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1 INTRODUCTION

As excellent mechanical properties, fiber reinforced composites have being used extensively in
engineering structures and hi-tech fields. Addition of ductile fibers into in brittle matrix can im-
prove significantly the brittleness of the matrix material. That is fiber toughening. Toughening
can be determined in according to the curve of bridging stress vs crack open. Bridging stress is a
mean effect of contributions of the individual fibers across a unit cracked plane. A fiber may have
experience of the interface debonding and pull-out processes, which are main contribution to
toughening and are expected. But not all fibers can have such an experience, dependent on many
factors, such as mechanical properties of fiber and matrix as well as the fiber geometry. At an
early stage of crack formation, i.e. the crack open is tiny and no interface debonding occurs, fibers
across the cracked surfaces undertake a load much higher than the one during the processes of
interface debonding and pull-out. With crack opening, a fiber or the matrix underneath the fiber
may be broken, if the tension in the fiber or the matrix is high. If fiber breakage happen or the
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matrix spalling is extensive over the embedded length of the fiber, the fiber losses their contribu-
tion to toughening and becomes ineffective.

Although some computational models and many experiments for toughening in FRC have been
suggested and done (Wang et al., 1998; Li, 1992; Chen et al., 2011; Mohandesi et al., 2011), their
attentions were focused on the processes of interface debonding, fiber put-out and snubbing effect.
Matrix spalling effect on effective fibers has received little attention. No one recorded how many
fibers were broken during the experiment. Leung and Li (1992) treated the fiber as a beam bent
on an elastic foundation with variable stiffness in order to analyze the possibility of spalling. The
work conducted by Yang et al. (2008) proposed a semi-empirical formula to estimate the spalling
size in terms of the external force, the fiber inclination angle, the matrix tensile strength and a
dimensionless constant associated to fiber geometry and matrix stiffness.

To make it possible to compare and estimate final toughening achieved by the combination of
different fibers and matrixes before the FRC is elaborated, therefore, we need to account the ef-
fective fibers. This work makes effort to computational model of effective fibers on toughening at
an early stage of crack formation. According to statics and geometry of a random fiber that cross-
es the cracked matrix surfaces, this work derived the distribution of pressure provoked by the
random inclined fiber in the matrix and then, related the pressure to the fiber axial force, bending
moment and shear forces. The tangent stress in the interface fiber/matrix was simply suggested
as a constant. The stresses at points underneath of the inclined fiber were calculated on the base
of the Kelvin’s fundamental solution and Mindlin’s complementary solution, combined with inte-
grating the pressure and tangent stress over a tiny crack open. The maxima normal stress in the
fiber was calculated and compared with the fiber strength. With the failure criterion of Willam-
Warnke’s five parameters for brittle materials, the spalling evolution was traced. In the numerical
modeling, mechanical parameters of steel or synthetic fibers and cement were employed and the
effective fibers were evaluated with the variations of fiber strength, interface resistance, diameter
and elasticity modulus.

2 TOUGHENING BY RANDOM FIBERS

Figure 1 illustrates the layout of a fiber that is random to crack surfaces. The fiber is inclined to
the crack surfaces at the angle @ with the surface normal. The embedded length of the short part

of the fiber is noted as L, while the full length as Lf and the fiber diameter dr. We suppose

there is an initially debonded interface of length 2/;. The reason can be attributable to when the

two crack surfaces tend to move oppositely, the interface debonding would avoid very high strain
gradient so as to maintain smooth fiber surface.
In terms of geometry we have

L
L=-L-—Z (1)
2 cos® °

where z is the distance from the fiber to the crack surface and
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L,
0 < arctan—L (2)
f

There are a number of fibers that cross the crack surfaces randomly. Each fiber contributes
itself to bridge the two opening surfaces of the crack and intends to keep them from separating.
The mean effect of fiber contributions is bridging stress. Just due to this bridging stress, the
toughening is achieved. The bridging stress can be determined by the following equation, modi-

fied from the one proposed by Wang et al. (1988):

Closed crack

Figure 1 Geometry of an inclined fiber.

GC(W)ZA—
f

V. arctan . -cos0—d ,sin
[ [T N (1,0,2) P(0) p(2) dz d6 3)

6=0 z=0

where Vf - volume fraction of fibers; A, - section area of a fiber; N (W,Q,Z) - the fiber axial

f
force; W - the open of crack surfaces; P(0) and p(z) - the distribution functions of fiber incli-

ned angles and fiber center locations respectively, given by

P(0)=sind for 0<O<arctan(L,/d,) @)

L fcose - d( f,sinG (5)
2

p(z)z% for 0<z<

After obtaining the bridging stress, the increment of fracture energy G [J/ m’], ie.
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toughening, can be calculated as the area under the curve 0 — W, using the following integral:

G = J‘OW*O'C (w) dw (6)

where w* should be the ultimate crack open for which all fiber axial forces become zero, that is,
all the fibers are pulled apart or out the matrix.
From Eq. (3) we see that to determine the bridging stress, the key is to find the axial force of

the inclined fiber N (W,Q,Z) related to the crack open W and the embedded length L, or the

distance from the fiber center to the surface z. This is major difficulty in toughening simulation,
because one or more of the events such as interface debonding, matrix spalling, snubbing effect,
fiber pull-out or breakage may come about.

In this work, our attention was focused neither on bridging stress nor the toughening compu-
tation, but on effective fibers at an early stage of crack formation with a tiny crack open (w=0.1

wm), for which the interface debonding should not appear, except for the part of length 2[0 .

3 TOUGHENING BY RANDOM FIBERS

Although spalling effect is of great importance in toughening analysis, the researchers did not pay
much attention on it. Few computational models that account for spalling were reported (Yang
and Li, 2008). Zhang and Li (2002) and Yang and Li (2008) suggested the pressure distribution
as the one based on elastic fundamental beam theory. This is improper, because the presupposi-
tion of the elastic fundamental beam theory is that the elastic coefficient of the foundation is
constant, which only match the case when a fiber is orthogonal to the crack plane or 8=0.
Generally a random fiber is inclined to the crack plane with 6 # 0, so the formula of elastic fun-
damental beam theory does not hold. We propose a computational model for effective fibers, in
which mechanical properties of fibers, matrix and interface fiber/matrix as well as spalling effect

are concerned.

3.1 Analysis of static equilibrium and deformation of an inclined fiber with the crack
opening

When the crack surfaces open, the inclined fiber will shift from the initial position and suffer de-

formation (Figure 2). The fiber bridging force F, perpendicular to the crack surfaces is the re-
sultant of the axial force N and the shear P, which lead to the displacements respectively in the
directions U, e U, of the section center A of the embedded part of the fiber at the point where
the fiber exits the matrix and the deformation of the unembedded part (the debonded part 2[0,

Figure 3). It is easy to know:
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F, = NcosO + Psin@ = N / cosO

Closed crack

=———— Opened crack —— =

Figure 2 Fiber positions before and after deformation when the crack opened to 2w.
N — axial force, P — shear and M — bending moment.

Closed crack

M
o\ .
/ : °\
. ¢+ TAh 1
. a fah lA
\ Uz

Opened crack

Figure 3 Static equilibrium diagram of the debonded part of the fiber. Ah is the distance in u, direction between the points A and O
(The stretch Al = AA' of the debonded part of the fiber is quite exaggerated).

The stretched length Al = AA' of the initially debonded part /, has a component in the di-

rection normal to the crack surfaces i.e. in the direction #, (Figure 3). Therefore we can write the
half open of the crack as
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w=AlcosO+u/ (8)

where Al :Nlo / AfEf and uf denotes the displacement in the direction U, of the point A'
(Figure 3) of the left part of the embedded fiber.

3.2 Pressure imposed by fiber on matrix

The action of the fiber interior forces N, P and bending moment M will produce a pressure
onto the matrix. This pressure is unknown completely. To enable the analysis, we rationally sup-
pose a quadratic distribution for the pressure (Figure 4), that is said the pressure takes the form

Xy

Crack surface

Figure 4 Suggested fiber pressure onto the matrix

g=al’ +bl+c (9)

I, I,
where a, b and ¢ are constants. By static equilibrium P = .[0 qdl and M = _Jo gldl and the

end condition: g =0 at /=1, we can get the relationship:

a=12B3M +PL)/I!, b=—6(8M+3PL)/I’, c=6(2M+PL)/I’ (10)

Now we need to relate N, P e M to the displacements and deformation. As the debonded
part of the fiber (2[, in Fig. 3) is anti-symmetrical about the point O, the bending moment on the
diagonal section coincident with the closed crack must be null. Thus we get the relationship

F,Ah=M (11)

where M is the bending moment on the transversal section A' of the left part of the fiber.
From the geometry and Eqs. 7, 8 and 11, we get
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N.
Ah = AlsinB + u; + rsinBtand = (——2)sinf + u; + rtanBsing (12)
o

By Egs. 11 and 12 we obtain

NI sinf
M= FI”(EDT +u, +rtanBsin@) = F, [( +1)rtanBsin + u; | (13)
s 7
For full crack open, one can write
. 2NI d,
2w=u’ vu! +(=—=)cosO = u +u! +(—2)sind (14)
S [

where u; and u; denote the displacements of the point A' (Figure 3) of the left embedded fiber
while l/tld and uf for the ones of the point B'.

In this way we relate the crack open with the axial force N . At first appearance the crack
open is only linked to the axial force N , but in fact ule and uld are implicit functions of N, P,
and M . Therefore Eq. 14 is implicit and self-consistent. For a given W, the suitable N should
satisfy Eq. 14. Since the force N is tensile, then u; and uld should be negative respectively. The
role of u; and uld tends to diminish the crack open. From other side the component of the stret-
ched part (Ndf /AfEf)Sirle tries to open the crack surfaces. There is competition between the
two sides. It would occur that the actual crack open between the two points A' and B' is null
in spite of increasing N . Generally the sum of the displacements u, and uld is small compared

to the stretch component (Ndf /AfEf)sin9. N can be determined by trial, beginning with the

approximation

N = 2wEfAf / dfsinO (15)

After the determination of N, we can obtain M, F, and P, then followed by a, b and c.

As no debonding arises on the interface for the embedded fiber on the stage of small crack
open, the interface shear stress is simply supposed as

q,=N/dnml, (16)
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3.3 Kelvin’s fundamental solution of and Mindlin's complementary solution

The Kelvin’s fundamental solution (Love, 1944) derived the analytic expressions of the displace-
ments and stresses provoked by a unit force in an infinite continuum. To keep the validation of
the Kelvin’s solution in a half space, Mindlin (1936) gave the additional solution, called as the
Mindlin’s complementary solution. Hence the displacement and stress solutions attributed to the
action of a unit force can be written respectively as (Brebbia et al., 1984)

u, =€) +u0(,) (1)
— (©) 18
0, =0 (Ex)+0(E.) a8
1 . (19)
(K) — _ —

U (€ x) = 167r(l—v)Gr[(3 a8, +r.r, | ij. k=1,2,3

1 (20)
(K) —
G (8:x)= —W[(l 2,8, +r 8, =1 8,0~ Brrr, ]

where @ =2 and IB =3 for plane deformation state; v — ratio of Poisson; G - shear elasticity
modulus; ¥ — the distant from the source point 5 to the field point Xx; the Kelvin’s solution

u;.K) (5 ,X) is the i direction displacement of a field point X induced by a unit force applied at a

source point f in the j direction; O';lf)(g,x) is the stress tensor induced by a unit force applied

at a source point f in the i direction. The stresses can be obtained through the integration of

the pressures g and g, over the interface:

where u;.C)(é,x) and 0';.,2)(5,x) are Mindlin’s complementary solutions (Mindlin, 1936) and the

elementary forces:

df, =—(gsin0+q,d,mcosd)dl (23)

df, =—(qcos0+q,d,msin6)dl (24)
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4 SIMULATION AND RESULT ANALYSIS

Spalling usually happens before the initiation of interface debonding. Upon interface debonding
comes about, the obtained pressure and shear distributions do not valid more. For this reason we
set a tiny crack open W to 0.1 um for all simulations and divided it into 20 small increments.
We also split the inclined angle @ into nf small increments and the embedded length into nz.
We calculated respective stresses at these discrete points with different numerical pars: @ and Z.
In this way the number of fibers was considered as nt X nz. We set nt =20 and nz =10 in this
work. That is said that 200 fibers were account for. We verified that using larger division num-
bers: nt and nz have little influence on the simulated results. Figure 5 is the flow-chat of simu-
lation.

The parameters employed in this work come from the experiment of cement reinforced by steel
fibers realized by Leung and Shapiro (1999). Fantilli and Vallini (2007) also used them for their

research work. These parameters are: L =10mm (fiber length), £ =200GPa (fiber elasticity
modulus), v, =0.3 (coefficient of Poisson of fiber), E =30GPa (matrix elasticity modulus),

v =02 (coefficient of Poisson of matrix), ft:3.7MPa (matrix tensile strength),

fc =36.5MPa (matrix compressive strength).

4.1 Spalling evolution

The pressure attributed by an inclined fiber and imposed onto the matrix could result matrix
spalling. To identify if the matrix is damaged, we has used the criterion of Willam-Warnke’s five
parameters for brittle material (Willam and Warnke, 1975). The verification of spalling was taken
at some points in the compressive zone that is supporting the fiber. We set them as nodes of a
polar coordinate grid (Fig. 6). The arc radii of the grid expand forth with the values: df, 3df, 7df

and 15df. The support angle (90—9) was divided into small ones of 10° approximately. To trace

the evolution of spalling (damage), we applied the axial load N at several small steps till the
fiber was broken i.e. the fiber tensile strength was reached, then, recorded the regions damaged
respectively.

Fig. 7 illustrates a typical spalling evolution. The value in the legend indicates how much was
the axial force meanwhile the fiber was broken. The damage always is initiated at the point where
the fiber exits the matrix. For the fiber with a small inclined angle like the one indicated in Fig.
7, the spalling region is small at beginning but expands rapidly. The fiber was not broken until
high bridging force was reached (about 40% of fiber strength in force F; =0 fAf). However for

the fiber with a large inclined angle, the initial damage extent already is very large. Only with a
quite low bridging force (only about 5% of the fiber strength in force Ff), the fiber has been

broken. From Eq. (13) it could be seen that a high inclined angle results in large bending mo-
ment. As a consequence, the bending stress is high, although the bridging force is still low.
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Figure 5 Flow-chart
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crack surface

X2

Figure 6 Configuration of grid nodes where the stresses were computed for spalling analysis.

14df

8df edf 4df 2df

\ cracked surface

N=0.05Ff
N=0.10Ff
N=0.15FF
—N=0.20Ff
N=0.25Ff

Figure 7 Spalling evolution. Lf=10 mm, dr=0.5 mm, or=490 MPa, t;=5 MPa, E;=200 GPa,

En=30 GPa, 6=14.53°, L./dr=6.58.

4.2 Influence of fiber strength and interface strength on effective fibers

In the above, we have paid our attention on the evolution of damaged region but not on the fi-

bers. Now we will discuss the influence of the fiber strength o, and the interface strength 7, on

effective fibers.

When a closed crack is opening, the fiber imposes pressure on the matrix. Before debonding

occurs, this pressure may go up to the maximum.

If the stresses underneath the inclined fiber

near the point where the fiber exists from the matrix provoked by the pressure is high up to the

matrix strength, then matrix spalling comes about. When the extent of spalling overpasses the

embedded length of a fiber, this fiber will lose its contribution to toughening. If the spalling ex-

tent is small, the relieved stresses rid the fiber of possibility to be broken, in other word, the fiber
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is saved and can make contribution to toughening. The interface debonding also can save the
fiber. We rated the fortune of a fiber into four categories:
(i) broken — the tensile stress

o, =4N/ nd; +32M/ nd‘; (25)

in the fiber hit the fiber tensile strength O, . In spite of existence of shear stress in the fiber, we

ignored its influence, since the shear stress was low at earlier stage of the crack open.

(ii) spalling — the extent of spalling overpassed the embedded length of the fiber;

(iii) debonded — the maximal shear stress on the surface of the embedded fiber was equal to or
larger than the interface tangent strength 7, ;

(iv) perfect — not included in the former three categories.
We defined the effective fibers as the ones of the categories (iii) and (iv). Table 1 shows the in-
fluence of the fiber strength O, and the interface strength 7, on effective fibers.

Table 1 Influence of the fiber strength o, and the interface strength 7, on effective fibers,
where effective=100-broken-spalling. Er=200 GPa, E,=30 GPa.

or/ T dy broken spalling debonded  perfect effective
(MPa) (mm) (%) (%) (%) (%) (%)
469/1 0.02 70.3 18.2 2.5 9.0 11.5
469/3 0.02 70.3 18.2 1.9 9.6 11.5
469/5 002 08 182 19 96 115
635/1 0.02 59.7 19.0 2.5 18.8 21.3
635/3 0.02 59.7 19.0 1.9 19.4 21.3
633/5 002 597 190 L9 194 213
954/1 0.02 46.7 19.5 2.5 31.3 33.8
954/3 0.02 46.7 19.5 1.9 31.9 33.8
954/5 0.02 46.7 19.5 1.9 31.9 33.8
469/1 0.1 16.3 20.1 8.3 55.4 63.7
469/3 0.1 16.3 21.8 24 59.6 62.0
469/5 01 163 218 24 596 620
635/1 0.1 5.1 20.3 8.3 66.4 4.7
635/3 0.1 5.1 21.9 24 70.6 73.0
e/5 01 51 219 24 06 T30
954/1 0.1 1.4 20.4 8.3 70 78.3
954/3 0.1 1.4 22.0 24 74.3 76.7
954/5 0.1 1.4 22.0 24 74.3 76.7

From Table 1, we see that: (1) high fiber strength generally results in less fiber broken, in con-
sequence, more effective fibers, but the enhancement rate of effective fibers decreases with the rise
of fiber strength; (2) high interface strength inhibits interface debonding, which is of no ad-
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vantage to toughening; (3) the results with the interface strength 7,=3 and 5 MPa are almost
same. This means that the toughening effect of interface strength is limited at low interface
strength. When the interface strength is strong to a certain degree, no more effect would be ob-
tained in practice; (4) it is obvious that thick fibers (df = 0.1 mm) prevail over thin fibers (d; =
0.02 mm) for toughening. All these characters are consistent with the ones given by Li and
Maalej (1996) and Pavan (2006).

4.3 Influence of fiber elasticity modulus on effective fibers
To check the influence of fiber elasticity modulus on the effective fibers, we replaced the elasticity

modulus of steel fibers E~=200 GPa with the one of synthetic fibers E~42.8 GPa. Table 2 shows

the numerical comparison.

Table 2 Influence of fiber elasticity modulus on effective fibers.

o/ T dy Ef broken spalling debonded  perfect  effective
(MPa)  (mm)  (GPa) (%) (%) O ORI )
954/1 0.02 200 46.7 19.5 2.5 31.3 33.8
954/3 0.02 200 46.7 19.5 1.9 31.9 33.8
954/5 002 200 467 195 19 319 338
954/1 0.02 42.8 0.2 10.8 2.4 86.6 89.0
954/3 0.02 42.8 0.2 10.8 1.9 87.1 89.0
954/5 0.02 42.8 0.2 10.8 1.9 87.1 89.0
954/1 0.1 200 1.4 20.4 8.3 70 78.3
954/3 0.1 200 1.4 22.0 24 74.3 76.7
954/5 01 20 14 20 24 743 767
954/1 0.1 42.8 0.1 8.9 7.9 83.1 91.0
954/3 0.1 42.8 0.1 10.8 2.4 86.8 89.2
954/5 0.1 42.8 0.1 10.8 2.4 86.8 89.2

From Table 2, one can see clearly that the lower elasticity modulus of synthetic fiber brings
down dramatically the fiber broken percentage. The reason can be attributed to that for same
crack opens, the fiber of low elasticity modulus allows larger deformation and produces lower
stress in comparison with the one of high elasticity modulus. Table 2 also reveals that on the
stage of tiny crack open, the effect of fiber thickness is obvious for the fiber of high elasticity
modulus in comparison to the one of low elasticity modulus, which is evidenced by that the effec-
tive fibers percentage arises up from 33.8% to 78.3% when the diameter of a steel fiber changes
from 0.02 mm to 0.1 mm, but the percentage for synthetic fibers change a little, arising from 89%
up to 91% only when the same change in diameter is made. The quantity of spalling is cut to an
half when steel fibers are substituted by synthetic fibers, since the soft fibers produce lower pres-

sure on the matrix.
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5 CONCLUSIONS

Modeling of fiber toughening in brittle matrix is complicated, involving all of geometric and me-
chanical parameters of fiber, matrix as well as interface. Instead of toughening in quantity, the
focus of this work was on computational model for the analysis of effective fibers at an early stage
of crack formation with the consideration of spalling matrix. The results based on the presented
computational model show that high fiber strength can enhance the effective fibers at earlier
stage of crack open. High interface strength inhibits interface debonding. Low elasticity modulus
combined high strength of fibers can raise dramatically effective fibers in comparison with high
elasticity modulus combined high strength, which will benefit toughening in matrix. Soft fibers
produce lower pressure on the matrix and result in less spalling than hard fibers. The effect of
fiber thickness is more sensitive for fibers of high elasticity modulus than fibers of lower elasticity
modulus. We have not made quantitative comparison with experiments in this work, since no
experimental data of effective fibers is available from literature, but the presented fiber pressure
model is applicable for toughening analysis either at earlier stage of interface debonding or in
fiber pull-out process.
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