 Final stresses at point C for the Cook’s membrane (see figure 5).

ORD NN NDOF NE on 19 teq
20 140 24 73.057 0.557 219.039
. 63 441 96 296.104 0.954 891.253
130 910 216 538.331 0.742 1618.384
3185 22295 6144 69.718 0.949 212.388
63 441 24 -12.247 0.376 34.940
) 221 1547 96 7.976 0.593 28.196
475 3325 216 -0.989 0.710 4.297
1089 7623 512 9.383 0.732 32.149
; 130 910 24 -17.058 0.654 46.246
361 2527 72 10.013 0.596 35.572
4 221 1547 24 -35.404 0.808 99.518

ORD = finite element order. NN = number of nodes. NDOF = number of degrees of freedom.
NE = number of elements. 611 = normal stress along x1-direction. t12 = shear stress on the

plane x1-x2. teq = equivalent stress (equation 35).

Applied force
A Applied force
_ A
X2
=] A
% > Xy
- JAN
30.0
Discretized part
Problem

Neo-Hookean material (equation 18): Restricted degrees of freedom (see section 2):

k =24000.0 X, =15.0:y, .8

L= 6000.0 X;=-9.01y1, Y2, %35 81583
X,=9.0:y,.8,4

Geometry Line force

A (0.0,9.0, 0.0) X,=9.0: Total force P (x,) =-34.0 (200 increments of -0.17)

thickness = 0.20

Figure 7 Thin cylinder under two opposite line forces: geometry, boundary conditions and material parameters.
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Figure 8 Thin cylinder under two opposite line forces: (a) convergence study regarding the final vertical displacement of point A; (b)
final vertical displacements for the mesh with 6601 nodes (46207 degrees of freedom) and 800 fourth-order elements. The words in the
graph caption (a) correspond to the element approximation degree.
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6.5 Thin plate ring

The thin clamped plate ring under a uniformly distributed shear force at the free edge, depicted
in figure 9, is analyzed here. This numerical example is a benchmark shell problem often studied
in the scientific literature (see, for example, [31], [26], [36], [37] and [24]). This problem is used to
identify shear locking in the thin-shell limit for bending dominated situations. The hyperelastic
model and the material parameters are extracted from [24], who employed a mixed isoparametric
tri-linear brick finite element together with an enhanced assumed strain formulation for finite
deformations to avoid locking problems. Regarding the final vertical displacement of point A, the
results of the present cubic and fourth-order elements converge better than the reference finite
element results, however the shell elements of linear degree present severe locking even for a large
number of degrees of freedom (see figure 10a). The final deformed configuration, for the most

refined mesh, is illustrated in figure 10b.

Geometry: Point A: Neo-Hookean material (equation 19):
Internal radius = 6.0 x1=0.0, x,=10.0, x3=0.0 k=7000000.0
External radius = 10.0 (r=10.0,06=2m,x3=0.0) 1 =10500000.0

Thickness =0.03

Constraints:
All the degrees of freedom along the line segment 6.0 <r<10.0,6=0.0

Applied loading along the line segment 6.0 <r<10.0, 6 =2m:
p3=6x 1076 (100 increments of 6 x 10 -8)

Figure 9  Thin plate ring: geometry, boundary conditions and constitutive law.
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Figure 10 Thin plate ring: (a) (b) study of convergence regarding the final vertical displacement of point A; (b) final vertical dis-
placements for the mesh with 1737 nodes (12159 degrees of freedom) and 192 finite elements of fourth-order. The words in the graph

caption (a) correspond to the element approximation degree.
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6.6 Spherical shell

The present numerical example is the spherical shell with an 18° hole, showed in figure 11. This
benchmark shell problem is similar to the hemispherical shell with an 18° hole, which is usually
employed to validate shell finite element formulations (see, for example, [26,31,36-38]). Geometry
data, constitutive law and boundary conditions are the same as those used in [24]. Due to the

symmetry regarding the planes X, =0.0, x, =0.0 and x,=0.0 (see figure 11), only one eighth

of the shell is discretized. As pointed out by [24], this test can show if the numerical formulation
exhibits shear locking in doubled-curved shell elements under large rotations. Again, the numeri-
cal results of this study converge to the reference solution (see figure 12a). The final equilibrium
configuration, for the most refined mesh, is depicted in figure 12b.

Geometry:

Radius (r)=10.0
Thickness =0.50
Point A (10.0,0.0,0.0)
Point B (0.0, 10.0, 0.0)

X2 Point C (9.837, 1.400, 1.129)
Symmetric edge B
Boundary conditions:
X;=0.0:u;=0.0 Neo-Hookean material (equation 19):
X,=0.0:u,=0.0 k=175000.0
X3= 0.0: uz= 0.0 n= 8076923

X3=r c0s(18°): u3=-10.0 (200 increments of -0.05)

Figure 11  Spherical shell with an 18° hole: geometry, boundary conditions and material coefficients.
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Figure 12 Spherical shell with an 18° hole: (a) study of convergence regarding the reaction force along the X, direction; (b) final

deformed configuration for the mesh with 2401 nodes (16207 degrees of freedom) and 288 finite elements of fourth-order. The words
in the graph caption (a) correspond to the element approximation degree.
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6.7 Pinched cylinder with rigid diaphragms

According to [27|, this benchmark problem is similar to a finger-pinched beer can (see figure 13).
Usually, the constitutive law employed to simulate this numerical example is the linear Saint
Venant-Kirchhoff hyperelastic model (see [26,27,31,37,39], among many others). Here the adopted
hyperelastic model is the nonlinear neo-Hookean law (18). The material coefficients have been

found via the following transformations:

- - (36)
3(1—2v)

u= _E (37)
2(1+v)

where E and V are the Young modulus and the Poisson’s ratio, respectively. To analyze this
pinched cylinder with the Saint Venant-Kirchhoff model, the usual material coefficients are
E=30000.0 and v=0.30. Due to the symmetry regarding the planes x =100.0, x,=0.0

and x,=0.0, only one eighth of the cylinder is discretized. As the resultant displacement field is

complex and there may be structural instabilities, two large numbers of finite elements have been
adopted: 512 (16 x 16 x 2) and 1152 (24 x 24 x 2). Again, locking regarding the vertical reaction
force can be avoided with mesh refinement (see figure 14a). Small differences between the present
and the reference numerical solutions were expected as the adopted constitutive models are differ-
ent, and these differences increase with an increasing applied force (see figure 14b). The reference
solution has been obtained with 1600 (40 x 40) 4-node hybrid stress and enhanced strain shell
finite elements [31]. For the most refined mesh, the final deformed configuration of the cylinder is
depicted in figure 14c.

Geometry:

Radius () = 100.0
Thickness = 1.0

Point A (100.0, 100.0, 0.0)
Point B (100.0, 0.0, 100.0)

Prescribed displacement:
Point A: u,y=-90.0 (900 increments)

Restricted degrees of freedom (see section 2):
x1=100.0:uy, g

x1=0.0:u;,u3,8;,83
X,=0.0:1,, g, k =25000.0

x3=0.0:u3, g5 u=11538.4615

Neo-Hookean material (equation 18):

Figure 13 Pinched cylinder with rigid diaphragms: geometry, boundary conditions and material coefficients.
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Figure 14 Pinched cylinder with rigid diaphragms: (a) study of convergence regarding the applied force along the X, direction; (b)

applied vertical force versus displacements (reference and present numerical solutions); (c) final vertical displacements for the mesh
with 9409 nodes (65863 degrees of freedom) and 1152 finite elements of fourth-order. The words in the graph caption (a) correspond
to the element approximation degree.

6.8 Shell finite element with six nodal parameters

In order to show the influence of the seventh parameter “a” (see equation 6) on the finite element
solution, the problems of sections 6.2, 6.3, 6.4, 6.5, 6.6 and 6.7 have been numerically analyzed
restricting this nodal parameter. The resultant shell finite element accounts for translations, rota-
tions and constant strain along the thickness direction. The meshes employed here are the most
refined ones for each case (see table 2). The influence of the nodal parameter “a” on the numerical
results can be seen in figures 15-17, from which one can draw the following conclusions: in gen-
eral, the restriction of the seventh parameter “a” of all the nodes increases the structural rigidity
and, hence, leads to locking; for the Cook’s membrane and the thin plate ring problems, the re-
sults are practically the same; and the difference in the deformation distribution along the thick-
ness direction is more significant for the spherical shell in comparison with the cantilever. As ex-
pected, the restriction of the seventh parameter “a” leads to a constant stretch across the thick-
ness (see figures 16 and 17). The similarity in figure 15b may be related to the fact that the
Cook’s membrane is a plane problem (despite the singularity). In figure 15d, one can note that
the inclusion of the seventh parameter, which leads to a linearly variable strain along the thick-
ness, does not influence the numerical solution, as the aspect ratio (length/thickness) of the shell
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is very small. The final distribution of the seventh parameter “a”, for some examples, is depicted

in figure 18, in which one can see that, although the restriction of this parameter has a clear in-
fluence on the structural behavior (see figures 15-17), the final value of “a” is very small when
compared to the unit (except for the region around the applied force on the pinched cylinder).
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Influence of the seventh nodal parameter: (a) applied force versus vertical displacement of point A for the cantilever of

figure 3; (b) applied force versus vertical displacement of point A for the Cook’s membrane of figure 5; (c) applied force versus vertical
displacement of point A for the thin cylinder of figure 7; (d) applied force versus vertical displacement of point A for the thin plate
ring of figure 9; (e) reaction force versus prescribed displacement for the spherical shell of figure 11; (f) reaction force versus pre-
scribed displacement for the pinched cylinder of figure 13.
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Table 2 Meshes employed in order to show the influence of the seventh nodal parameter “a” on the finite element solution.

Problem (item) ORD NN NDOF NE NNIP .
Plane &;-&, Direction &3

Cantilever (6.2) 4 485 3395 48 19 2
Cook's membrane (6.3) 4 221 1547 24 19 2
Thin cylinder (6.4) 4 6601 46207 800 19 2
Ring plate (6.5) 4 1737 12159 192 19 2
Spherical shell (6.6) 4 2401 16807 288 19 2
Pinched cylinder (6.7) 4 9409 65863 1152 19 2

ORD = shell finite element order. NN = number of nodes. NDOF = number of degrees of freedom.

NE = number of finite elements. NNIP = number of numerical integration points.
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Figure 16 Distributions for the cantilever of figure 3 along the line segment (Xl = 0.01,X2 =0.0,-0.05< X3 < 0.05): (a) longi-

tudinal stretch; (b) thickness stretch; (c) distortion on the bending plane; (d) transverse stretch. These results correspond to the load

step number 160, as the simulation with the seventh parameter “a” restricted has lost convergence at the step number 161.
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Figure 17  Final distributions for the spherical shell of figure 11 along the thickness direction at point C: (a) thickness stretch; (b)

stretch along xo-direction; (c) stretch along xs-direction; (d) distortion on plane xi-xo; (e) distortion on plane xi-x3; (f) distortion on

plane xo-x3.
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Figure 18 Final distribution of the seven parameter “a": (a) cantilever beam of figure 3; (b) thin cylinder of figure 7; (c) spherical
shell of figure 11; (d) pinched cylinder of figure 13. The meshes employed here are given in table 2.

Another comparison has been performed in order to show the influence of the seventh parameter
“a” and the Poisson’s ratio on the behavior of the pinched cylinder of figure 13. It is well known
that values of Poisson’s ratio close to 0.50 leads to locking problems. So, besides the first value
v =0.30, two more values have been selected: v=0.45 and v=0.49. As the hyperelastic mod-
el is the neo-Hookean law (18), the transformations (36) and (37) are used here. The pinched
cylinder has been simulated twice with these three values: the first simulation with the seventh
parameter “a” free; and the second with the parameter “a” restricted. Therefore, six cases are
compared to each other. According to figure 19, when the seventh nodal parameter is free, raising
the value of the Poisson’s ratio an acceptable structural rigidity increase is achieved, but when
the parameter “a” is restricted, increasing Poisson’s ratio leads to locking. Thus, using the seventh
nodal parameter “a” (that is, the modeling of the linear strain across the thickness) avoids Poisson
locking for homogeneous shell applications.
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The results of the present section reinforce the importance of modeling the linear variation of
strain along the thickness direction for shells with large displacements whose material behavior is
described by nonlinear hyperelastic laws.
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Figure 19 Influence of Poisson coefficient and parameter “a” on the behavior of the pinched cylinder of figure 13: (a) displacement of
point A along direction xo; (b) displacement of point B along direction x3. These results correspond to the mesh with 9409 nodes
(65863 degrees of freedom) and 1152 shell finite elements of fourth-order. The simulation with the parameter “a” restricted and

vV = 0.49 has collapsed for a vertical displacement of point A equal to -65.5.

7 CONCLUSIONS

In this paper, a shell finite element formulation is successfully employed to the analysis of homo-
geneous rubber-like materials under finite deformation, statically applied forces and isothermal
conditions. The kinematics of the shell is based on the Reissner-Mindlin hypothesis, and accounts
for thickness change and linearly variable strain across the thickness. Shell finite elements with
seven nodal parameters of any-order are employed. The generalized approximation order of the
shell is implemented via a numerical strategy. Nonlinear and isotropic hyperelastic constitutive
models, usually employed for near-incompressible rubber-like materials, are adopted. Some large
deformation structural problems are used to validate the presented numerical formulation. In
order to improve accuracy and reliability of the results, mesh refinement and full integration are
performed. In the context of the shell analysis, the present paper stresses the importance of
adopting high-order approximations and using the seventh parameter, which represents the linear
variation of strain through the thickness direction. For moderate thick shells in bending-
dominated situations, the restriction of the seventh nodal parameter leads to locking and to con-
siderable differences in the deformation fields. In addition, the use of the seventh nodal parameter
avoids Poisson locking, which is usually present when the Poisson’s ratio is close to 0.50 and
when the strain along the thickness direction is uniform.
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Appendix A - Shape functions coefficients

The expressions for determination of the matrices M M. and Mdz’ and the vectors v

coef ’ d1 £

Vv, and Vv, (see equations 31-33) are provided here.

For a two-dimensional triangular finite element of polynomial order p, the number of nodes

per element is:
nnpe:%(p+1)(p+2) (A1)

The internal numbering of the nodes - or the numbering of the nodes inside each element do-
main - is depicted in figure Al. The general expressions employed here to determine the non-
dimensional coordinates ﬁl and ‘22 of the nodes for any element order are provided in table Al.
One can note that, regarding the non-dimensional auxiliary space, the nodes with the same coor-

dinate ﬁl or ‘22 are equally spaced.

nnpe

Figure Al Internal numbering of the nodes for a general two-dimensional triangular finite element. The symbols §1 and az are the

non-dimensional coordinates of the triangular auxiliary space (see section 2). The integer i denotes an auxiliary variable and ranges
from 0 to p.
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Table A1 Determination of the non-dimensional coordinates i and az for the triangular finite element of figure Al.

1

Loop i=0.p
Loop j=Lli+1

4

k=1+j+

_i-j+l
p

&, (k) :JT?I

End of the loop j=Li+1

End of the loop 1=0.p

For any isoparametric triangular finite element of order p, all the shape functions can be written
via the following general polynomial expression:

0, (g) =l +ClE +CEE +CRE +CRE E +CREl +cE B +cfE B2 R+t

k 2¢p-2 k -1 k
C(nnpe—3)§1 &g + C(nnpe—2)§lég + C(nnpe—l)gs

(A2)

where C: is the n-th coefficient of the shape function associated with node k. Expression (A2) can

be rewritten in an alternative way:

1 1 1 1 1 1 1
¢1 CO Cl CZ c3 C4 CS nnpe—1 1
2 2 2 2 2 2 2
o, € ¢ ¢ G € Cs Conpe-1 g,
3 3 3 3 3 3 3
¢3 C0 Cl CZ c3 C4 CS nnpe-1 222
4 4 4 4 4 4 4 2
o, c, ¢ c, ¢ ¢ c &
— nnpe—1 (A3)
5 5 5 5 5 5 5 s
¢5 C ¢ ¢, ¢, Cy Cs nnpe-1 1=2
2
0 6 6 6 6 6 6 6
2
_6 C0 cl C2 C3 c4 CS nnpe—1 .
¢nn e nnpe nnpe nnpe nnpe nnpe nnpe nniae &g
p C e C
0 1 2 3 4 5 nnpe—1
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This expression is the expanded form of equation (31). In order to determine the matrix of coeffi-

cients MC one uses the property of the Lagrange polynomials:

®,(8,)= (M. ) [ e (8,)] =8, (A1)

where @ (&k) and |:V§ (ﬁk)] are the values of the shape function @, and the vector component
i

(Vg). at node k; and O, is the Kronecker delta. Expanding equation (A4):
j

n(@)  al)  als) al)  als) els) e (innpe)
0E)  0@)  0)  el)  els) el e (‘5nnpe)
o3(8)  es(E2)  es(e)  es(za)  eses)  es(ze) e (gnnpe)
04(81)  0a(82)  eales)  ea(ea)  eales) ealzs) e (innpe) -
os(@) os(ea) es(es) es(ea) es(es) es(zg) e (gnnpe)
0s(81)  0s(E2)  06(5)  eslea)  e6les)  es(zg) - e (innpe)

q)nnpe (&41) q)nnpe (§2) q)nnp; (§3) q)nnpe' (&-'4) q)nnpe‘ (§5) ¢nnpe' (§6) q)nnpe (énnpe) i (A5)

[ 1 1 1 1 r

c c c c " Chnpe— 1 1 1 1 1

cg cé cg c% e 2 P S (1) & (2) §1(3) S (4) g (nnpe)
0 1 2 3 nnpe—1

c3 c3 C3 03 C3 &2 (1) E-'2 (2) &2 (3) ?;2 (4) &2 (nnpe)
b d BT Al a6 s sl sl |
€ °f S 3 " Cppne 1 ! 1\ 1\ 1 m:lpe

e e e e () 60 60 ) - el

or McoefMi =I :>Mcoef =ME_,71

where gl (k) and &2 (k) are the non-dimensional coordinates of node k; I is the identity matrix.

As one can see, the matrix that contains the coefficients of all the shape functions is easily found

via a simple matrix inversion. The determination of the matrix ME and the vector Ves for any

element order p, is provided in tables A2 and A3, respectively.
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Table A2 Determination of the matrix Mi (see expressions A5 and A6) for finite element of figure Al.

Loop i=0.p

Loop j=Lli+1

Loop 1=1nn

M, (1K) =] &, () |[£, ()]
End of the loop 1=1,nn
End of the loop j=Li+1

End of the loop i=0.p

Table A3 Determination of the vector V& (see expressions 31 and A3) for any point P inside the domain of the element depicted in

figure Al.

Loop i=0.p

Loop j=Li+1

i(i-1)
2

k=i+j+

End of the loop j=1i+1

End of the loop i=0.p
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The derivatives of the shape functions in respect to the non-dimensional coordinates &1 and

€, , used to calculate the gradients (15) and (16), can be found from the general expression (A2):
a0,

g = C:( + 2C};§1 + C:€2 + 3clg§12 + 2(:17(&1§2 + ngi ot 2(:E(nnpe—3)§l§‘2)_2 + Cz(nnpe—Z)ég_l (A7)
1

15 10) g
a—gk = C; + CZE_,I + 2Cl;§2 + Cl;glz + 2C;§1&2 + 301;&5 Foeet (p - 2)Cz(nnpe—3)§l26"§ ’ +
2

(A8)
_ k p—2 k p-1
(p l)c(nnpe—2)§1§2 + pc(nnpe—1)§2
Following a similar procedure of the expanded expression (A3), one can write:
1 1 1 1 1 1 1
q)l Cl 203 C4 3C6 2C7 08 nnpe—2 1
(1)2 cl2 2C§ cézl 3(:(23 2C§ C£Z§ Crzmpe—Z %1
3 3 3 3 3 3 3
(I)3 Cl 2C3 c4 3C6 2C7 c8 Cnnpe—Z a2
4 4 4 4 4 4 4 2
d ¢4 — ¢ 2C3 ¢, 306 2C7 Cs nnpe-2 1 A9
IS ¢ 2 ¢ 3 22 c > &S, )
5 1 3 4 6 7 8 nnpe—2
2
[0} 6 6 6 6 6 6 6
2
'6 Cl 2C3 C4 3C6 2C7 CS nnpe—2
¢ .
nnpe nnpe nnpe nnpe nnpe nnpe nnpe nnpe E_)z
Cl 2C3 C4 306 207 CS nnpe—2
1 1 1 1 1 1 1
0, c, c, 2c; c, 2¢, 3¢, - PC et 1
0, ¢ & 2 g 2 3 Pl || &,
3 3 3 3 3 3 3
o, ¢, ¢, 2¢; ¢, 2¢; 3¢y o PC inpe-t &2
2
d o, | | ¢ ¢ 2! ¢ 2 3 pCy ey X
o B 5 s s 5 s s 5 s (A10)
2 0} c, c, 2c; c 2¢, 3¢, PCope 192
2
0 6 6 6 6 6 6 6
2
.6 C2 C4 2C5 C7 2C8 3C9 p nnpe—1 .
o .
nnpe nnpe nnpe nnpe nnpe nnpe nnpe nnpe &2
c2 C4 2C5 c7 2C8 309 p nnpe—1
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These equations are the expanded forms of expressions (32) and (33), respectively. Regarding the

triangular element of figure Al, the determination of the matrices M, and M,, and the vec-

tors Ve and Ve, - for any approximation order p - are provided in tables A4 and A5, respective-

ly.

Table A4 Determination of the matrices Mdl and Md2 (see expressions 32, 33, A9 and A10) for the finite element of figure Al.

Loop m=1,nnpe
Loop i=0,(p-1)
Loop j=1,i+1
M
2

k=i+j+

Mdl

coef

(k,m)=M_, (k+i+1,m)(i-j+2)
ME, (k,m) =M, (k+i+2,m)(j)
End of the loop j=1,i+1
End of the loop i=0,(p-1)

End of the loop m =1,nnpe

Table A5 Determination of the vector Vd& (see expressions 32, 33, A9 and A10) for any point P inside the domain of the element

depicted in figure Al.
Loop i=0,(p-1)

Loop j=1,i+1
i(i-1
k:i+j+¥

(Vd: )k - [&4 (P)i_j+l][ﬁ~3 (P)H]

End of the loop j=Li+1

End of the loop i=0,(p—-1)
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