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Abstract

A damage detection method based on the quadratic correlation function of strain responses (QCoS) and
pattern matching degree (PMD) is proposed in the present study. For this method, only QCoS is calculated in
time domain by strain responses, and there is no need for modal parameter extraction and analytical model
of structures. It is proved that QCoS is the function of modal parameters of structures, such as natural
frequency, mode shape and damping ratio. Numerical simulations of a simply supported steel beam are
analyzed for illustrating the effect of excitation position, reference point and damage level on QCoS,
respectively. The results show that QCoS is sensitive to local damage in the structure and robust to
measurement noise. Therefore, QCoSs are used to construct the damage feature vector. The damage
detection is performed by comparing the damage feature vectors before and after the structural damage.
Three simply supported aluminum beams are tested in the laboratory to demonstrate the effectiveness and
practicability of the proposed method.
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1 INTRODUCTION

During the operation of engineering structures, the local damage to structural components will accumulate due to various
factors such as material ageing, environmental corrosion and fatigue loading, and engineering accidents may occur (Peeters
and Roeck, 2001; Omenzetter et al., 2004; Deraemaeker et al., 2008). In structural health monitoring, damage identification
methods based on structural vibration testing have always been a research hotspot (Gul and Catbas, 2008; Zhang et al., 2022).

The occurrence of structural damage leads to changes in physical parameters, such as structural mass and stiffness,
and the modal parameters of the structure change accordingly. Structural damage has been detected by identifying the
change in modal parameters such as natural frequencies, mode shapes, and their variants. Salawu (1997) reviewed
structural assessment methods based on frequency variation and discussed the relationship between damage and
frequency variation. Sha et al. (2019) proposed a two-step method for damage detection in beams based on the relative
natural frequency change (RNFC) curves. The method can not only localize but also quantify single and multiple damage,
relying only on natural frequencies. De Medeiros et al. (2016; 2018), Medeiros et al. (2021) developed damage indexes that
take into account both the amplitude and phase of FRFs, obtained from vibration responses of the structure, to identify
damage in composite plates and bonded joints. He et al. (2018) used the Hilbert transform to extract the modal shape with
high spatial resolution from acceleration responses of a damaged beam, and proposed the regional mode shape curvature
as a damage index to locate damage. Although damage identification methods based on modal parameters have been
widely utilized in cilvil engineering structures, the lower-order modes are insensitive to minor structural damage, and
higher-order modes are difficult to obtain despite their high sensitivity to structural damage (Huth et al., 2005; Lou et al.,
2014; Lu et al., 2017; Shang et al., 2021). To avoid modal identification in damage detection, Yan et al. (2022) developed a
new method based on the power spectral density transmissibility function.

Given the limitations of modal-based structural damage detection methods, many researchers have investigated the
methods by constructing the damage indicators with structural dynamic responses in the time domain. Nair et al. (2006)
established the AR time series model of structural responses and took the model coefficients as damage indicators.
Trendafilova and Manoach (2008), Manoach et al. (2012; 2017) directly constructed the damage index by combining
displacements and velocity responses of plates and composite beams to detect damage. Rezaei and Taheri (2009)
decomposed the vibration response of a cantilevered steel pipe by using empirical mode decomposition (EMD) and used
the first-order intrinsic model function (IMF) to realize the damage detection of the pipe. Yang et al. (2019) proposed a
model-free structural damage identification method based on the acceleration statistical moment index in the time domain.
Through the relative change of the index, the damages of the RC frame structure were quickly diagnosed. Recently, the
cross-correlation function of structural responses in damage detection has attracted considerable attention for its high
sensitivity to structural damage and noise immunity. Yang et al. (2007), Wang et al. (2010, 2013) took the acceleration
cross-correlation function magnitude vector (CorV) as a damage indicator for structural damage detection. The relative
difference between the CorVs obtained from intact and damaged structures was used to locate the damage. Li and Law
(2010) constructed a damage index based on acceleration auto/cross-correlation function covariance. In comparison to
acceleration, strain is more sensitive to variations in the local stiffness of the structure. Many researchers (Pandey et al.,
1991; Sampaio et al., 1999; Qiao et al., 2007; Guan and Karbhari, 2008; Wang et al., 2021) proposed strain-related modal
parameters for structural damage diagnosis. While Li et al. (2017) directly used the dynamic strains to calculate the strain
response covariance as a damage index and demonstrated the feasibility of the proposed damage detection method with
the new index through numerical studies on a frame structure and experimental studies on a circular steel arch.

In the early stages of structural damage occurrence, effective response signals tend to be submerged in measurement
noise, which is an obstacle to the damage identification. Li et al. (2004) investigated a method using a multiple autocorrelation
method to remove the influence of noise and detect the weak sinusoidal signal buried in strong noise. Tang and Xing (2007)
and Wang et al. (2015) studied the quadratic correlation function of signals. The results showed that the quadratic correlation
function method can effectively suppress the noise in the measured signals and highlight the effective signal components.

According to the research results on the correlation function in structural damage detection and the quadratic correlation
function in signal processing, the present study proposes a structural damage detection procedure based on the quadratic
correlation function of strains (QCoS). This procedure does not require any analytical structural model. Compared to modal
parameters, QCoS is easily constructed from dynamic strains in the time domain without the need for excitation
measurements. First, QCoS is derived theoretically and proved to be a function of the modal parameters (frequency, strain
mode shape and damping) of a structure under impact loading. QCoS contains sufficient modal information of the structure,
even the modal information limited by the sampling frequency. Furthermore, the damage detection procedure based on QCoS
with pattern matching degree (PMD) and QCoS change rate (QR) is proposed to detect the damage in a structure subjected to
an unknown impact load. Numerical studies on a two-dimensional simply supported beam illustrate the performance of the
proposed damage detection procedure. QCoS is found to be more sensitive to local damage than the first few modal
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frequencies of the structure. The effects of excitation position, reference point selection and damage level on QCoS are then
investigated. In addition, the influence of the measurement noise on the accuracy of the identification results is analyzed.
Finally, laboratory tests on simply supported beams verify the effectiveness and applicability of the proposed method.

2 THEORY

2.1 Quadratic correlation function of strain responses

The equation of motion for a viscous damped structure with N degrees of freedom (N-DOFs) is given as

M, (t)+ Ci, (1) + Ky (t) = Lf(1) (1)

where M, C', K are NxN mass, damping and stiffness matrices, respectively. ij(t), IiJG(t), iEG(t) are Nx1 acceleration,

velocity and displacement vectors, respectively. L is the Nx1 mapping vector, and f(t) is the excitation. Lf(t)

represents that the excitation is applied to the corresponding DOFs of the structure. The existence of zero initial
conditions for the excitation input at the DOFs is assumed in this study.

The strain in finite elements is first derived as a function of nodal displacement using finite element theory. On this
basis, an expression for the strain response is obtained. Defined x,  as the displacement vector of a node of the mth

element, one can obtain (Li and Lu, 2001)

m= @)

P is the matrix of the displacement function, which is generally a polynomial function. a, is the coefficient vector of a
polynomial function. The coefficients are undetermined constants. To determine a, uniquely, the number of

undetermined constants should be equal to the number of DOFs of the element. When the position coordinate of each
node is determined, the vector z, ~consisting of the displacements of all nodes for the mth element is expressed as

_ _ 11
:Eem - Amam am - Am :Eem (3)

m 7;1 em (4)

For the mth element, the strain vector e, is expressed as

e, =Dz =DPA 'z =Bz

m o em

—19..
 (m=12m,) (5)

where Bm = DPA;]’1 , D is the differential operator, n, 1S the number of elements. Using the differential operator D,

the strain of the mth element is calculated from the nodal displacement of the element.
e=Bz (6)
where the vectors z and ¢ are the nodal displacement vector and the strain vector of n, elements, respectively.

Considering the continuous displacement condition of each element at the connection node, Equation (6) is converted
to the global coordinate. By coordinate transformation, z is written as
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= B, (7)

where f is the coordinate transformation matrix, g the nodal displacement vector in global coordinate. Equation (6) is
expressed as

e = Bz, = Bz, (®)
Substituting Equation (8) into Equation (1), we get
M &(t)+ C_&(t)+ K e(t) = B Lf(t) o)
M =B'MB' ¢ =B'CB' K =B'KB"
where " "¢ , ¢ , € .
The strain response is expressed as
e(t) = (1) (10)

&° is the NxN strain mode-shape matrix, and ¢(¢) with the size of Nx1 is the generalized coordinate vector of strain
mode. Substituting Equation (10) into Equation (9), we have

M i(t)+C,q(t) + K q(t) = (i)

(11)
_ FeT € gl & R = e ~
whereMT‘_(P Mgdi 'Cr—di Cgﬁﬁ’Kr—(P KE@,w:‘I’ETB_TL,
The unit impulse response function of the /th DOF of a structure is expressed as
N . y
h(t) = Zh—%aw sin(w,,t)
=1 Wy (12)

where o, w,, ¢ are the ith undamped modal frequency, damped modal frequency and damping ratio respectively. @l;

is the /th element of ith strain mode shape, ¢, = @fTB‘TL .

The strain response of the /th DOF of the structure under excitation f(¢) is written as (Clough and Penzien, 2003)

e = [ fami(t—mrr 13)

When 7>1, h/(t —7) = 0, Equation (13) is rewritten as

e = [ fn; (t —rydr (14)

The simulated strain responses of the DOFs p, / correspond to the strain responses collected from the measuring
points p, / of the structure in a vibration test. When the structure is subjected to a unit impulse, the cross-correlation
function of the strain responses is given as
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Ry(r) = [ hs (g (¢ + (15)

When t <0, there is no strain response measured from the structure, i.e., hf = 0. Equation (15) is rewritten as,

R (1) = f ]°° he (E)h (t + T)dt

(16)
Substituting Equation (12) into Equation (16), we have
N N g wﬂ/)]‘ —§w,T .
R,(r)= ZZ@M% ——e (A, cos(w,,7) + B sin(w, )]
j=1i=1 didj
N @ N
[/ E7W7T R .
= Zlfe . ZZ—[A“ cos(w,,7) + By sin(w,,7)]
J= dj =1 di
N G o, | NE, N ¢,
= ZM@ &w;T i A)cos(w, ) + P B,)sin(w,7)
j=1 Yy =1 Y =1 “ai
N @),
/R I ;
= Z#e 7 {G]. cos(w,,7) + H, sm(wdjT)}
J=1 “dj (17)
where,
N @) N P
GJ :z pi A“ H] :Z pt e BU
i=1 Yy i=1 Yy
L 1 §w, +&w, B §w, +&w,
g 2 2 2 2
2 (fiwi + gjwj) + (wdi - wdj) (51‘"}2 + fjwj) + (wdi + wdj)
_1 Wy T Wy Wy — Yy
i 2 2 2 2
2|(gw; +Ew,) +(wy; twy) (G, +Ew,) + (W, —w)
Equation (16) is expressed as,
N o
R (1) = % u(p,7) = B u(p,7)
j=1 (18)
where,
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w(p,7) = [0, (p, 7)1y (p, 7)oy (2,7

o =99, %]

The quadratic correlation function matrix of strain response Q is expressed as

Q=R, R, =3 (p) (& (p)" =& (u (p)u(p)" )27

(19)
where,
R ( 1) Rpll (tQ) : Rpll( n) uls (patl) uf (pa tg) U’f (p7 n)
Rpl(T) _ R 2( ) sz.)“(tz) RPZ_Z_(_ 2) w (p) = uy (p,t))  uy(pit,) uy (pyt)
Rplg (tl) Rplg <t2> Rplq (tn) U'jgv (pa tl) ujg\r (pv t2) ’U’JEV (pv tn)

1~y are g measuring points, and one of the points is used as the reference point p. When p=/, sz is the autocorrelation

function of the strain response. tn =nAt , At is the time interval.

() u'(

Zu p’n ’t>

wi —¢w.(nA . 1/) —&.w. (nAt) .
=S e S4B cos(w,, (nAD) + H, sin(w,, (nAD) }—Le G cos(w, (nAL) + H sin(w, (nAL)}

w w

n di dj
ww —(&w w., n
= LSRG @ cos(w,, (nA)) cos(w,, (RAL))AL
wdiwdet J

+Ee gw +§w )(nAt) GH COS( dL(nAt))SIH(de<nAt))At

+> ¢ (Gt nAl H G, sin(w,, (nAt)) cos(w,, (nAt))At

n

3 SO 1 sin(w, (nA1) sin(w,, (1A1)AL
n (20)

where the element at the jth row and jth column of the matrix [UE(p) -u®(p)"| is denoted as the subscript tXJ,and

the subscript i and j denote the mode number of the structure. If  is large enough, i.e., the measuring time is long
enough, the above equation can be expressed as,
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ZZ”/J T (¢w +Ew )t
ZA{GZ.G].IO e T cos(wyt) cos(wdjt)dt

ixj wdiwdet

+oo 7(§]wi+§ w)t .
—O—GjHjj; e 77 cos(w,,t) 51n(w(1jt)dt
+oo e*({]wi+§7w7)t

—O—HiGj‘[; sin(w,,t) cos(w,,t)dt

+oo 7(&7.\1)7"’{0.) . .
+H1Hjj; e " sm(wdit)mn(w(ﬁt)dt

(21)
Equation (21) is rewritten as,
Y. GG. Ew +E&w, Ew. +&w,
uE(p)uE(p)T .: v L) L J + [ J
i wwg At 2 (fzwz +&w, )2 + (wdi +wy )2 (§iwi +&w, )2 + (wdi —w, )2
+ G.H j Wy T Wy B Wy — Wy
2 (gl,wi +Ew, )2 N (w i F Wy )2 (ﬁiwi +Ew, )2 N (w i~ Yaj )z
" .G, Wy T Wy n Wi — Wy
2 2 2 2
? (57'% + 5.7‘“’1) + (“di + “’dj) (gl.wz. + 5]"”.7‘) + (“’dz‘ - wdj)
B HZ.H]. §w, + fjwj B §w, + §jw].
? (& + €, )2 (w0 )2 (&0, + &0, )2 +(wy —wy )2 (22)

Equation (22) shows that the elements of matrix Q are functions of natural frequency, mode shape and damping
ratio. The structural damage will lead to the change of elements of matrix Q. The elements of matrix Q can be adopted
as the characteristic parameters for damage detection.

In structural vibration tests, measured strain responses are discrete signals. Rpl is computed as,

n,—1

1
R, (1) =— h (k)h (k+T)
s k=0 (23)

where, 7 is the total number of collected signals, and r is the time delay. Substituting Equation (23) into Equation (19),

matrix Q is constructed as
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szl(tl) Rpll(tQ) Rpll(n) Rpll(tl) Rpll(tQ) Rpll(,L)T gn C512 glc glg
Q= R, () R, &) .. R, @) R, ) R, (&) Ry (t,) = 21 22 -

99 (24)

where, the element QCoS at the rth row and cth column of the matrix Q is denoted as Qrc. Qrc is computed by Equation (25).

The subscripts r and ¢ of QTC also correspond to the rth and cth measuring points (/- and /. ) of the real structure, respectively.

pl

T
Qrc = [Rpl R

= R,,(t )R](tr)
pl.N"n/7pl Nn
n , (r,c:1,2,...,g) (25)

Xce

2.2 Pattern matching degree and QCoS change rate

Note that Q is symmetric according to Equation (24). The lower (or upper) triangular or diagonal elements are used
to construct the damage feature vector V, as shown in Equation (26). After normalizing the vector V by Equation (27) to

reduce the influence of different excitation amplitudes on QTC , the ratio between the components of the vector V remain

constant, which is similar to the mode shape.

V= [QllaQ21>Q227"'aQTPQTQ""anJQgpQng'”ang] or = [QH)QQQa'“a TT’“.’Qgg] (26)
Vi
KT
va}
[i_l , (2’ =1: nc) (27)

where the subscript i denotes the ith component of the damage feature vector, 7, is the total number of the vector
components.
The damage feature vector of the structure in the undamaged or healthy state is defined as the baseline vector, and

it is denoted by V" . The difference between V of the structure in the unknown state and V' is computed for structural
damage identification. Allemang (2003) proposed the modal assurance criteria (MAC) expressed as Equation (28). It was
used to calculate the correlation between the theoretical and measured mode shapes. MAC has been widely used as an
indicator to evaluate the change of structural parameters in structural health monitoring (SHM). However, this indicator,
generated by least squares-based linear regression analysis, is sensitive to the large differences rather than small changes
between two sets of values (Allemang, 2003).

-1 =1 ,(i —1: 7%) (28)

The pattern matching degree (PMD) is used in this paper to compare damage feature vectors before and after
structural damage. The value of PMD is calculated by Equation (29).
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P =min|—,—
3 Vr 1/7
l , (z =1: nc)
7l(:
Pl,
PMD = =L
s (29)

When V is identical to V", the values of both MAC and PMD are 1. If the structure is abnormal or damaged,
the value is less than 1. It should be noted that the dynamic strain collected in the real bridge test for a long time
contains the temperature effect component, such as strain generated by temperature stress, temperature drift,
etc. This component cannot reflect the dynamic characteristics of the structure. If it is not eliminated, the strain
auto/cross correlation function will change greatly, resulting in a misjudgment of the actual health status of the
structure (Li et al., 2018). For the dynamic strain measured in a short time, this non-dynamic component in strain
data mainly generated by temperature drift can be eliminated by detrending.

The QCoS change rate (QR;) computed by Equation (30) represents the relative changes of each component
of the damage feature vector V before and after structural damage, which can be used to locate the damage of
a structure.

Vi Vi , (z =1: nc) (30)

3 NUMERICAL SIMULATION

A simply supported steel beam, as shown in Figure 1, is used for the numerical study. The physical properties of the
material are the density p=7850kg/m?3, Young's modulus E=206GPa and damping ratio £&=0.025. The cross-section of the
beam is 60mm (width) x 30mm (thickness) and the distance between two bearings is 2.7m. Due to the high span-depth
ratio of the simulated beam, transversal shear effects are ignored in the calculation. Based on the Bernoulli-Euler beam
theory, the finite element (FE) model of the simply supported beam is implemented by MATLAB software. The FE model
consists of 9 2D beam elements with a total of 10 nodes and 3 degrees of freedom (DOFs) per node. Both ends of the
simply supported beam rotate freely, with horizontal and vertical motions constrained at one end and only vertical
motion constrained at the other end of the beam.

Measuring points /1-Is of the strain responses are arranged along the upper surface of the beam. The distance
between the measuring points and that between the bearing and the measuring point are both 30cm. The beam is
subjected to a downward force in the form of a triangular impulse with a duration of 0.03s. Unless otherwise
specified, the excitation with a peak value of 100N is applied to node 5 of the beam and /; is set as the reference
point in the analysis of the numerical simulation. The vertical displacement responses of 8 measuring points are
first calculated by the Wilson-6 algorithm and then the strain responses of the beam are further obtained. The
sampling frequency is 1000Hz. A total of 5s of strain responses are calculated and 5000 data are got for each
measuring point. White Gaussian noise is added to the strain samples to simulate the measurement noise, and the
signal-to-noise ratio (SNR) is 80 dB.
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Figure 1 A simply supported beam model

3.1 Effect of excitation amplitude on QCoS

To analyze the effect of excitation amplitude on QCoS, the excitations with different peak values (100N and 200N)
are respectively applied vertically to node 5 of the undamaged beam. The strain time histories of the beam show
attenuation trends, such as the dynamic strains of measuring points 2 and 5 in Figure 2. The matrices Qs for two excitation
cases are computed by Equation (23)~(24). Because there are 8 measuring points, the size of matrix Q is 8x8 with 36
independent elements. The damage feature vector V is formed by the lower triangular elements of matrix Q (Equation
(26)) and normalized by Equation (27). As can be seen in Figure 3, the components of the normalized vectors Vs obtained
from two excitation cases are identical. The MAC and PMD values calculated by Equation (28) and (29) are both greater
than 0.99999. The small difference between two vectors may be caused by measurement noise. The results indicate that
the ratios between components of V remain consistent after V is normalized to eliminate the effect of excitation

amplitude on QCoS, and the normalized vector V of the undamaged beam can be used as the reference vector V' for
structural damage identification.

60 . T T .
L ——1, (100N)
40 | —— L (100N)| |
—— 1, (200N)
——— 1, (200N
20 5 (00N)] |

Microstrain
o

Time [s]

Figure 2 Simulated responses of the measuring points 12 and I5 of the intact beam under different excitations

0.30 | 100N| -
o e [ 200N
0.25 - - _— -
020} T i
= e | M M M .
0.10
0.05 | m m H .
0.00 m
6 12 18 24 30 36

i
Figure 3 Components of normalized damage feature vectors of the intact beam under different excitations
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3.2 Effect of excitation position and reference point on QCoS

To further analyze the effect of the excitation position on QCoS, the impulse excitation with a peak value of 100N is
applied vertically to nodes 2, 3, 4 and 5 of the undamaged beam respectively. The MAC and PMD values obtained by
pairwise calculation of the normalized vectors Vs in these four excitation position cases are greater than 0.99999.
The components of the vectors Vs are displayed in Figure 4. It can be seen that the components of the vector V do not
vary as the excitation position on the beam changes.

0.30 . . : . : .
‘— I node2
0.25 | | f - nodeB i
0.20 b 4
N 015 i
010} i i
0.05 | % H bt
H
0.00 i i
6 12 18 24

i
Figure 4 Components of normalized damage feature vectors of the intact beam obtained with excitations at different positions

Note that QCoS is calculated based on R, according to Equation (25). Here it is analyzed whether the different
choices of the reference point p will cause the component in the normalized vector V to change. The strain sample
analyzed is also obtained by applying an impulse excitation with a peak value of 100N to node 5 of the undamaged beam.
In the four reference point cases, the measuring points /1, I, /s and /5 are set as the reference point p respectively, and
the MAC and PMD values obtained by pairwise calculation of the normalized vectors Vs in four cases are also greater
than 0.99999. The results show that the variation of the reference point in the calculation of QCoS does not lead to the
changes in the components of the normalized damage feature vector V.

3.3 Effect of damage on QCoS

The damage is simulated by reducing the stiffness of the beam element, Ak, = -Aamkm. Ao, is a fractional change in
the stiffness k of the mth element, Aam € [0,1], (m=1, 2, ..., 9). Three damage cases are described below.

case I:

a Aa, = 5% Aa —10% Aa —20% Aa =40%
case ll:

" Ao, = 5%; ) Aoy = 10%; a) Aoy = 20%; @) Ao, = 40%
case lll:

@ Aa, = 5%' Aay :10%_ Aa4 =10% Aal :15%;

) Aa, =20% Aq —25% Aa —40% Aoy = 45%

3.3.1 Sensitivity analysis

The relative sensitivity is obtained using Equations (31) and (32) respectively. The sensitivity of QCoS and modal
frequency to local beam damage is compared.

0Q,, /0o _ (ch —Q;‘c)/aa
Q. Q"

(31)
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d fu) a
JA o)
of, / oo _ £ =1)/
u u
J; J; (32)

where, the superscripts u and d denote the undamaged and damaged states of the structure respectively. f; is the ith
modal frequency.

The first 5 modal frequencies of the non-destructive beam are 9.56 Hz, 38.24 Hz, 86.10 Hz, 153.33Hz and 240.39Hz.
For damage cases I(1) and case lI(1), the relative sensitivities of the first 5 modal frequencies are listed in Tables 1 and 2,
and the first 10 maximum values of the sensitivities of Q. are listed in Tables 3 and 4. The maximum absolute value of
the relative sensitivity of frequency is only 0.1077, which is significantly less than that of QCoS, as shown in Figure 5. This
analysis indicates that QCoS is more sensitive to structural damage than modal frequency. The stiffness-reduced element
3 is located between measuring points /> and /5, the sensitivity values of Q22, Qs2, Q33 in damage case I(1) are greater than
other values of Q. in Table 3. The stiffness reduced element 1 is arranged with only one measuring point /1, the sensitivity
value of Qi1 in damage case II(1) is significantly greater than the other values of Q.. in Table 4. The results show that the
change in Q. calculated from the strain responses measured by strain gauges placed at the node of the stiffness-reduced
beam element is more pronounced.

Table 1 Relative sensitivity of f; for damage case 1(1)

fi f f fz fa fs
Relative sensitivity -0.0682 -0.1077 -0.0339 -0.0274 -0.0815
Table 2 Relative sensitivity of f; for damage case 1I(1)
fi fi f2 f3 fa fs
Relative sensitivity -0.0046 -0.0173 -0.0344 -0.0509 -0.0632
Table 3 Relative sensitivity of Q. for damage case 1(1)

Qrc Q;; Qs; Qi3 Qs; Qe2 Q7 Qs> Qs3 Qe3 Qa2
Relative sensitivity 0.9869 0.9366 0.8875 0.3540 0.3399 0.3366 0.3330 0.3077 0.2916 0.2906
Table 4 Relative sensitivity of Q. for damage case 11(1)

Qrc Qll QSI Q41 Q51 QGI Q71 QSl QZl 033 Q43
Relative sensitivity 1.0091 0.4934 0.4898 0.4884 0.4879 0.4879 0.4874 0.4562 -0.100 -0.0145
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Figure 5 Comparison of the relative sensitivity of QCoS and frequency
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3.3.2 Damage level

For damage case |, the stiffness of element 3 is reduced from 5 % to 40 %. As shown in Figure 6, the dotted lines
indicate that Q.. gradually increases as the element stiffness decreases. Q.2, Q32 and Qss, calculated from the responses
collected at measuring point /; or /5 (located at nodes 3 and 4 of element 3), i.e., r and ¢=2 or 3, increase significantly.
When r or ¢=2 or 3, the following Q. increase slightly: Qu1, Qs1, Qa2, Qa3, Qs2, Qs3, Qe2, Qe3, Q72, Q73, Qg2 and Qss.
When r and c#2 or 3, Q,. decreases as the stiffness of element 3 decreases, such as Qi1, Qa1, Qaa, Qsa, etc.

Since Q22 and Qa3 increase significantly in damage case |, the diagonal elements of the matrix Q are selected for
analysis in damage case Il. As shown in Figure 7, only Qi1 increases with the stiffness reduction of element 1. In addition,
the increase of Qi1 in case Il is less than that of Q2 and Qas in case I. The same stiffness reduction of the different beam
elements results in a different change in the value of Q..

In damage case Ill, multiple damages are introduced to the beam, the stiffness of beam element 4 is reduced
from 5 % to 40 % and that of element 1 is reduced from 10 % to 45 %. In the x coordinate of Figure 8, the value outside
the parentheses represents the fractional reduction in the stiffness of element 4 and that inside the parentheses
represents the fractional reduction in the stiffness of element 1. For example, in case Il (1), the stiffness of element 4
is reduced by 5%, while the stiffness of element 1 is reduced by 10%. The increase of Qss, Qa3 and Quas is greater than
that of the following Qrc: Qi1, Q31, Qa1, Q61, Q63, Qoa, Q71, Q73, Q7a, Qs1, Qgz and Qes. When rand c =1 or 3 or 4, Q.
increases as the stiffness of elements 1 and 4 decreases. When r or c=1 or 3 or 4, the stiffness reduction of the beam
elements results in an increase of Qes1, Qe3, Q74, etc. and a decrease of Qa21, Q32, Qa2, etc. The results show that Q. is
not certain to increase if only one of the measuring points (/- or /) is located at the node of the stiffness-reduced
element. Therefore, the stiffness-reduced beam elements cannot be accurately specified by the increase in the value
of the off-diagonal element Q... When r and c#1 or 3 or 4, Q. decreases with the stiffness reduction of the structural
elements 1 and 4, such as Qz2, Qs2, Q76, Qss, Qs7.
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Figure 6 Curves of Q, versus damage level (damage case 1)
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Figure 8 Curves of Q,. versus damage level (damage case Ill)

3.4 Damage detection

3.4.1 Damage detection procedure

By analyzing the variation of QCoS due to structural damage, it is found that the diagonal elements with increasing
values in the matrix Q can be used to specify the stiffness-reduced element of the beam. The diagonal elements of the
matrix Q are more suitable than the off-diagonal elements to form the damage feature vector V. The structural damage
identification steps in Figure 9 are as follows:

Step.1 The dynamic strains of the undamaged structure subjected to impulse excitation are measured and the

auto/cross correlation function Ry is calculated by Equation (23). Ry is then substituted into Equation (24) to

calculate the matrix Q. The damage feature vector Vis constructed from the diagonal elements of the matrix Q and

normalized as the reference vector V*.

Step.2 Repeat Step 1 to obtain the vector V of the structure in the unknown state.

Step.3 To judge whether the structure is abnormal, the value of the pattern matching degree between Vand V" is

calculated using Equation (29).

Step.4 The QCoS change rate (QR;) as damage index is computed by Equation (30).

Step.5 Determine and locate the damage to a structure by combining PMD and QCoS change rate values.
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Figure 9 Damage detection procedure

3.4.2 Damage determination and localization

In general, the PMD and MAC values shown in Table 5 decrease as the severity of the structural damage increases.
The MAC values are shown here for comparison. It can be seen that the PMD values decrease more significantly than the
MAC values for the same level of structural damage. The 5% stiffness reduction of a single beam element in case I(1) and
case Il(1) causes the PMD value to decrease slightly to 0.9771 and 0.9933 respectively, while the MAC values are close
to 1. The PMD values have reflected the change in vector V produced by the minor structural damage. When the stiffness
of element 3 in case I(4) and element 1 in case 1l(4) both decrease by 40%, the PMD values drop to 0.79 and 0.9494
respectively. The same level of damage, occurring at the end and near the mid span of the beam respectively, has caused
a different degree of change in the vector V.

According to the analyses of increased Q. QR; calculated by Equation (30) with a positive value can indicate the
location of the structural damage. For case |, only QR, and QR3; shown in Figure 10(a) are positive. The element with
reduced stiffness is identified as being located beween two adjacent measuring points /; and I3, i.e., element 3. For case |l,
only one measuring point /1 is placed at node 2 of element 1, QR is positive and QR; is negative, as shown in Figure 10(b).
This indicates that the reduction in stiffness is likely to take place on the element 1. In case lll, the values of QR; and QR3
and QR4 are positive as shown in Figure 10(c). Based on the results of the damage detection in case | and Il, it can be
judged that the stiffness reductions have occurred on elements 1 and 4.

Table 5 PMD and MAC values of damage cases

Damage case (1) 1(2) 1(3) 1(4) (1) 1(2) 1(3) 1(4) (1) n(2) 1n(3) 1n(a)
PMD 0.9771 09535 0.9037 0.7900 0.9933 0.9868 0.9740 0.9494 0.9636 0.9333 0.8711 0.7416
MAC 0.9994 09972 09875 0.9370 0.9999 0.9999 0.9998 0.9987 0.9990 0.9958 0.9824 0.9244
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Figure 10 Damage localization based on QR;

3.4.3 Effect of measurement noise on damage detection

The SNR of the strain responses analyzed previously is 80dB. In this section, the SNR of the responses in case I(1)
and case Ill(1) are reduced to 60dB, 40dB and 20dB respectively to analyze whether the increase in noise level affects
the accurate identification of small structural damage. The values of QR; in Figure 11 are consistent for the structure in
these two damage cases, and the structural damage can be correctly detected according to QR>0. When the SNR is 20
dB, the PMD value of case (1) is 0.9764 and that of case IlI(1) is 0.9631. Comparing the values of case I(1) and case IlI(1)
in Table 5, it can be seen that the PMD values hardly change when the SNR of the strain signals decreases from 80dB to
20dB. The results indicate that the components of the damage feature vector V are insensitive to the measurement
noise, proving the point of view in the article (Tang and Xing, 2007) that the quadratic correlation method can greatly
reduce the influence of noise on the signals.
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Figure 11 QR; at various noise levels
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4 EXPERIMENT VALIDATION

To investigate the performance of the proposed damage identification procedure with QCoS, three simply supported
aluminum beams with the same span length and cross section are tested in the laboratory. All three beams have a cross
section of 10cm (width) x 2cm (thickness) and a span of 270cm. One of the beams (beam 0), which is non-destructive, is used
to develop the baseline for damage detection. The other two beams are cut on one side. Beam 1 is set with 1 cut and this
cut, which is located at mid-span, is 20cm (length) x 3cm (width) x 2cm (thickness). Beam 2 is set with 2 cuts. One of the
cuts, also at mid-span of the beam, is 20cm (length) x 4cm (width) x 2cm (thickness). The other cut is 20cm (length) x 2cm
(width) x 2cm (thickness) and 5cm away from the adjacent bearing of beam 2. The cuts of beam 1 and beam 2 are marked
with red rectangles in Figure 12(a).

8 strain gauges are mounted at equal intervals along the mid-line of the upper surface of all three beams in
Figure 12(a). The distance between the measuring points and that between the center of the bearing and the measuring
point are both 30cm. Impact excitation is applied downward with a steel hammer between measuring points 2 and 3 on
the mid-line of the beam surface. The strain responses at 8 measuring points are collected by using the NI PXle-1082
portable data acquisition system at a sampling frequency of 1000Hz. A total of 15s of strain responses are measured, and
15000 data are got for each measuring point. All detrended responses are shown in Figure 13.

(a) measuir;g pomtrs arrangément otbéét;n (b) bearings of beam

Figure 12 Simply-supported beams in experiment
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Figure 13 Data acquisition system and measured strain responses
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According to the damage identification process, the auto/cross correlation functions are first calculated from
Equation (23) using the strain data for each beam with measuring point 1 as the reference point (i.e., p=1). The matrix Q
is then calculated using Equation (24) and the damage feature vector V is formed from the diagonal elements of the
matrix Q. The components of the normalized damage feature vectors of 3 beams are shown in Figure 14. Using the vector

of beam 0 as the reference vector V', the PMD values computed from Equation (29) for beam 1 and beam 2 are 0.8266
and 0.7341 respectively. As the size and number of cuts increase, the PMD value obviously decreases. It reflects the
damage aggravation of the beam. As shown in Figure 15(a), QR4 and QRs are positive, indicating that the damage is
located in the segment of beam 1 between measuring points 4 and 5, i.e., the mid-span cut of the beam. Compared to
Figure 15(a), QRs is positive in Figure 15(b). This suggests that there is one more damage at the end of beam 2 than beam
1.

02— : : : : . 030 ;
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o o
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021 -0.30
-0.3 L L L 1 L L L -0.45 L I
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(a) beam 1 (b) beam 2

Figure 15 Damage localization for beam 1&2

5 CONCLUSION

A structural damage detection method based on the quadratic correlation function of strain responses (QCoS) is
proposed. In vibration testing of a structure, QCoS is calculated in the time domain by strain responses. This damage
detection method without the need of structural analytical model and modal parameter identification is convenient for
engineering application. The QCoS of a structure under impact loading is proved to be a function of the modal frequency,
mode shape and damping ratio. QCoS can be used to construct the damage feature vector, and if the structural state
(intact or damaged) does not change, the ratio between the components of the normalized damage feature vector should
remain constant. Therefore, it is theoretically possible to detect the damage using the difference between the normalized
damage feature vectors (i.e., QCoS change rate) before and after the occurrence of damage to the structure. The PMD
values are calculated to compare the normalized damage feature vectors of the unknown and intact states of the
structure to preliminarily judge whether the structure is abnormal. The damage to the beam can then be definitively
determined and located by the QCoS change rate (QR).
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According to numerical studies on a simply supported steel beam with a high span-depth ratio, some conclusions
are obtained as follows.

(1) The variations of the excitation position and the reference point for the structure do not lead to changes of the
components (QCoSs) in the normalized damage feature vector. The normalized damage feature vector of the intact
beam can be used as the baseline vector for structural damage identification.

(2) QCoS is more sensitive to local damage in the structure than frequency. Even a single slight damage to the beam
produces the change of QCoS in the normalized damage feature vector.

(3) With the aggravation of the damage or the occurrence of multiple damages, the normalized damage feature vector
of the destructive beam obviously differs from the baseline vector. It is reflected in the significant decrease of the
PMD value and indicates that the structure is in an abnormal state.

(4) The QCoS in the normalized damage feature vector of the damaged beam, calculated from the responses collected
at measuring point located at ends of the damaged beam segment, are greater than the corresponding QCoS in the
baseline vector. The increase in the number of positive QR indicates that single damage develops into multiple
damages on the simply supported beam. The ends of the damaged beam segment are located by the positive QR,
and then the locations of multiple damages in the beam are accurately determined.

(5) When the SNR of the strain signals drops from 80 dB to 20dB, the PMD values of the minor damage cases show that
the QCoSs in the normalized damage feature vector hardly change. QCoS has good robustness to measurement noise.

In an impact test on a structure, measured dynamic strains often contain the component generated by temperature
drift, which does not reflect the dynamic properties of a structure and causes the non-damage induced change in the
strain auto/cross correlation function. This component should be eliminated by detrending before calculating QCoS to
avoid misjudging the structural state. Through the proposed damage identification method based on QCoS, the damages
at the mid-span and the end of the simply supported aluminum beams in the laboratory experiments are accurately
identified and located. It should be noted that the validity of the method is verified by numerical and laboratory tests
based on the beam with a high span-depth ratio. For the short and deep beam, the shear effect needs to be considered
and the effectiveness of this method requires further study.
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