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Abstract

The fundamental difference in the solution of solids and fluids relies on the respective constitutive laws. Based
on the Rivlin-Saunders-Dister-Hartmann hyperelastic model and using the Flory’s strain decomposition, we
present a new total Lagrangian viscoelastic constitutive model for both Kelvin-Voigt viscoelastic solids and
free-surface compressive viscous isothermal fluids. A dissipative viscous virtual work is written as a function
of the time rate of isochoric invariants and its relation with the viscous stress is derived. Local time derivatives
are solved by backward finite difference, allowing a consistent tangent viscoelastic constitutive tensor. The
virtual work principle is used to write the weak equilibrium equation and its position-based finite element
counterpart. Dynamic time integration is carried out by the Newmark ,8 method and the Newton-Raphson
procedure is used to solve time steps. The formulation is validated against experimental and numerical
literature results revealing good precision. Additional examples are shown in order to demonstrate the
applicability and future possibilities of the technique.
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1 INTRODUCTION

Regarding solid applications, the development of the finite element method (FEM) is quite old and, among others,
pioneers works should be mentioned and briefly commented: Courant (1942) introduced the idea of the minimization of
a functional using linear approximation over sub-regions, Argyris (1954) developed the matrix theory of structures for
the discrete elements leading to concepts as stiffness and flexibility, Turner et al. (1956) started discussing global stiffness
of truss elements and introduced triangular plate elements, Clough (1960) introduced the name Finite Element Method
in an important work on dynamics, Clough (1989), and Zienkiewicz and Cheung (1965) extended the FEM for no-structural
applications and torsion. Originally, the solution of linear structural problems, with small displacements and simple
constitutive relations, has been the focus of FEM researches. Formulations considering large displacements and small
strains are part of FEM evolution regarding solids and structures, for a brief description one may consult Bischoff and
Ramm (2000), Sansour and Bednarczyk (1995), Gruttmann and Wagner (2001) and Benson et al. (2011). These works
were interested in solving thin plates and shells developing large displacements and rotations.

More challenging problems, involving nonlinear constitutive laws as plasticity and damage mechanics, have been
widely studied using FEM, even though considering small displacements and strains (Havner (1966), Miehe et al. (2013)).
However, considering small strains avoids modeling hyperelastic materials as polymers and problems related to
manufacturing and general structural collapse as, for example, cold forming and crashworthiness.

Problems involving large strains, large displacements and hyperelastic nonlinear constitutive relations, also solved by
FEM, bring important contributions to the understanding of highly deformable solids and general applications as one can
see, for example, in Holzapfel and Simo (1996) for isotropic finite strain elasticity, Gasser and Holzapfel GA (2002) for
orthotropic and biological elastic applications, Vergori et al. (2013) and Latorre and Montans (2015) for anisotropic finite
elasticity. As the constitutive equations of hyperelastic materials will be the focus of our derivations, it is important to
mention that its constitutive models can be classified mainly in 3 groups: (i) phenomenological, which are based on
experimental observations as the Mooney-Rivlin model (Mooney (1940), Rivlin (1948a) and Rivlin (1948b)) and the models
proposed by Yeoh (1990) and Ogden (1972); (ii) mechanistic, which considers the structure of the mater as the Arruda and
Boyce (1993) model and the Neo-Hookean model (Treloar (1943)); and (iii) hybrids, that mix both groups, see Gent (2001)
for details. One can mention viscoelastic model, where strain rates are also considered (Argyris et al. (1991), Chen et al.
(1993), Holzapfel (1996), Shutov et al. (2013) and Pascon and Coda (2017)). When large strains and nonlinear constitutive
laws (plasticity or viscoplasticity) are considered, the idea of near incompressibility and flux laws appear.

In general, formulations that consider finite strain plasticity use local plastic potentials to define flux direction and
the Kroner-Lee (Kroner (1959) and Lee (1969)) multiplicative decomposition to split elastic and plastic strain. This strategy
results in difficult expressions and in an intermediary plastic space (Simo (1992), Reese and Wriggers (1997), Jiao and
Fish (2018) and Hudobivnik et al. (2019)). Some interesting FEM applications using plastic potentials, as metal forming
and stamping, can be seen for example in Chungetal. (1998) and Schwarze et al. (2011). The same Kroner-Lee
multiplicative decomposition is also used to describe finite viscoelasticity or viscoplasticity (Pascon and Coda (2015) and
Pascon and Coda (2017)). Although considering large strain viscoplasticity, none of the above mentioned works extended
their formulation to model fluids, as it will be done originally here. At the same time the evolution of FEM modeling of
fluids, briefly described in what follows, does not goes in the direction of a unification with solids modeling.

Regarding fluid applications, a general overview of several computational frameworks can be found in textbooks as
Anderson (1995), Chung (2002), Zienkiewicz et al. (2005) and Reddy and Gartling (2010). Due to some aspects, such as
the facility to use arbitrarily unstructured meshes and, particularly, due to the simplicity of boundary conditions
enforcement over complex boundaries, the FEM has been conquering more space in fluid mechanics. However, fluid
dynamics analyses under Eulerian description may present dominant convection, so the direct application of standard
Galerkin method, as the FEM, to solve the governing equations leads to nonsymmetrical matrices with spurious behavior
in solutions (Brooks and Hughes (1982) and Elias et al. (2006)). Many researchers have developed techniques to increase
FEM stability and robustness for fluid dynamics, such as Tezduyar (1992), Tezduyar and Senga (2006), Akkerman et al.
(2008), among others.

For free surface flow problems it is not possible to apply a pure Eulerian description, as the fluid domain is
dynamically deformed, denoting a moving-boundary problem. In this context, Arbitrary Lagrangian Eulerian (ALE)
stabilized formulations have been developed by Donea et al. (1982), Franci et al. (2016) and Duarte et al. (2004); and the
stabilized space-time formulation by Tezduyaretal. (1992). Such methods allow deforming the fluid domain
discretization by mesh updating. However, this mesh updating respects the fluid movement only at the boundary and
fluid flow is allowed between general internal elements, eliminating any possibility of solid modeling.

As an alternative to ALE, the updated Lagrangian description has been applied together with particle methods
concepts to develop the Particle Finite Element Method (PFEM) (Idelsohn et al. (2004), Idelsohn et al. (2006) and
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Idelsohn et al. (2008)), providing a good solution for free surface flows with topological changes in the fluid domain. This
strategy also demands remeshing and needs special attention in defining physical properties. The PFEM is dedicated to
model fluids, the remeshing is specialized for linear triangle elements and - during this process - elements are eliminated
and/or created, i.e., the mass balance is not preserved.

In this study we propose an original link between solid mechanics and free surface flow fluid mechanics. We take
advantage of the finite strain solid mechanics for hyperelastic materials and its tensor algebra, Flory’s decomposition
(Flory (1961)), to propose a total Lagrangian formulation covering both Kelvin-Voigt-like viscoelastic solids and viscous
fluids. When simulating fluids, the proposed formulation is limited to isothermal-compressible-viscous free-surface flows
with finite distortions and free of topological changes (no surface break and no fluid-fluid surface contact). The resulting
constitutive law is implemented in a total Lagrangian positional FEM code integrally developed in the Structural
Engineering Department of the University of Sdo Paulo. As it is a solid-based computational code, it is important to
mention that the local viscous time derivatives are solved by backward finite difference, making possible to write a
consistent tangent viscoelastic constitutive tensor. Time integration is carried out by the Newmark f method and the

Newton-Raphson procedure is used to implicitly solve time steps. It is important to mention that the positional FEM has
been developed and published originally in Coda (2003) and applied in various structural subjects as: flexible multi-body
dynamics in Coda and Greco (2006), geometrical non linear analysis of shells in Coda and Paccola (2008), inflatable
structures in Coda (2009), 3D frames in Coda and Paccola (2011), inverse problems in Coda (2015), in aero space
structures in Siqueira and Coda (2019) and finite elastoplasticity in Coda (2021). There are three main advantages of
using positional FEM, in order of importance: (i) the use of unconstrained vectors to substitute finite rotations in 3D
frame and shell analyses, (ii) the natural presence of a numerical chain rule that facilitates the mapping of geometrical
nonlinearities and (iii) as the resulting formulation is total Lagrangian the mass matrix is constant and the time integration
can be done in the same way of geometrical linear dynamic analysis.

This work is organized as follows: Item 2.1 describes the weak form of the equilibrium equations, valid for both solid
and fluids, detaching the total stress that will be considered for both solid and fluid constitutive models. In item 2.2 we
describe the adopted hyperelastic constitutive equations emphasizing the uncoupled strain directions. In item 2.3 the
dissipative viscous virtual work is written regarding the time rate of isochoric invariants and both the viscous stress and
the tangent viscoelastic constitutive tensor are derived. Section 3 describes the steps to implement the positional FEM
computational code. In section 4 low-compressible flows and Kelvin-Voigt-like visco-hyperelastic examples are used to
validate the proposed model and to illustrate its possibilities. Acknowledgements and conclusions are given in sections
5 and 6, respectively.

2 DEVELOPMENTS — CONSTITUTIVE MODEL CONCEPTUALIZATION

This section introduces the original Lagrangian finite strain viscous model to be employed in solids and fluids
applications. In order to do so, we divide the developments into 3 topics, the first introduces the Lagrangian weak
equilibrium (movement) equations detaching its continuum mechanics characteristics, the second introduces the
meaning of uncoupled (volumetric and isochorics) Lagrangian strain directions and the third topic presents the viscous
constitutive model we seek.

2.1 Equilibrium equations — Strong and weak forms

Starting from the Eulerian local (strong) equilibrium equations, we write the weak form of the equilibrium equations
in its Lagrangian version and in a suitable shape for modeling continuum problems by the positional FEM.

The movement equations in the Eulerian description, see for instance Ogden (1984), are written using the Cauchy
stress tensor as:

V.6 +b=pj (1)
and
c=0o' (2)
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in which }; is a position of a particle inside the continuum, O'l-j is the Cauchy stress component acting on plane i in the
direction j, O isthe mass density, yl is the particle acceleration following direction i (material derivative of velocity)

and b,» is the i —th body force component. Eq. (2) corresponds to the 3 equilibrium equations in moment that are

satisfied for static and dynamic problems by the symmetry of the stress tensor (Ogden(1984)). Eq. (1) contains the 3
translation equilibrium equations in its strong (local) form.

There are many ways to achieve the weak form of Eq. (1), preparing it to FEM implementation. Here, we apply the
virtual work concept by the following scalar product,

sw=(V-6"+b-pF)-55=0 a)

in which 5y,. is a variation of positions };.

Integrating Eq. (3) over the spatial domain, the virtual work is written as:

5W=IV(V-GT+5—pj7)-5j/dV:O )

and, by distributing the integral, one gets:

J, o054V [ vy [ (v-6")-55 4V =0 5

In order to deal with the last term of Eq. (5), we use the following property:
(V-GT)-5)7 :V(GT -5)7)—6T :V(5y)
Replacing Eq. (6) in the last term of Eq. (5), and applying the divergence theorem, one writes:

oW = p3-6y av—| b-55dV —[ o657 dS+[ o™ :V(5F)dV =0 o

where i’lj is the j—th component of the normal unity vector to the current surface S' of the analyzed continuum.

Recalling the Cauchy formula, hi =0 ;N; (in which hi is the distributed force over the Neumann boundary), and taking

into account the stress tensor symmetry, we write:

5W=J-ij7'6)7 dV_IVE'5f’dV—IS}7-5)7 dS+J.V0':5g drv =0 8

with 581-]- = (5)/,»’] +5yj,i)/2 being a variation of real strain (measured in Eulerian reference), which is mostly known

in its rate version éij = ()'/i,,- + yj,,-) /2 (Ogden(1984) ).Grouping terms of Eq. (8) one has:
oW =0K+0P+0¥ (9)

in which K is the kinetic energy, P is the external force potential and ¥ is the Helmholtz free energy (Ogden(1984))
for isothermal states that includes, in this study, the specific strain energy and viscous dissipation. Moreover, Eq. (8) is
the weak form of the equilibrium equation for the continuum media in the Eulerian reference.

Latin American Journal of Solids and Structures, 2022, 19(4), e449 4/37



Large strain Flory’s decomposition for Lagrangian modeling of viscoleastic solids and compressive fluids Renato Takeo Kishino et al.

To obtain the Lagrangian description of Equation (8), the continuity theorem is applied to the first term of Eq. (8),

J, P07 av = pj-67dV, o

and volume forces are considered proportional to density,

J, 0634V =] pg-oydv = pg-67dv, 11)

In equations (10) and (11) we use the well known property P = [, I J inwhich J =dV'/ dVo is the determinant
of the deformation gradient defined in what follows. In this work, we consider that tractions over Neumann boundary
are conservative forces. Cauchy stress tensor O , second Piola-Kirchhoff stress tensor .S, real strain variation d¢ and

Green strain variation O E (energetically conjugate to the second Piola-Kirchhoff stress), are related by (Ogden(1984)
and Bonet and Wood (1997)):

c:%ASAT and 6:0e=S:0E (12)

in which Al-j is the deformation gradient as usually given in finite strain elasticity, .J is its determinant and the Green

strain is defined as E = (AtA—I) /2= (C —I) /2 with C=ATA being the Cauchy-Green stretch.

From Equations (11) and (12), the week form of the equilibrium equation in the Lagrangian description is written
as:

W= p§-o7dv,~| B°-55dV,~[ -6 dS,+] S:6EdV,=0 »

Eq. (13) will be recalled in section 3 to define the FEM formulation, in this study using positions as parameters. It is
interesting to advance that the proposed viscous modeling will compose the total stress .S together with the
hyperelastic stress.

2.2 Hyperelastic constitutive law and Lagrangian uncoupled strain directions

In this topic we describe the multiplicative decomposition of the deformation gradient due to Flory (1961) and, from
its result; we introduce the Lagrangian uncoupled strain directions that allows the definition of the proposed viscous
model. We also state the adopted hyperelastic part of the complete model.

Cauchy-Green stretch decomposition

Adopting the Green strain as reference, one writes the variation of the Helmholtz free energy of Eq. (9) as:
0 0
&y:—w:&E with —W=S (14)
OE OE

In hyperasticity it is a current procedure to split the Helmholtz free energy (strain energy in this topic) in two parts,
volumetric and isochoric, as follows:

y = l//vol (é) +l//isol (TI (E)) 4 WisoZ (72 (E)) (15)
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whose parameters are the volumetric € and isochoric C parts of the Cauchy-Green stretch tensor C . It is worth

isol is02
notingthat /' and ¥/ are written, respectively, as a function of the first and second invariants of the isochoric part
of the Cauchy-Green stretch tensor. The volumetric C and isochoric C parts of the Cauchy-Green stretch tensor are
achieved applying the Flory’s decomposition over the deformation gradient 4 (see Eq. (12)), as follows:

A = AA (16)
with

A=J"I = det(A) -J (17)
A=J"A :det(K)=1 (18)

Using the shape of Eq. (16) and taking advantage of the definitions given by Egs. (17) and (18), we calculate the
Cauchy-Green stretch as:

C=A"A=J"*A"A =J*°C orinversely A =J72°C (19)

resulting Det(C) =1 , constant.
Defining

C=A"A =7, (20)

results in the desired multiplicative decomposition applied to the Cauchy-Green stretch tensor as:

A ~

C=C-C=C-C (21)

~ 2 — ~
One may observe that det(C) =J = det(C). From C and C one writes and improves various hyperelastic

constitutive models, see for instance Rivlin and Saunders (1951), Bonet and Wood (1997), Dister et al. (2003), Hartmann
and Neff (2003).

Lagrangian finite strain directions definition

The definition and understanding of the Lagrangian finite strain directions (volumetric and isochorics) start by the
analysis of the derivative of parts of the hyperelastic Helmholtz free energy (Eq. (15)) regarding the Green-Lagrange
strain.

Observing Equation (20) and comments after Equation (21), the volumetric elastic part of the Helmholtz free energy
potential (Eq. (15) is written as an exclusive function of the Jacobian of the deformation function, as:

v =ik () =i (Jae©) ) @2)

from which one calculates the corresponding second Piola-Kirchhoff stress as:

S:](;lY — al//:l(;{s — 8‘”:;;{? a_'] =« @V"l
RG] oJ OE

(23)
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[
with & = 8!/16le / 0J being a scalar and & a symmetric tensor of the same order of the Green strain. It is simple to
show that:

évol zg_é: C—l (24)

Applying the first part of Eq. (12) over the second Piola-Kirchhoff stress of Eq. (23) (pulling forward) results in:

Gvgl _ iASVOl_AT — C{J%AC_IAT =al= o-hyd ’ (25)

elas elas
J

which means that €VO[ is the Lagrangian strain direction corresponding to the hydrostatic stress in the Cauchy space

]
and & = 8‘//:1(:” /0J corresponds to the hydrostatic second Piola-Kirchhoff stress intensity. The identification of the

vol

Jas and the corresponding strain direction & s important to define the proposed

Lagrangian hydrostatic stress S
viscous model.
The first isochoric elastic part of the Helmholtz free energy potential is written as an exclusive function of the first

invariant ( 11 ) of the isochoric part of the Cauchy-Green stretch tensor C as:

isol isol (T
l//elas = V/elas (Il ) ’ (26)
from which one calculates the corresponding second Piola-Kirchhoff stress as:

isol AT
isol __ al//elas 8]l —

o e 27
elas 6 Il aE ﬂ ( )

where £ is a scalar and & isa symmetric tensor of the same order of the Green strain. Opening 11 one writes:

o ar _0u(C) a(s w(C))

from which one finds:
isol 2 -2/3 -1 -2/3
&P = _EJ tr(C)C™ +2J°7°1 (29)

Considering Eq. (29) and applying the transformation (12) over Eq. (27) one finds:

s, = 2753 AA! — tr(ATA)

isol

I (30)

is a deviatory O, stress, i.e.:

N

As tr(ATA) =A:A"=A": A =tr(AA"), one concludes that O,
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6, =p2J7" AAT—M

isol 3 I = Gdev (3 1)

which means that e”""l /\/G“m1 :e’“’"l is the first isochoric Lagrangian strain direction corresponding to a deviatory
strain, and 3 = (8(//6231 /6] )\/e"""‘ - & "°! s the associated second Piola-Kirchhoff stress intensity.

AY

The second isochoric elastic part of the Helmholtz free energy potential is written as an exclusive function of the

second invariant of the isochoric Cauchy-Green stretch tensor 12 as:

vl =y (L) (32)

from which we calculate the corresponding second Piola-Kirchhoff stress as:

) 6 iso2 6 I .
R - (33)
oI, OE

with 7 and &2 being respectively a scalar and a symmetric tensor of the same order as the Green-Lagrange strain
tensor. It is interesting to write:

72 = J_m[z =J {(C11C22 - C12C21 ) + (Cucss - C13C31 ) + (C22C33 - C23C32 )} (34)

in which [2 is the second invariant of the Cauchy stretch. With some algebraic effort over Eq. (34), results:

o,
OE

Err =2 (—%C"Iz +{ (O —CT}] (35)

Using Eq. (12) over Eq. (33) and considering Eq. (35), one writes:
2
o, =y2J7" {( tr(C)(AAT)_(AAT)(AAT ))_(Ejzjl} (36)
Again, as tr(C) =tr(ATA) :tr(AAT), results:

tr(AAT) tr(AAT) —tr((AAT)(AAT)) = 21, (37)

From Equation (36), using Eq. (37), one calculates,

tr(o,,,)=2yJ""(21,-21,)=0 (38)
thus:
o-iso2 = o-dev (39)
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In equation (39) one concludes that O;,, is deviatory and, thus & /\/@"m2 : @™ is the second isochoric
Lagrangian strain direction, and » :(61/1"""’2 /afz)x/e‘"""z - @&"°2 s the intensity of the second deviatory Piola-

elas

Kirchhoff stress. Thus, fvo,, e’iSOI/\/@'MIZe"MI and e’isoz/\/@isoz ¢ are the Lagrangian version of

hydrostatic, deviatory 1 and deviatory 2 uncoupled finite strain directions.

The adopted Hyperelastic part of the model

We chose a Rivlin-Saunders-Diister-Hartmann type hyperelastic constitutive model, Rivlin and Saunders (1951) and
Dister et al. (2003), i.e.:

K n —2n
v, :W(J2 +J7"=2) (40)
and
G/~ G/~
Visor T Wisor :Z(Il_?’)"'z(lz_?’) (41)

In which K is the bulk modulus, G is the transversal elastic modulus and 7 # 0 is an integer. Other hyperelastic
potentials that respect the volumetric and isochoric split can also be chosen.

Differentiating equations (40) and (41) with respect to Green strain, using information and results of equations (15),
(23), (27) and (33), we find the second Piola-Kirchhoff elastic stress as:

Selas = {E(J_J3 )}evol +§6isol +§6isoz -
4 A 4

in which # =1 is adopted here.

2.3 Proposed simple Kelvin-Voigt-like solids constitutive model including viscous fluids Lagrangian modeling

Let us consider the Helmholtz free energy (scalar) written as the sum of two parts, one hyperelastic (Equation(42))
and another viscous. This sum can only be represented in its differential form (Lanczos (1970) and Sanches and Coda HB
(2013)), as there is not an explicit representation for dissipation, i.e.:

Sy =0y, +0y, =S :6E+S"" :SE+8%7 :SE+S" : SE+S"": SE+S" : 6E (43)
or, splitting
vol isol iso2
S:6E=S,, :6E+S, :SE= OV et + OV + OV e :OE +(S:§’S’ +S¥ 4 S’;ﬁz) :0E (44)
OE OE OE '

in which the elastic stress components are given by Eq. (42) from the definition given in the second of Egs. (14) and the
steps described by Egs. (23), (27) and (33).

The primary idea to write the viscous stress is to make an analogous of the hyperelastic relation (Eq. (42)) to
incorporate viscosity assuming that the time rate of the split strain directions would suite a constitutive relation, i.e.:

Sy, =S 0E= [§@ ! +%é‘"‘"1 +%@"‘“’2j :OE (45)
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However, contrary to small strains (Mesquita and Coda (2007a) and Mesquita and Coda (2007b)), the time
%

derivatives of volumetric and isochoric finite strain directions do not preserve direction. Thus, S

vis Serves only as an

inspiration to the following developments.
Inspired in Egs. (40,41,42,45)))))))) in order to keep isotropy, the viscous virtual work should be written regarding

the proper scalar variables with their variations expanded to comprise strains, i.e., 0J =0J/0FE:0E and

5Ti = al_l- / OE : 0K . This is done by:

_ K daJ* G, dl; 5T =
4 /évol :evol dt 4 /e‘zso(l) élvo(z) dt i
_ _ (46)
_ K Jalja_‘]+ yllla %1] 81 -OF

4 e-vol :e-vol 8E 4 [e‘tlsal e‘”wl aE 4 [61502 e-zsoZ

From Eq. (46) and Egs. (24), (29) and (35) the following expression for the second Piola-Kirchhoff viscous stress is
written,

Iz aJa—ljeﬂ/ol G 7/1[ - Ietmol . 62 7/2]_2}/2711;261‘5‘02

S_ e — I
VIS 4 /eg vol :e*vo/ 4 \/eﬂvol 61;01 4 \/e:is()Z :61’502

(47)

in which K is the fluid volumetric viscosity Holmes et al. (2011) and Gi are shear (isochoric directions 1 and 2)
viscosities and &, &' and €& “°? are strain directions. In order to be coherent with the elasticity understanding we

assume G = Gl = Gz- Adopting the viscous parameters Y} =}, =1/2 and K = 0 one reproduces Newtonian fluids
and a simple Kelvin-Voigt visco-hyperelasticity. Notice that, as time strain rates are written as function of dimensionless

scalars (strain invariants), the values of & and }; can be investigated for different viscous behavior. When these

parameters are null, logarithm viscosity is assumed. The investigation of the fluid behavior regarding different choices of

O and }; is out of this study objectives; however some inspections are made in example 4.5.

In short, Eq. (44) becomes:

S:0E= (S +S )25EorS=S

elas

+ svis (48)

elas

For fluids, when calculating Se,as only the volumetric part of Eq. (42) is considered, i.e. G =0. When modeling

elastic solids G#0 and K #0 but G =K =0. For viscoelastic solids all elastic and viscous constants are taken into
account. Moreover, it is important to note that the volumetric viscosity is disregarded K =0 unless for specific cases
Holmes et al. (2011).

To define the numerical solution procedure (in the next item) it is necessary to know the viscoelastic tangent
constitutive tensor, given by:

as asdub +as¢ = e‘elas +mv[s (49)
"OE OE OE

The first term can be calculated as:

2
— e- vol +e- isol 61502 a '{Ielag

e‘elas P—
OE ® OE

(50)
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with
o o, ow,  al 0 0¥ 0*J
= =— =8+ (51)
JE®QOE 0J° 0E OE 0/ OE®OJE
wl | OW ow! ol ol 0¥ 0%
— isol lS(2) 1 ® 1 + _iso 1 (52)
OE ® OE (5]_1 ) 0E OE 0l, JE®CE
2 2ur? Y2 T 2 27
iso2 __ a llUisoZ _ a l[/iso %@%_1_ a‘{/iso a ]2 (53)

_8E®8E_(572)26E OE 0, OE®OE

in which 0J / OE is given by Eq. (24), 071 | OF is given by Eq. (29), 872 / OE is given by Eq. (35) and the other terms are

given, as:

oY, K
== (14377 (4]
oJ 4
2 o
a—JzJ{D D, -2D,D, }=—1" (55)
an}/ a EUZ Jr J 4 a EOZ
azl_ 4 s 1 a G";YOI
ngj E{DﬁDM+3DikDé/.}Il—Dﬁ5H—DH5ﬁ :aTJM (56)
and
2
- -D,D,,+D,D, \I,-|C_|\D,o,+D,0,)|+ iso
82]2 :§J74/3 |:3 vk * /j:| ? I: ZZ( v Y U)] :86‘:} ’ (57)
OE,0E,, 3 OE,,

3
+Dg‘jth + DMC[/ + 5 [5@/5/{[ - 5_//(5,'4‘ ]

in which Dl.j = CI.J_.I. One may note that in this model 6°%} /(571 )2 =0 and °¥ /(aj_2 )2 =0.

As the goal of this study is to give a numerical solution for both fluids and solids, we approximate the strain invariant
rates in Eq. (47) by backward finite difference (usual in fluid mechanics), instead of using backward-Euler stress
integration (usual in solid mechanics) so that:

5., =K e (—JM _JSJeV"l+%%7JLJ) {—(Il)”l _(I‘)Sje"““‘ +%7J o [—(12)“' _(IZ)S}@’W (58)

vis 4 s+1 At At 2(s+1) At

Differentiating Eq. (58) regarding current strain (implicit method), it results the following numeric tangent
constitutive tensor at the current time (s +1):
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74 2
%vis — aSw’s — K aZJa—lévol ®€vol +aJa a J +
OE 44t OE ® OE
61 27 7—1 prisol isol T 827
+— LT E QEN 4y I ——— |+ 59
4At[71 1 Ny E®E (59)

G, [ 27yt giso 502 -, 0L,
+ e ] ;/2 @’ 150 ® @’ 150 + I }/2 —2
4At(72 : 7 E@E

Notice that terms related to the past (of Eq. (58)) do not appear in Eq. (59) as they are constant. Substituting &,
& and €& “°? by their respective definitions (24), (29) and (35), and using index notation, it results:

2
l.lv.,’fK:L K|a?J*! & ot +aJ” oJ
Ly OE, OF,, "~ OE,0E,

aol o o+, &

+G,| 21 — gy I == |+
"' ek, eE, "' OE,0E,

(60)

o -
+G,| e Oy e 0L
OE, GE,, OE, 0E,,

in which, for simplicity, the current time is not indicated.

3 BRIEF DESCRIPTION OF THE IMPLEMENTED POSITIONAL FEM

Position-based FEM has been used by the authors in several applications, see Coda (2015), Coda HB and Paccola
(2011) and Pascon and Coda (2013) for instance. The difference between this alternative and the classic FEM is the
adoption of positions as nodal parameters instead of displacements making solid mechanics description more compact
and direct. This gives to the technique a simple association with geometric nonlinear problems of deformable solids that
is easily extended here to model low-compressible free-surface flows.

Firstly, one chooses the nodal positions Y as the analysis parameters, thus the continuum position and
acceleration are represented by:

—

j=¢-7 (61)

j=¢-Y (62)

in which ¢ are usual FEM shape functions. Volume and surface forces, if desired, can be approximated by their nodal

values, as:
b'=¢-B° (63)
and

h=¢-P (64)
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where @ are surface shape functions.

The strain variation O should also be given as a function of position variation &Y , as:

Introducing such changes and considereing Eq. (48), the weak form of the equilibrium Eq. (13) becomes:

= - - Ok -
(JVOPO¢®¢dK).Y_JVO¢®¢d% B _JSO¢®¢ ds, .P+J‘V0(Selas +Svis):§ dl/()]'5Y:O (66)

As the nodal position variation SY is arbitrary, Eq. (66) turns into the following nonlinear system of equations:

M- V—F+F™ =0 (67)

in which the last term of Eq. (66) has been called internal force and its (nonlinear) calculation is clarified in the definition

of the finite element kinematics. Concentrated external loads can be applied directly in Fe .
In this study, the continuum (fluids and solids) is discretized by triangular-base prismatic three-dimensional finite

elements with linear or cubic approximations in their base directions (fl,fz ), and any order of approximation along its
thickness direction ( §3 ). Fig. 1 shows a finite element with linear approximation at «53 direction and cubic approximation

at fl and fz directions.

e

&

J?o A° 1;{"&3 SEg
’ / A
/"‘\\\\\

ERE | -1 N év:1..
(7) () NI

XN

Fig. 1: Deformation function described by prismatic elements

The position based kinematics description is given in a brief way as more details can be seen in references Sanches
and Coda (2013), Coda (2015), Coda HB and Paccola (2011) and Pascon and Coda (2013) for instance. In Fig. 1 one

observes that the initial configuration mapping describes the initial coordinates of continuous points X; as a function of

the dimensionless coordinates é and of the initial coordinates X . of nodes . Similarly, current continuum

ai
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coordinates }; are written as function of the same dimensionless coordinates and current nodal coordinates (unknown

of the problem) Ym- . These mappings are represented in index notation as:

f=x=¢, (&)X, and f' =y, =¢,(E)7, (68)

in which the last one is an index version of Eq. (61). The gradients of these mappings are given by:

Ox, oy,
A{(].) =—" and A; =D (69)
2, o¢,
Thus, the gradient A of the deformation function f (see Equations (12) and (16)) is given by:
A=A"(A") (70)

Eq. (70) is numerically written at each integration point for a trial position Y covering all nodes of the problem. As the
formulation is total Lagrangian, one may observe that the gradient of the initial configuration mapping A" is calculated
only once in the numerical process. Moreover, it is clear the dependence of 4 regarding Y.

After calculating the deformation gradient A , one calculates the Cauchy-Green stretch tensor and the Green strain
as:

C=A"A and E:%(C-I) (71)

Using the equations of the previous sections, all necessary variables, such as ¢, &', 2, J, 11 and 1.,

can be numerically calculated at each integration point of Eq. (66) or Eq. (67) and are function of nodal positions Y.
Eqg. (67) is valid at any instant and, in the numerical process; the current instant is written as the previous instant
plus a time step, as:

f, =t +Af (72)

in which Z,,, is the current instant. Thus, one writes Eq. (67) as:

gu=M:Y

s+1

+C-Y, —F+ (13”‘ +F"’1‘”) =0 (73)

s+1 s+1 s+1

in which, for simplicity, time  is omitted and the internal force is split in elastic and viscous parts. For completeness, a

damping matrix C is also included; following usual solid mechanic works Coda (2015).
As the formulation is total Lagrangian (constant mass matrix), we adopted the Newmark approximation to perform
the time marching, written as:

le:i+iAt+|:(%_ﬂJi+ﬂﬁ+l:|At2 (74)

Y:H =2+(1—7)At'Y:+yAt1?

s+1

(75)
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in which /2 and ) are free parameters, generally adoptedas f=1/4 and y =1/2.
Isolating the current velocity and the current acceleration from Egs. (74) and (75), results:

—

— s+l Q (76)
s+1 ﬁAtZ s
and
Y, =LV, +R -y, (77)
A ﬂAt s

with the following auxiliary values:

- }7 ? 1 ~ - =
= —= ——1|Y dRSZ[YS+At 1- Ys} 78
2 ,BAt2+,BAt [2,3 ] o ( 7) 8

Substituting Egs. (76) and (77) into (73), results:

+C-R —yMC-Q, —F(t)=0 (79)

s+1

A Y R R V¥, RAS
PAt ﬁAt

Eqg. (79) is understood simply as g(?m): 0, revealing the nonlinear behavior of equilibrium equations regarding

(ffm ), solved in this work by the Newton Raphson method.

Following previous works Coda (2015), Coda HB and Paccola (2011) and Pascon and Coda (2013), using a truncated
Taylor expansion, we have:

0=g(Y,.,)=g(¥)+Vg(¥2,)aY (80)
where
relas Fvis
Vg(ﬁﬂ) _H - aF_' n an 4 M 7/C :Helas _l_Hvis +den (81)
| or | or | s g

with H and H"™ being, respectively, the elastic and dynamic parts of the Hessian matrix. The viscous term H'™ is
an original expression introduced in this study and is a key value in the total Lagrangian isothermal fluid model and simple
viscoelastic model proposed here, see Eqg. (90).
From Eqg. (80), we write the linear system of equation from which the position correction AY is achieved as:
0
v (KH

)'Afz—g(ffil) or H-AY =—g (YO

s+1

) (82)

—

in which Y+1 is a trial position. In the beginning of a time step Y+1 is assumed as the result of the previous step, i.e., Y;
and at the end of the time step Y+1 becomes the accepted solution Y+1 Solving the correction AY in Eq. (82), a new

trial for 1, is calculated as:
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Y =Y° +AY (83)

s+1 s+1

At the beginning of each iteration, acceleration and velocity should be recalculated as:

= AT ,
Y, =—*% Q. andy —_2 yo
s+1 ﬂAtz S s+1 ﬂAt s+1

+ I_é_v — yAtQS (84)

-

As QS and RS are values of the past, they remain unaltered during iterations. The stopping test is given by:

S 50 AY
27| 7|
—<TOL or 5 <TOL (85)
HFext
in which TOL is the prescribed numerical tolerance.
At the first time step, the initial acceleration is calculated by the dynamic equilibrium equation as:
)'/; — M*l |:FZ;X[ _Fvelas _Fvvis -C YE)ji (86)

The elastic and viscous parts of Hessian matrix are derived for each finite element from the derivative of Eq. (73)
(see Eq. (81)) regarding the current position vector, as:

relas 2
Hela.v _ 8F :J‘ i(%a_EJdl/o ZJ‘V [6E . a l//elas .6_E+ 6Welas . 6E )dl/o (87)

oY  mar\ oE or 07 OEQOE 87 OE oY ®dY
. OF™ d oK OE 0S. OE oK
H" =— =I _"(Svis:_"JdV()zj —_.:i:—_.‘i'smlﬁ dVO (88)
oY  noy oY w\ oY OE oY oY ®0Y
or
2
H = Eoe s . 9E (89)
A 2 R 2 Y ) 7
2
H”i“zj. 6—12:9?:6—12+Sm:£ dv, (90)
| oY oY oY ® oY

in which Selas and € are given by Egs. (42) and (50), and SW-S and J7 are given by Eqgs. (58) and (59).

As mentioned after equation (48), the difference between solid and fluids is defined by the assumed elastic and
viscous constants, i.e.: with the proposed formulation one is able to model (in an isothermal way) both elastic solids,
viscoelastic Kelvin-like solids, and compressive viscous fluids.

4 NUMERICAL EXAMPLES

In this section, we present some selected examples to verify the proposed formulation and to explore some of its
possibilities. As fluid results are more easily compared with literature 2D solutions, only one 3D qualitative fluid example
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is presented. After validating the finite strain viscous behavior in 2D fluid analysis, for solid applications, we use three
simple 3D examples.

In most cases we adopt Y| =7, =1/2 for shear viscosity. , In order to measure }; qualitative influence, other

parameters are also tested in the 3D fluid example. In all fluid examples TOL =1x10"" is adopted together with a Af
sufficiently small to limit the number of iterations to 3. As expected, in fluid applications, limiting the number of iterations
proved to produce faster processing time than adopting large time steps. For solid examples the same tolerance is
adopted, but the number of iterations is not controlled.

4.1 Dam rupture - fluid

This problem is considered a benchmark to test free surface fluid flow solutions and is used to validate the numerical
and physical results of the proposed formulation. It is based on the experimental work of Martin and Motce (1958),
reproduced numerically by Nithiarasu (2005) using an ALE fluid formulation. The analyzed problem is a dam initially with

width W and height H , filled with fluid initially at rest. The dam suffers a subtle disrupt at the right wall (Gate), see Fig. 2.

The geometric and physical dimensionles properties are taken as presented by Nithiarasu (2005): W =0.35,
~ -3

H=070, g=1, p=1, G= H= 107 . As Nithiarasu (2005) treats the fluid as incompressible we adopted a high

value for the bulk modulus ( K =2.15x10°) to check the formulation overall behavior.

Y freesurface

I N
§
§
§
§
3
N free surface
N
~] .
N

H 3 slip

N
§
N
3
N
) | L |
N slip

— ~N

| |
w
(a) Initial position (b) Flow

Fig. 2 - Scheme of dam-rupture of Martin and Motce test (1958): (a) initial position; and (b) flow under open gate

Fig. 3 shows the adopted meshes, with number of nodes and element order. The elements are 3D prismatic with
unitary thickness and linear approximation in this direction. Both, vertical and horizontal walls are slip walls and the
adopted time step is 2.5x107*, no dimensions are given by reference. The analysis is carried out using 6700 time steps
with the maximum of 3 iterations at each step.

(a) 38 - Cubic (b) 324 - Cubic (c) 392 — Cubic (d) 3004 - Linear
Fig. 3 - FE meshes for dam-rupture model: (a) 38 cubic elements; (b) 324 cubic elements; (c) 392 cubic elements; and (d) 3004 linear
elements.
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In a first analysis stage, with the intact reservoir, the water is allowed to conform to meet the initial hydrostatic
stress distribution. In the second stage, the right side wall (gate) is instantly removed and the fluid is free to flow. We
compare the obtained results to the experimental values of Martin and Motce (1958), since the numerical results of
Nithiarasu (2005) are practically coincident with ours, see Fig. 4. The dimensionless time used by the reference to make

graphics is obtained by the conversion t*= t\/2g /W

7

—a— 38 Cub
6 +— &- 324 Cub I

| —%—392 Cuwb ,/'/ %
—-—--3004 Lin //'
S >k Experimental - Martin and Motce (1958) ://ﬂ/

0 1 2 3 4
Non-dimensional time

Fig. 4 — Relative enlargement of the fluid base along time.

As one can observe, the unstructured cubic approximation meshes present excellent results and practically coincide
with the results presented by Nithiarasu (2005). The structured cubic approximation mesh also shows very good results,
with a small reduction in total displacement noticed only for the poorest mesh. The unstructured mesh with linear
approximation presents an excessive displacement due to element’s distortions. These distortions occur to ensure the
nearly incompressible behavior, see Fig. 5. No regularization strategies are used for any of the presented results.

|

\
(a) Initial Position (b) Final position at 7 =4.183

Fig. 5 — Detail of FE mesh for dam-rupture using 3004 linear elements: (a) Initial position, (b) Final position

Fig. 6, presents some snapshots for discretization 324-Cubic, with colors representing displacements, from 0 (red)
to the maximum displacement at present instant (blue).

1.885E400
1.611E400
1.337E400
1.062E+400

7.880E-01
(LU 5.137E-01

2.394E-01
-3.492E-02
-3.092E-01
-5.835E-01

Displacements (a) £ =0.896 (b) £ =2.391 () t" =4.183
Fig. 6 — Displacement fields of dam-rupture model using 392 cubic elements at different times: (a) ¢ = 0.896, (b) # = 2.391,
(c) £ =4.183.
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In Nithiarasu (2006), an erratum of Nithiarasu (2005), the author presents a very smooth pressure profile along time
that can be reproduced by our formulation if a smaller bulk modulus is employed. Although this study is interested in
proving the formulation capable of specific applications, the following reasoning is presented for general interest.

For high bulk modulus our formulation exhibits, at the first time step (4r =2.5x107™*), after the instantaneous
disrupt, a result (presented in Fig. 7 for discretization 392 — Cubic) that indicates the need of a smaller time step in order
to verify the pressure wave propagation after a localized instantaneous pressure reduction. This pressure wave is
volumetric and is also called sound wave. In Fig. 8, using a time step of A7 =7.0x107, the pressure wave is detected by
exhibiting the first 20 time steps of this analysis, being the first static. Remembering that the pressure wave velocity is

calculatedas C, =/K / p =4.63x10" it is necessary approximately 10 time steps to the wave front goes through the

horizontal distance. As expected, analyzing Fig. 8 the wave arrives at the left wall about the 11th snapshot, after which
the reflections start. One may note that in Fig. 8 the color scale is different for each frame, that is, the pressure level is
not the same for each presented time.

1.472E-04 2.115€-04
-7.766E-02 -2.864E-02
-1.555€-01 -5.749€-02
-2.333€-01 -8.634E-02
-3.111E-01 -1.152€-01
-3.889E-01 -1.440E-01
PO o455 a7 e
o AVAVA AN WA 2 !

-6-223€-01 -2.306E-01
-7.001E-01 -2.595E-01

(a) Static result (b) First dynamic step 1 = 6x107*

Fig. 7 - Stress fields using 392 cubic elements (a) Static result — (b) Dynamic result at first time step ( Af = 2.5x107%)

el N
NN

Fig. 8 - Pressure wave propagation of dam-rupture model using 392 cubic elements for the first 20 time steps (At = 7.0X10_7) .

Using this small time step and this high bulk modulus the numerical result of pressure wave disperses for the total
time necessary to represent the “slow” dam flow, so we relaxed the bulk modulus value to K =215 that keeps the low
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compressibility of the fluid and ensure the stabilized pressure calculation. This procedure is justified by the artificial wave
speed (directly related to an artificial compressibility) adopted in Nithiarasu (2005) to capture quasi static pressures in
incompressible fluids. In Fig. 9 the achieved pressure profile is qualitatively compared with the one presented by
Nithiarasu (2006) as the reference does not presents time or values. The signal of the pressure is negative because it is
calculated here as in solid mechanics, i.e., the hydrostatic part of the stress tensor.

0.000E+00
-5.000E-02
-1.000E-01
-1.500E-01
-2.000E-01
-2.500E-01

-3.000E-01
-3.500E-01
. -4.000E-01
-7.000E-01
Nithiarasu (2006) Proposed model ¢ =1.534
Fig. 9 - Comparison of pressure profile of dam-rupture models: (a) Nithiarasu (2006); and (b) proposed model

It should be noted that, since there is no shear wave in the fluid, when the bulk modulus is high, the time intervals
required for the proper modeling of pressure waves and the overall movement of viscous fluids are very different. It is
also noteworthy that the discretization with linear approximation did not present precise results in our formulation, see
the end of example 4.3 for an attempt to a geometrical explanation.

4.2 Solitary wave - fluid
This example is used to validate our formulation in situations of difficult moving boundary situations. In this
example, the propagation of a solitary wave in a water tank is studied. The adopted physical properties are (Nithiarasu
y =
(2005) and Sung et al. (2000)): 0= lOOOkg/m ,G= 1 =0.001Pas and K =2.15GPa. The problem consists of

water confined between three smooth walls, with free surface in the top, as shown in Fig. 10. The adopted dimensions
for the numerical analysis are (Nithiarasu (2005) and Sung et al. (2000)): ¢ =16.0m, H =03m and d =1.0m.

| T |
T E X

Fig. 10 - Scheme of solitary wave model of Laitone (1960)

2
The tank thickness is 1m and the adopted gravity acceleration is € = 9.8m/s” . Initial conditions are calculated
based on the analytical solutions given by Laitone (1960) for r =0s, i.e.:

2 3/2 :
| . 7 . H 3H 3H
V=, =\/g_d7£sech( ’Ex]] and Y, =v, =3 d(;) (%j[mh["mﬁ XJJ tanh( ad xj

And introduced directly in equations (78) for s =0 .
It is important to mention that the initial shape of the solitary wave is given by:
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[3H _ 1H 3(HY
Y, =h=d+ Hsech - with c=1+————| —
L =h=d+Hsec ( Y¥E (x ct)J 3 20( dj

In this work, it is prescribed a volumetric force of by = P& that is responsible to develop the gravity pressure. We

adopt At =0.01s and two FEM meshes with cubic approximation, see Figs. 11a and 11b.

(a) Cubic approximation

(b) Cubic approximation

A
i
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yyy!

LIl
AAAA
Fada
A
Jrery
1
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144
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i
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vy

(c) Linear approximation

=

Fig. 11 - FE meshes of solitary wave model: (a) coarse (64 cubic elements), (b) fine (138 cubic elements); and linear (414 linear
elements).

Fig. 12 shows the vertical displacement of the upper right and left points for the two discretizations, without

considering surface tension. Fig. 13 shows the effect of the water surface tension (ts = O, O72N/m) using the richer

mesh.
0.8 + 0.8
07 | 0.7 +
.06 1 . 0.6 1+
=~ 05 + -+ =+ Right poor :%’ 0.5 + T
. . = - eft poor
@ 0.4 —Right rich g 041 Left rich
303 §
2.0.2 a
Qg4 [a}
0.0
0.1 } } } } |
0 3 6 9 12 15
Time (s) Time (s)
(a) Right upper point (b) Left upper point

Fig. 12 - Vertical displacements given by our solution (coincident with Nithiarasu (2005) )

The solution of the richer discretization, without considering the surface tension, has such a good agreement with
the solution presented by Nithiarasu (2005) and Sung et al. (2000) that it was not necessary to provide the solution of
the references in the figures. In addition, it is observed that the solution with poorer discretization is already sufficiently
precise for this problem.

0.8+

0.8 +
0.7+ 0.7+
—~ 0.6+ 0.6
= o~
= 051 -+ Righ £ 5]
[= . e
) 1 ——Right St c
g 0.4 g 0.4
3 0.3 303
o @
8 02 302
0 9.1 ‘ 0 g1
0.0 = e " 0.0 4
-0.1 } } } } | -0.1 } } } } ]
0 3 6 9 12 15 0 3 6 9 12 15
Time (s) Time (s)
(a) Right upper point (b) Left upper point

Fig. 13 - Surface tension (St) influence - richer mesh
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The application of surface tension is performed in a specific way for two-dimensional simulations, multiplying the
surface tension by the semi-thickness of the problem (1/2m in this case) and applying it as forces on the boundary

nodes in the direction of its neighboring node. As expected, due to the dimensions of the problem, the surface tension
has little influence, even so, there is a reduction in the peak of the second wave (on the right point) and a slight smoothing
of the overall response.

The high-order structured mesh is adopted, because, for the first example, it presents very good results. To stress
that linear elements are not recommended to be used with our formulation, a structured mesh with linear approximation
is also tested for the solitary wave problem, see Fig 11c.

Fig. 14 shows position snapshots for different instants and different discretizations, including the inadequate linear
approximation.

The presented maximum displacements (at Fig. 14) correspond to the finer cubic discretization are

u,(2.45)=0.722m , u,(7.0s) = 0.671m, u (11.65) = 0.675m

(a) 245  E—— —-—
(b) 7.0 B wmmwo B ——
(c) 11.65 —~ ——— T T
Time Rich Poor Linear
Fig. 14 - Comparison of displacement fields of solitary wave model using different meshes at three times: (a) t=2.4s; (b) t=7s; and (c)
t=11.6s.

Comments about the bad behavior of linear approximation are given at the end of the next example.

4.3 Formation of a flat bubble - fluid

This example is used to confirm and explain the bad behavior of the linear element regarding our fluid applications
(locking). It consists of a 1.0m® water volume, initially in the shape of a unit-side cube, released to move in the directions

-3
X, and X,, under the sole action of the considered surface tension l‘s =72-10"N/m. The application of this surface

-3
tension is made as explained in the previous example and its corresponding nodal force value is f =36-10"N .
3 al -3
The water properties are: density 0= IOOOkg/m , shear viscosity G= H= 1.02x10 PaS, bulk modulus

78 -3
K =2.15GPa and volume viscosity K =2.5X107Pas , see Holmes et al. (2011), for instance. The adopted time

interval is 10ms .
Two types of analyses are preformed, without any additional damping (for which the bubble vibrates indefinitely)

and other introducing an artificial mass proportional damping (€ = lkg.(ms)/mS) in order to find a final static position.
In addition, a relaxation in the water compressibility is adopted in order to verify its influence in the poorest cubic
discretization, in the linear discretization in the pressure behavior (eliminating pressure wave effects). In the damped
analysis, the water volume converges to the circular shape, as shown in Figs. 15 and 16. Two cubic approximations at the

plane (Xl,xz) with linear approximation along thickness X; are adopted. One with 4x4 elements totalizing 338 nodes

and other with 8x8 elements and 1250 nodes.

As one can see in Fig. 15, when the fluid is almost incompressible, a more refined cubic approximation is necessary
to reproduce the expected behavior. Using the 4x4 cubic discretization, the same problem is solved by increasing the
compressibility of the fluid, i.e., reducing the bulk modulus to K =2.15x10"*GPa, see Fig. 16.

The pressure for the 8x8 cubic approximation and near incompressible bulk modulus ( K = 2.15GPa ) and for the
4x4 cubic approximation with bulk modulus K =2.15x10*GPa oscillates after the displacement convergence, see
Fig. 17. This fact occurs because the wave speed of volumetric stresses (sound wave) is high and the time for their
mitigation (even using the volumetric viscosity) is also high, not reached by our analysis.
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40

80

120

Time (s) Artificial damp 8x8 Artificial damp 4x4 Not damped 4x4
Fig. 15 — Bubble behavior along time K = 2.15GPa (cubic approximation)

Only in the case with large compressibility (K =2.15x10°GPa), for both, cubic (Fig. 17) and linear (Fig. 18)
approximations, the stresses distribution is very close to the expected static value, calculated analytically as

-10
p= -1.44x10""GPa . The signal of the pressure is negative because it is calculated here as in solid mechanics, i.e., the
hydrostatic part of the stress tensor.

For the compressible case K = 2.5x10°GPa, the pressure wave has a very low speed and the corresponding
behavior is almost static.

80

120

600

Time (s) Artificial damp Not damped

Fig. 16 — Position behavior of the analyzed bubble along time using a mesh of 4x4 cubic elements and bulk modulus

K =2.15x10"*GPa

s
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Fig. 17 — Pressure values ( GPa ) at time t =120msS using a mesh of 8x8 cubic element and considering a damping of

¢ = lkg.(ms)/m’ .

Fig. 18 shows the final artificially damped result obtained for a structured linear mesh with 24x24 elements and

1250 nodes. As one can see, the linear element locks completely, even for low fluid compressibility K =2.15x10 °GPa.
The behavior mimics a molded truss in the hydrostatic stress distribution, making the continuum rigid. Only when

imposing a very compressive behavior (K =2.15x107° GPa = 2.15Pa ) that elements unlock and the results become
coherent.
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Fig. 18 — Analysis of the volumetric locking considering various bulk modulus and a mesh of 24x24 linear elements

(a) Bulk Modulus (b) Linear mesh (c) Pressure GPa

It should be noted that volumetric locking is a known phenomenon that is easily established by a constraint equation
that represents the null volumetric variation 0J = 0, which for finite element of any order is written simply as:

a—J:éEzﬁ—J:a—l§-5Y:0 (a)
OE OE 0Y

as SY isarbitrary, results the following nonlinear system of equations written in the finite element degrees of freedom:

. 8—1?(17) =0 (b)
OE oY

This system of equations indicates (due to the imposed volumetric restriction) that a degree of freedom is removed
from the set of degrees of freedom of the finite element. As an attempt to do a geometrical interpretation to this
phenomenon, the identification of this restriction can be done by leaving only one node of the finite element free and
studying its movements. In two-dimensional space and high-order elements, this movement is a curve and allows the
accommodation of nodes for more or less complex problems, as discretization is increased or compressibility is reduced.

For linear elements, this accommodation is more limited, even when compressibility relaxation is imposed, see Fig. 18.
For incompressible or low compressible situations the volumetric locking is easily identified by the 2D representation of
Fig 19. Each triangle (with different colors) represents the same black initial linear finite element and, as its volume does
not change (0J =0), the detached node is enforced to move over a straight line. Thus, a node that should have two
degrees of freedom has only one due to the linear approximation of finite elements. The same behavior is easily
represented for 3D situations if the finite element is a linear tetrahedral.
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FEM Node Restricted Trajectory

AP AR IE A LAALA
Fixed

Fig. 19 — Using a free node constrained movement to illustrate the volumetric locking in a 2D representation

Finally, this numerical example demonstrates that, even for a large bulk modulus reduction, linear elements lock.
Note that we use only one integration point in the plane of the linear element and, thus, there is no way to apply the
reduced integration technique. From these reasons, in the next examples, the use of linear elements is abandoned.

4.4 Oil passing through a funnel - fluid:
After validating the proposed formulation for viscous compressible flow and describing the choice of high order

elements, we solve this free qualitative example in order to show future possibilities of the proposed model. A high

~ 3
viscosity oil G= H= 0.2356Pas with density 0 = 846.6kg/m and high compressibility K =2.15x10*Pa is subject

2
to gravity acceleration g = 10m/s” and is suddenly released to flow through the funnel shown in Fig. 20a. The oil
touches the horizontal surface and flows without friction until it stops and starts to return (due to the surface tension).

The adopted surface tension is ts =0.032N/m
Surfaces are frictionless without the possibility of detachment, that is, dry to shear and wet to detachment. No

previous static analysis was performed, that is, the gravity occurs suddenly at the beginning of the analysis. To model the
fluid only elements with cubic approximation at faces and structured mesh are adopted (see Fig. 20b), since in the first
two examples this strategy proved to be sufficiently precise. The vertical and inclined surfaces are modeled by direct

constraints and the horizontal surface is modeled using the penalization strategy.

2cm
\\\IA\IA\AR'VVV
\'V V AVAYA
NANAAANT

6cm

o P e Pl Wk Pk P

e P W g 5
=
=
=
=
ez

)

e

| 1
(a) Dimensions and flow direction (b) Initial adopted mesh - Cubic - Structured 12x12
Fig. 20 — Geometry and discretization used to model the oil passing through a funnel, (a) Dimensions and flow direction; and (b)

Initial adopted mesh - Cubic - Structured 12x12

We adopted Af =0.25ms until the fluid reaches the horizontal surface, i.e., 67.5ms, from which At =0.125ms
is used to increase stability and keep the number of iteration equal to 3, as mentioned in the introduction of this section.
The evolution of the fluid movement is presented in Fig. 21. Pressure values are presented stressing that this fluid
has a very high viscosity and not so high bulk modulus, therefore pressure results are stable without using any relaxation.
The signal of the pressure is negative because it is calculated here as in solid mechanics, i.e., the hydrostatic part of the

stress tensor.

26/37
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Fig. 21 — Pressure fields at various time ( g/[(mS) Cm] ) for the oil passing through a funnel model

Fig. 21 shows a smooth response with a large inertial spread of the fluid. In the return response, due to the surface
tension, a configuration is reached that indicates a tendency of almost rupture of the surface, which would promote the
separation of a drop of fluid at the end of the flow. To model this rupture is beyond the objectives of this work.

4.5 Simplified Slump test - fluid
This example shows the applicability of the proposed formulation in a simple 3D fluid problem, as well as, the

model's possibilities in representing fluids whose viscosity depends on the evolution of shear strains. It is a simplified
simulation of a slump test of a cement paste whose physical properties are given by Bouvetetal. (2010):

G= u=14Pas, p= 25001({:{/1113 and g = 10m/s” . we adopted a bulk modulus of K =215kPa thatis sufficient

to consider near incompressibility. The employed time step is Af = 0.1ms with total analysis time of = 0.6s . The
test consists of retaining the cement paste in an inverted hollow bucket, with its subsequent instantaneous release on a

smooth surface. Fig. 22 depicts the initial configuration geometry (D, . =80mm Dsup =70mm and H =40mm)

and the applied discretizations. Due to the symmetry around the vertical axis, only 1/4 of the geometry is discretized by
curved elements with cubic approximation in both basis and height. In discretization (a) the base and the top are divided
into 8 curved triangular elements with 4 divisions in height, totalizing 32 prismatic finite elements of cubic approximation
(637 nodes). In discretization (b) the base and the top are divided into 16 elements with 4 height divisions, totalizing 64
prismatic elements of cubic approximation (1183 nodes). Observing Fig. 23, for ¥ = 0.5, the maximum difference in

diameter at the end of the analysis is less than 1.5% and the maximum difference in height is less than 0.06%. Thus we
concluded that using discretization (b) is sufficient to solve the other cases of example.
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Initial geometry Discretization (a) Discretization (b)

Fig. 22 — Simplified slump test geometry and discretizations

In this example three different exponents for the viscous law are adopted: )| =}, = 0.5 (quasi Newtonian),

Vi= 0.25 and V= 0.75 (non-Newtonian). Fig. 23 show some top views for selected instants for both discretizations and

all viscous parameters. In Fig 23 we indicate the diameter of the base for each selected time step. The color in maps
shows the vertical displacement.

The experimental final diameter (at = 0.25 ) informed by Bouvet et al. (2010) is 169mm, that includes a residual
shear stress of (20Pa ). The diameter achieved by the proposed formulation (7; = 0.75 ) at the same time (z = 0.25s)

is near to the experimental result. However, the proposed formulation solution continues to flow as it does not consider
residual stresses. For further developments, we think being possible to include residual stresses in the proposed
formulation, enabling the appropriate modeling of pastes and gels.

Figure 24 shows the time history of the relation D" (t)/D;)if;, for the three adopted rheological models, i.e.,

inf
7;':0'25, Vi =0.5 and Vi =0.75 .
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Fig. 23 — Vertical displacement fields for different meshes and time, Dinf is the diameter of the base
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Fig. 24 - Lower diameter behavior along time.

As one can see, the viscous behaviors are quite different, remembering that the case (}; = 0-5) is the quasi

Newtonian one.

4.6 Creep test - solid

This example is adopted to show the unified characteristic of the formulation, i.e., solving a solid problem instead
of a fluid problem using the same approach. In this example, a 3D block of unitary dimension is subjected, at its free face,

to a constant tensile force in Z = X; direction, see Fig. 25 (F = 40kN) and its longitudinal strain (/13 -1 ) is evaluated

along time (creep test). Figure 25 presents the test geometry and the discretization of only 1/ 4 of the specimen to take
advantage of symmetry. We used 4 prismatic elements with linear approximation totalizing 12 nodes. The following
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physical parameters are adopted for all analyses: K =1.5MPa, G=9KPa, p=0, g=0, K=0 and
Ni=7s =1/2 . we used 3 different values for shear viscosity: Ga =2KPas, Gb =1.1KPas and GC =0.2KPas and

the corresponding time intervals: Afa =0.4s, Atb =0.28 and Afc =0.04s . The adopted tolerance is Tol =107 .

ty Sliding y
X
A
Sliding
(a) A quarter of the analyzed problem — Symmetry condition (b) Adopted discretization

Fig. 25 — Creep tesr schematic representation and adopted discretization (linear elements).

Figure 26 presents the time response of the stretch in z direction and snapshots of the Cauchy viscous stresses lells

and O';? for case (c). As expected, one can see that both viscous stresses O'lvlls and O';;s approaches zero at the end of

the analysis.
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Fig. 26 - Time response of stretch and viscous stress snapshots.

vis elas
In Fig. 27 one can see the time response of viscous stress O35 and elastic stress 033 , both in Cauchy space. It is

worth noting that the final cross section continues to be a square with sides 0.360m (full dimension) and corresponds
to the final achieved Cauchy stress value. As one can see the proposed formulation is capable of modeling the viscoelastic
behavior of highly deformable bodies that do not present an instantaneous response (Kelvin-like model). It is interesting
to mention that the strain levels reached by the material are quite high.
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Fig. 27 - Viscous and elastic Cauchy stresses along time ( O3 ).
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4.7 Indirect relaxation test - solid

In this example, the specimen of the previous example is made up of two materials, see Fig. 28. The basic boundary
conditions can be seen in Fig. 25a. Material 1 is viscoelastic with the following properties: K =15MPa, G =9KPa,

VW=7, = 1/2 and G = 200KPas . Material 2 is elastic with the following properties K =0.15MPa and G =9KPa .

In this analysis we adopted p=0, g=0 and K =0. Figure 28 also illustrates the adopted discretization, i.e., 4
prismatic elements with cubic approximation (112 nodes).

Material 1

e, Z
Material 2 B

(a) Material distribution (b) adopted discretization

Fig. 28 — Indirect relaxation test: (a) Material distribution; and (b) Discretization for a quarter of the problem (Symmetry)

Initially, material 1 is maintained with all nodes restricted and the free face of material 2 (elastic material) is
stretched from coordinate z =1m through coordinate z =3.4m using 120 equally spaced steps. Figure 29 shows the

achieved configuration with the Cauchy elastic stress distribution O';éa . Note that as all nodes of material 1 are
constrained in the initial position and no stresses are present, but an average value appears at the interface nodes in Fig. 29a
due to post processing. Figure 29b presents the viscous and elastic Cauchy stresses at point (0.167;0.167;0.167)m of
material 1 and the elastic Cauchy stress at point (0.167;0.167;0.833)m of material 2. These coordinates correspond

to the initial configuration.

As one can see in Fig. 29b, the stress developed in material 2 represents the relaxation behavior of the elastic part
of the studied specimen. After the total relaxation, the elastic stresses (or total stress, as there is no viscous stress at the
end of the analysis) in both materials approximate each other. It is important to stress that the cross section of material
1 varies from 1m? through 0.31m? which explains the large difference between the initial viscous stress and the final

elastic stress of material 1. The adopted tolerance is 7o/ =107 and the time interval is Af =0.4s.
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Fig. 29 - Indirect relaxation test: (a) Initial position; and (b) Cauchy stress along time
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4.8 Viscoelastic sandwich circular plate - solid:

In this example we show the use of viscoelastic properties of a core to describe the induced damping in structural
elements. Differently from usual structural analysis the damping is stablyshed directly from reological material
properties. A simple supported circular plate with radius R =1m and thickness # = 3cm is subjected to a transverse
uniform loading. Only 1/4 of the structure is modeled using 300 prismatic finite elements with cubic approximation
parallel to the plate surface and linear along thickness, totalizing 3 unitary layers, see Fig. 30. The simple support
condition is applied at boundary nodes of the bottom face. The load is applied as a volume force on the superior layer of
the plate. When viscosity is considered we used }; =}, = 0.5 , i.e., Kelvin-Voigt-like viscoelastic model. Three situations

are considered:
(i) Only to verify the discretization, the three layers are considered elastic (steel) with properties: £ =200GPa and
3
v =0.25 that correspondsto K =133GPa and G =80GPa . The adopted transverse load is b3 =5000kN/m

2
on the top lamina, corresponding to a surface force of h3 =50kN/m”. For this case the achieved central
transverse displacement is w=0.7043cm, 2.9% larger than the Kirchhoff kinematics analytical solution that is
W, = 0.684cm see Timoshenko and Woinowsky-Krieger, S. (1959) for instance.

This result is expected as the adopted solid element is more flexible than the Kirchhoff kinematics. It is important
to mention that this element has ben validated for solid analysis in Carrazedo et al. (2020) and Carrazedo and Coda
(2018).
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-7.044E-01 = =

Fig. 30 — Elastic case: Boundary conditions and transverse displacement (anlx = 07044(3[11)

Simple suported

X

(ii) Keeping the loading of case (i), the material of the central layer is substituted by Polypropylene with the elastic
properties £ =1.088GPa and v =0.49 that correspondto X =18.13GPa and G = 0.365GPa . The adopted

shear viscosity property is G =6.756 GPaxs . These values are adapted from Fazekas and Goda (2018). The
central displacement for the elastic and viscoelastic cases are shown in Fig 31, being the maximum elastic

displacement W, =0.7432¢m, 5.52% larger then the steel case (i). We used 100 time steps of At =0.01s for

the viscoelastic analysis.
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Fig. 31 — Sandwich viscoelastic plate: (a) Final displacement field, (b) Viscoelastic displacement at the plate center.
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3
(iii) For the material of case (ii), considering the steel density O, = 7000kg/m and the Polypropylene density

3
Lot = 910kg/m’, we perform a dynamic analysis considering the same load of previous cases suddenly applied.

The central displacement along time is compared with the elastic result of case (ii) at Fig. 32. We used 500 time
steps of Af =0.01s .

1.50 -
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1.00 4
0754 HERHFAH+E
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0.25 4 — Dyngmic
- — - Static

O-OO T T T T T T T T T 1
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Fig. 32 — Central displacement along time for the sandwich plate viscoelastodynamic analysis

As one can see by this example, the formulation is capable to simulate viscoelastic (Kelvin-Voigt-like model)
structural elements including dynamics.

6 CONCLUSIONS

This work presents a unified constitutive model for both low compressible isothermal viscous fluids and simple
Kelvin-Voigt-like viscoelastic solids. Interpreting the Lagrangian strain directions - derived from the Flory’s decomposition
for hyperelastic materials - we proposed a coherent dissipative virtual work for the internal energy allowing viscous
analysis. Combining the hyperelastic potential and the dissipative internal energy, both elastic and viscous stresses are
calculated in a straightforward way. The proposed constitutive model is successfully implemented in the positional finite
element method, resulting in a total Lagrangian formulation whose nodal parameters are positions. Two-dimensional
benchmarks from literature are used to verify the proposed constitutive model and the developed numerical formulation
to represent viscous fluids. A flat bubble example is used to show the locking relief of the proposed numerical formulation
by adopting high order approximations. A simple slump test is used to show the applicability of the model to 3D
compatible problems. Static and dynamic viscoelastic 3D solid examples are used to demonstrate the unified
characteristic of the proposed approach. As the formulation is based on scalar quantities (Lagrangian strain invariants),
the proposed constitutive model opens the possibility of furthers developments to include residual stresses to model
pastes, clay and gels.
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