10(2013) 813 — 831

Latin American Journal of
Solids and Structures

Elastic wave propagation in nano-composites with
random distribution of spherical inclusions

. *
Abstract Mohammad Rahimzadeh
In the present study, efforts have been made to theoretically study
Ph.D. student, School of Mechanical Engineer-
ing, Iran University of Science and Technology,
Tehran, Iran, 1684613114

the diffraction of plane harmonic compressional waves by a spheri-
cal nano-inclusion based on the Gurtin-Murdoch surface/interface
elasticity theory in which the interface between the nano-inclusion
and the matrix is considered as the material surface which has
their own mechanical properties. Furthermore, a nano-composite
has been considered in order to assess the size effect on the wave )
Received 14 Nov 2012

propagation characteristics of a plane compressional elastic wave In revised form 1 Dec 2012
containing the randomly distributed spherical nano-inclusions.
Also, the phase velocities and attenuations of P and SV elastic
waves along with the related dynamic effective elastic properties

. . . . . * Author email: mh.rahimzadeh@gmail.com
have been investigated for a wide variety of frequencies and vol- 9

ume fractions.

Keywords
Nano-composites, Surface/Interface effect, Wave propagation, Size
effect.

1 INTRODUCTION

Using new materials in high-tech industries entails a vast research in this area. Lately, researchers
have shown great interest in the composite materials containing micro- and nano- inclusions. Prop-
agation of elastic waves is a rarely studied subject in the analysis of new materials field. Study of
elastic wave propagation in composite materials with nano and micro inclusions can result in a bet-
ter estimation of dynamic effective elastic properties. The study also facilitates the nondestructive
evaluation of the composite materials. It is worth noting that the present study deals with two
main subjects. The first subject considers the analysis of elastic wave propagation in elastic envi-
ronment containing the random distribution of inclusions. The second one focuses on the study of
surface effects when the inclusion characteristic size is about nanometers or microns.

Lots of studies have been done regarding the propagation of elastic waves in particulate compo-
sites with randomly distributed spherical inclusions via multiple scattering theories. The first im-
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portant theoretical work belongs to Foldy (1945) who studied the multiple scattering of waves by
considering the point scatterers and employing a configurationally averaging procedure. Lax (1951)
extended Foldy theory considering the anisotropic scatterers. Forward far field scattering ampli-
tude in a single particle wave scattering problem and particle volume fractions have been used in
order to complex wave number estimation in these two works. Waterman & Truell (1961) studied
the multiple scattering effects due to a random array of obstacles. They used the backward scatter-
ing amplitude as well as the forward scattering amplitude of the single scattering problem in wave
dispersion and attenuation relations. The model is valid for sufficiently low densities of obstacles.

To determine the macroscopic elastic module of two-phase composites, a method was proposed
by Hill (1965). The method was used as the base for self-consistent approaches in multiple scatter-
ing studies of elastic waves. Moon & Mow (1970) studied the wave propagation in an elastic matrix
material containing rigid spherical inclusions via a one-dimensional model. It is assumed that the
number of inclusions per unit volume of matrix material is small and is distributed randomly. The
coupled equations of motion for both matrix and inclusions have been derived from a variable tech-
nique in the work.

Kinra et al. (1980) experimentally investigated the propagation of ultrasonic elastic waves in
composite material consisting of spherical glass inclusions distributed randomly in an epoxy matrix.
Sayers & Smith (1983) made a comparison between the single scattering theory of Ying & Truell
(1956) and the experimental results achieved by Kinra (1982). It is shown that the results are in a
good agreement in low concentration of inclusions. Using an averaging theory requiring the equiva-
lence of the strain energy and the kinetic energy between the effective medium and the original
matrix with inclusions, Fu & Sheu (1984) derived the effective module and mass density from a
two-phase media. Also, using T-matrix of single scatterer and the quasi-crystalline approximation
(QCA), a self-consistent multiple-scattering formulation is presented by Varadan et al. (1985).

Datta et al. (1988) examined the plane longitudinal and shear wave propagation through a com-
posite material containing randomly distributed spherical inclusions, based on Foldy theory. A thin
layer with different elastic properties is considered as the interface of matrix and inclusion in this
study. Kim et al. (1995) presented an estimation of effective dynamic properties and effective densi-
ty via a self-consistent method which is similar to the coherent potential approximation in alloy
physics. These theoretical results have a better coincidence with the experimental observations of
Kinra compared to Ying & Truell results.

Sato & Shindo (2003) investigated the multiple scattering of P & SV harmonic elastic waves in a
metal matrix composite with randomly distributed particles with graded interfacial layers using
Lax’s quasi-crystalline approximation. To study the multiple scattering of plane compressional and
shear waves in a medium consisting of spherical inclusions with random distribution, a modified
dynamic self-consistent model is proposed by Yang (2003).

The effects of viscoelastic interphase on effective dynamic properties of such composites are stud-
ied by Wei & Haung (2004). The numerical results revealed that the viscosity of interface has a
sensible effect on the effective elastic module and effective wave number. The results also indicated
that in the low frequency range, the dissipation effect of the interphase is the biggest whereas the
effect of multiple scattering dominates in the high frequency range. Based on the generalized self-
consistent model, another approach has been proposed by Kim in order to analyze the elastic wave
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propagation in composites (2004). This approach is similar to GSCM static model in the presence of
the elastic wave energy term.

By using both the effective medium and effective field methods, Kanaun et al. (2004) extracted
the equations of elastic wave scattering in composites containing of spherical inclusions. They
showed that the effective field method has some advantages than the effective medium. Layman et
al. (2006) experimentally measured the phase velocity and attenuation of longitudinal and shear
wave for random particulate composite. Comparing the experimental observations with two theoret-
ical models including Waterman-Truell and DGSCM showed that both models present a good esti-
mation in low concentration of inclusions while at the higher concentration, the DGSCM is more
accurate.

To study the compressional plane wave propagation in composite material having high volume
concentration, a new approach was proposed by Hu et al. (2008). The method used the theory of
quasi-crystalline approximation and Waterman’s T matrix formulation to deal with multiple scat-
tering problems.

Since the beginning of the present century, there has been great interest to study in the field of
nano-materials. As we know the elastic properties of the layers near the surface are different from
the bulk layers. From the macroscopic point of view, since the surface to volume ratio is trivial, the
difference is negligible, and effective properties are governed by classical bulk relations.

Recently, due to advances made in nanotechnology, nano-devices and nano-materials have be-
come producible. Therefore, the consideration of surface effects will become prominent. One of the
most important achievements in the field of nanotechnology is nano-composite production. In these
materials, nano-particles are distributed in the matrix that improves the mechanical properties. Due
to the considerable ratio of surface to volume in nano-materials, the surface/interface effects will
dramatically alter the final effective mechanical properties.

There are considerable works on elastic field determination at a medium with nano-
inhomogeneities.

In addition, the above mentioned review shows that many researchers have studied the elastic
wave propagation in particulate composites from the macroscopic view. However, contrary to these
works, it appeared that rarely works are done in the field of elastic wave propagation in particulate
composite with nano- inhomogeneities.

Wang et al. (2006) studied the effects of surface/interface elasticity on the diffraction of plane
longitudinal waves by a nano-scale circular hole. Also, he replicated this investigation with a nano-
scale spherical cavity and inclusion (2007). He showed that surface/interface effects plays a consid-
erable role in the elastic wave diffraction. In particular, the dynamic stress concentration factor
around the nano-inhomogeneity has been examined in the low and high frequency of incident wave.

Considering a cylindrical nano-inhomogeneity, Ru et al. (2009) investigated the surface/interface
effects on the diffraction of plane compressional and shear waves. Hasheminejad and Avazmoham-
madi (2009) calculated the phase velocity and attenuation of plane compressional and shear elastic
waves in unidirectional two-phase medium with transversely isotropic counterparts. They assumed
that the nano-sized cylindrical inclusions are distributed randomly in the matrix.

The main objective of this paper was to investigate the elastic wave propagation in a particulate
composite containing spherical nano-inclusion with a random distribution. It was assumed that the
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counterparts of two-phase medium were isotropic, and the effective phase velocity and attenuation
of elastic wave as well as effective dynamic parameters were analyzed. Recognizing this phenome-
non could be helpful in employing new materials for making the industrial devices.

2 FORMULATIONS
2.1 Basic equations in inclusion/matrix interface model

Equilibrium and constitutive equations inside the matrix and each nano-inclusion are the same as

traditional elasticity theory. Assuming no body forces, the equations can be presented as follows:

Bzui
T (1)
v
Oy = 2“(5@' + Eekkézj) (2)

In which T

€; are Cauchy’s stress and strain tensors. p stands for shear modulus and v is
Poisson’s ratio, p and ¢ are mass density and time respectively. Also, the relation between strain

tensor and displacement vector is:

& = %(“m’ + ;) (3)

Lately, the Gurtin & Murdoch model has captured the attention of the researchers due to the
consideration of continuum mechanic assumptions. An interface, in surface elasticity theory, is as-
sumed as a thin membrane with trivial mass which is adhered to the abutting bulks with no slip-
ping. Elastic constants based on this theory are different from the bulk ones.

Noting the equilibrium of subsurface, Gurtin & Murdoch extracted the equilibrium equation of a
surface that is called the generalized Yang-Laplace equation. Equilibrium equation at the interface

of inclusion and matrix can be described as:

(o7~ 0]+ 7,00 =0 (4)

Where n denotes the interface normal vector, —states gradient vector of interface, and sub-

scripts 4,m are referred to inclusion and matrix respectively. This equation can be rewritten in the

spherical coordinates as following:
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Constitutive equations in surface/interface elasticity based on Gurtin & Murdoch model is repre-
sented by using the interface free energy and residual stress as bellow:

o’ = %—f— Tols = [(trss)()\s + TO)+ TO]IZ + 2(,u5 — TO)ES (6)

Where I, Identity the unity tensor of surface/interface, p’,\* are surface/interface elastic con-

stants and tr(e®) is the trace of interface strain tensor. Constitutive equations in spherical coordi-

nate, neglecting of residual surface stress, can be described as:

Ty = 21°gpy + N (659 + 5%)

U;(z) = 2,&562¢ + \° (559 + 5(‘;(1)) (7)

2.2 Diffraction of longitudinal elastic wave by spherical nano-sized inclusion

Figure 1 illustrates the geometry of the problem. As the figure suggests, an elastic compressional
plane wave that propagates in z direction in an isotropic infinitive medium is diffracted by a spheri-
cal nano-inhomogeneity. The infinitive medium and spherical inclusion properties are characterized
by subscripts 1 & 2 respectively. Also, the potential and displacement functions of incident wave
have been depicted by superscripti, reflected wave by superscript r and refracted by superscript f .
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Figure 1 A schematic illustration of P wave diffraction by a spherical nano-inhomogeneity

When the longitudinal incident wave impinges on the surface of an elastic nano-inclusion, both
longitudinal and shear elastic waves are reflected back into the infinitive medium and two waves
are refracted into the nano-inclusion.

The incident and two reflected and refracted elastic waves can be represented by:

o0

<p(i) = GZQOOE(Qn + 1)l"jn(a1r’)Pn(c0s9)e_I“t

n=0

A = a3 o4 D1 A (0 B, (cos)e

n

n=0
) = a3 @n+ 0B 1 (B, (cos)e
n=0
A1) = %, 3" 20 + 017G, j, (0", (cos)e 1
n=0
W) = a2, 3" @n 4+ D7D, (5,7, (cos)e (8)
n=0
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Where o,,, 3, & 3, are compressional and shear wave numbers in the mediums 1 & 2 that are
normalized by the radius of inclusion. A ,B ,C & D, are unknown expansion coefficients that they
can be determined by boundary conditions at the nano-inclusion and the medium interface. ¢, is
the amplitude of incident wave and r’ = r/ a is the normalized coordinate. According to the above

potential functions, the displacements functions in two medium can be explained as below:

U<l) == S0_0,01503(2” + 1) " (Q’gp _'_ A’/ngf) + BnQ'gg) )Pn (COSH)Q_IWt
™ =0

o) = 905 ool A QL) + 5,0l
™ =0 db

U<2> _ ‘P(_]laz(2n + 1)]"(an/7(11) + DHM/?(Ql))Pn (COSQ)E_IM
T

n=0
> dP 0
o) = S on i)+ 0, L) o o
™ =0

The coefficients Q%),ng),@;), g), é?@ég)and VV7(11>,I/V7(21 )7W8(11 ),Wé(gl ) are defined in the Appen-
dix.

To formulate the boundary conditions at the interface, the surface/interface stresses shall be cal-
culated first. The components of surface/interface strains on the spherical interface can be de-
scribed according to the stress components field in the matrix.

€00 = E(U(S;) - V1U7(-i> - Vlf’g)l@))

1

3y = (o) vl = moly)), 5, =0 (10)

Then, surface stress tensor can be calculated by using the constitutive equation in the surface
elasticity. Boundary conditions that need to be satisfied on the outer radius of the nano-inclusion
include the continuity of displacement components and Yang-Laplace Equilibrium equation.
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Substituting equations (7) and (10) by the above stress relations, we have:

0<1,) - UE?) = (/~c1s + Ky, )[(1 -y )(Ug? + 0&2) — 2V10'(,,1,)}

rr

1 1 30(1)
USQ) - US;) + (kls — Ky, )(1 + Vl)COtQ(Ugé) - U<(zb¢>) ) + (K, — viky,) 826
aolY) S
+ (ky, — ik, aZ@ — (ky, + ko )y aag =0 (12)

In the abovementioned relations, parameters k, andk,, stating the role of surface/interface ef-

fects and can be described as following;:

2MS + )\S

L v
1

k2s = A

Fa

(13)

Unknown coefficients A ,

B, ,C & D, can be specified by subjecting boundary conditions.

2.3 Multiple scattering approaches

There are many significant applications for studying about elastic wave propagation through the
heterogeneous mediums such as nondestructive evaluation of the composite materials and dynamic
effective properties determination. Infact after dynamic properties specification, it’s possible to as-
sess the response of inhomogeneous mediums such as particulate composites to various loading con-
ditions like the transient ones as well as fracture and frailer behavior. Elastic wave propagating in
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these materials undergo multiple scattering which results transferring a portion of incident energy
to scattered field. So although the two constitutive phases can be nonattenuative, the amplitude of
the traveling wave declines and the decay rate is varying with the incident wave frequency. This
means that phase velocity and attenuation of the coherent wave as well as dynamic effective prop-
erties are frequency dependent. Because of the complexity of random distribution of inclusions,
When the inclusions are randomly distributed in the medium, the exact solution does not exist and
the approximate solution shall be used. Of the approximate approaches, the self-consistent schemes
have considerable benefits. The self-consistent methods are based on the simple assumptions in
which the problem of diffraction can be changed from many particles into one particle. There are
two basic schemes in self-consistent methods: effective medium and effective field methods.

One of the two basic patterns in self-consistent approach is effective medium. The fundamental
hypothesis in the group of the effective medium methods explains that the composite material out-
side the abutting of the inclusion may be varied by the effective properties of the entire composite
that is assumed a homogenous medium (Kanaun 2004). The next self-consistent method is the effec-
tive field method. It’s assumed that each inclusion is apart in the medium. And the contribution of
all other particles is taken into account by the effective field (Kanaun 2005). Of the most popular
methods in the set of the effective field method, we can point to Foldy and Waterman-Truell meth-
ods which are used in dealing with multiple scattering problems. The geometry of the problem is
depicted in Figure 2.

2.3.A Foldy model in multiple scattering

Based on the compatible wave treatments, Foldy proposed the first work in the field of multiple
scattering of scalar waves by a random distribution of isotropic elastic scatterers. Due to the statis-
tical essence of randomness in scatterers distribution, the average of the physical parameters was
taken over a statistical ensemble of all the scatterers.

0000

Figure 2 Elastic wave propagation in a composite containing randomly distributed of spherical nano-inhomogeneities

Latin American Journal of Solids and Structures 10(2013) 813 — 831



822 M. Rahimzadeh / Elastic wave propagation in nano-composites with random distribution of spherical inclusions

Foldy realized that the propagation constant of the medium with n, scatterers per unit volume

differs from its value k when no scatterer is in the medium as regards the relation:

<k>2 = k12 + 47rn0f(0>
<K>2 =K+ 4777209(0) (14)

Where k and K, denote the wave number of the P and S wave in the matrix, and f(O)and
g(O) are the far field longitudinal and shear wave scattering amplitude in the forward direction

respectively. They are corresponding to the scattering coefficients by:

o0

£(0) = =3 (@n+ 14 P, (cosh)
¢ n=0
g(0) = i21K S (@20 +1)(A, + B,)P, (cos0) (15)
1 n=0

In the case of spherical inclusions in the matrix, the number of scatterers per unit volume n, is

related to the concentration ¢ by:

3¢

47a®

T (16)

o is the radius of the inclusions. The corresponding wave phase velocity and attenuation can be
determined by:

w

(k)= C<w>+w<w> (17)
Where W is the circular frequency, c(w) is phase velocity and ’y(w) is attenuation coefficient.

2.3.B Waterman-Truell model in multiple scattering

Waterman & Truell developed the statistical averaging procedure in order to the propagation con-
stant estimation of the inhomogeneous mediums. They proposed a configurationally averaging tech-
nique that used the joint probability distribution for the occurrence of a certain configuration in
order to calculate the resulted wave over all the configurations. The considered heterogeneous me-
dium contains scatterers whose positions are assumed randomly. In fact, using the physical charac-
teristic of the composed phases, the waterman-Truell model defines an equivalent homogeneous
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medium with the effective complex wave number. The main result of this model is the homogenized
wave numbers that have been proposed for the longitudinal waves as:

2

<k1i> _ 1+27rn2£(0) B QWnZ::(W) (18)
1
And for the shear waves as:
\@ 2 iy 27mog(0) B 27Tnog(7r> (19)
K, K} K}

Where ¢ is the inclusions volume fraction, f (O)and f (7T>, g(O) and g(w) are the forward

and backward longitudinal and shear scattered wave amplitude of an isolated inclusion respectively.
Waterman & Truell suggested a criterion to estimate the validity of the proposed relation as be-

low:

n,o
0 ~ scat <<1 (20>

The above conditional relation indicates that when the scattering in the medium increases either
by the number of the scatterers or scattering cross section, the result of the model loses its validity.

3 NUMERICAL RESULTS

In order to numerically investigate the problem, an infinite medium made of aluminum has been
considered. Three states of nano-inhomogeneities are applied to the media that are soft, stiff and
cavity. Bulk properties of the composite constituents have been tabulated in the Table.1. Surface
properties of aluminum have been taken from Miller and Shenoy (2000) that offer two sets of sur-
face parameters according to the crystallographic structure. Utilized surface parameters have been
tabulated in Table.2. The problem is solved for three different states including interface A, interface
B and interface C. In the solution procedure, the size of the spherical nano-inhomogeneities is con-
sidered to be equal to 2nm, 5nm and 10nm.
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Table 1 Bulk properties of the composite constituents

r (g/ em?) K (GPa) m(GPa)
Matrix 2.7 75.2 34.7
Soft Inclusion 2.7 37.6 17.3
Stiff Inclusion 2.7 150.4 69.4

Table 2 Surface parameters of three considered interfaces

1° (N/m) nt (N/m)
Interface A 3.49 -6.22
Interface B 6.84 -0.376
Interface C 0 0

3.1 Single scattering results

Scattering of a compressional elastic wave from the surface of a nano-inhomogeneity within an infi-
nite matrix has been investigated in the first step. Diameter of the spherical nano-inhomogeneity is
considered to be equal to 5nm. The dynamic stress concentration factor is defined as follows:

o)
DSCF, = | % (21)
%

Where Ugé) is the stress value in infinite elastic material 1 along the surface of nano-

inhomogeneity and o, = ,ulﬂfgoo is the stress intensity in the wave propagation direction. The prob-
lem is studied for two cases including low and high frequency incident waves.

The results of investigation for interface A and three aforementioned states of nano- inhomoge-
neities have been depicted in the Figure 3. Also, the figure illustrates the effect of three kinds of
considered interfaces with soft nano-inclusion on DSCF, for high and low frequency incident wave.
As it can be seen in the case of interface A, the value of DSCFG around the soft nano-inclusion is
more than its value around the stiff’s one. In the case of low frequency incident wave, the maximum
and minimum values of DSCF} respectively happen around ¢ = 7r/ 2 and 6 = 0,7 . There is a dif-
ferent situation in the case of the nano-cavity, as the maximum value of DSCF, is shifted toward
f = 7 and its minimum value can be observed around 6 = 7r/ 2. As it can be seen for the stiff

nano-inclusion the value of DSCF) is greater than nano-cavity except in ¢ = 7.
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Figure 3 Distribution of DSCFQ according to inhomogenety type and interface effect in low and high frequency incident wave

For the case of high frequency incident wave, due to the equity in wave length and nano-

inhomogeneity diameter, scattering phenomenon is dominant. In this case, DSCF} isn’t symmetric

around the y axis.

In the case of stiff nano-inclusion and nano-cavity, the maximum of this parameter will occur in
the incident side. Whereas, in the case of soft nano-inclusion, it can be seen in 6 = 0. Multiple
peaks in the values of circumferential stresses around the nano-inclusion surface can be observed.
This phenomenon can be explained to take place as the result of the interference of incident and

reflected waves. In the second part of this figure, there is a comparison between the DSCFG values

for soft nano-inclusion in three different interfaces. The results show that the interface effects can

increase or decrease the values of DSCF,. Such a condition can be seen in the high frequency inci-

dent wave.
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3.2 Multiple Scattering results

The effect of interface properties on variation of phase velocities and attenuations of P and SV
waves with the normalized frequency has been illustrated in the Figure 4. The results have been
obtained according to Watreman-Truell model for a nano-composite at the concentration ¢=15%.
By noting the results, it is obvious that the wave’s phase velocities and attenuations are remarkably
influenced by interface effects. The obtained curves have a similar trend in the considered frequency
range. Increasing the size of nano-inclusions, the obtained results will converge to the results for
interface C ignoring the interface effects. The behavior can be explained by increasing the absolute

value ofk;, = (A° + 2/15)/ Ea. For the composite with soft nano-inclusions, the phase velocity and

attenuation curves are more influenced by interface effects compared to stiff ones. Infact as the in-
clusions are considered to have more rigidity, the interface effects can be neglected. The influence of
interface effects on the attenuation curves in low frequency incident wave is hardly noticeable and
for the composite with stiff nano-inclusions is negligible.

Figures 5 illustrate the interface effects on P and SV wave phase velocity and attenuation curves in

respect to different volume fractions ina; = 7. The main observed result is that in low volume

fractions, the interface effects have no considerable influence on the phase velocity and attenuation
curves. Increasing the volume fraction, this influence will be remarkable. It should be noted that the
influence of interface effects on these curves for composites with stiff nano-inclusion is ignorable.

The effect of size of nano-inclusion on normalized effective dynamic elastic properties for different
interfaces has been illustrated in Figure 6. The results in this figure have been obtained when

c¢=30% and; = 1. The effective dynamic elastic properties are normalized according to the elastic

constants without considering interface effects (Interface C). Increasing the diameter of inclusions,
the effective dynamic elastic properties converge to the results obtained for interface C. This state-
ment can be deduced from Figure 6. Also, these effects are more considerable for composites with

soft nano-inclusions.

4 CONCLUSIONS

Using the surface/interface theory, the present study investigated the diffraction of plane P wave by
a nano-sized spherical inclusion. Also, the influence of material bulk properties and interface proper-
ties on the dynamic stress concentration around the inclusion was examined. It has been found that
the surface/interface elasticity significantly affects the elastic scattering field when the inclusion size
shrinks to nanometers. Furthermore, we have investigated the effective wave field properties propa-
gating in an isotropic medium with randomly distributed spherical nano-inhomogeneities based on
the Waterman-Truell model. It has been observed that the interface properties have considerable
effects on the phase velocities when the inhomogeneities are in nanometers scale. Additionally, the
effect decreases when the size of inclusions increases. The interface stress effects on the phase veloci-
ties are noticeably higher on the nano-composites with soft nano-inclusions. It has been observed
that the attenuation curves are negligible sensitive to the size effect phenomenon.
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The coefficients Q)

Qb Qe ana Wi i) wld) Wi in equation (9) are:
Qg) = nj, (') = eyl (err’)
ng ) = nhf(Ll) (oyr") = 0‘17“%7(1,1)1 (o)
Q) = n(n+ 1)1 (B1")
Qa(ﬁ) = Ju (')
Qg) = hfﬁ(“ﬂ”/)
QA = (n+ 1)1 (B') = 5l ()
Wit =g, (o) = agrly, ()
WAl = n(n + 1), (8,")
Ws(11) = Ju (')

V[/s(zl) = (n+1)j, ( BQT,) - BQTIjnJrl ( B2T,)
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