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Abstract

This article presents novel non-singular influence functions for homogeneous media. These solutions are
displacement and stress fields of a three-dimensional, isotropic full-space under time-harmonic vertical and
horizontal loads, which can be used within the framework of boundary element methods to solve elastodynamics
problems in engineering practice. In order to account for sharply-varying contact tractions that may occur in such
problems, the solutions in this article consider a biquadratic distribution of the loads within the loaded surface.
In the present derivation, sets of Fourier transforms are used to uncouple the medium's equation of motion and
enable the incorporation of boundary conditions directly as traction discontinuities. The article brings selected
numerical results for various geometric and constitutive parameters.
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1 INTRODUCTION

Boundary element methods are typical choices of methods to model unbounded media such as the soil. This success
is partly due to their ability to comply with radiation conditions of unbounded media (Sommerfeld, 1949) and because
they do not require discretization of the unbounded domain (Kuzuoglu and Mittra, 1997). The Direct Boundary Element
Method (DBEM) is one example of such methods. In DBEM formulations, a discretized boundary integral equation is used
to approximate the solution of the problem. In elastodynamic problems, for example, this equation relates displacement
and stress Green's functions, which comprise the displacement fields and stress tensors of the medium of interest in
response to point loads.

A comprehensive literature review of Green's functions for elasticity has been presented by Pan (2019). A well-
known difficulty in DBEM schemes is dealing with singularities resulting from collocation of Green's functions at the
boundary of the domain (Dumont, 1994). One way to avoid this difficulty is by using non-singular influence functions,
which can be collocated at the boundary without resulting in singularity problems. These functions can be used in
Indirect-BEM (IBEM) schemes, in which displacement and stress influence functions are related through sets of fictitious
loads, rather than by a boundary integral equation. Some of these non-singular influence functions have been derived
by the authors of this article and their work group in the past decades. These solutions include isotropic (Mesquita et al.,
2012b) and anisotropic media (Barros and Mesquita, 1999), harmonic and transient excitations (Mesquita et al., 2003),
concentrated (Mesquita et al., 2009a) and distributed loads, for half-spaces (Mesquita et al., 2012a) and full-spaces
(Labaki et al., 2019), and with a variety of different methods of derivation (Adolph et al., 2007; Romanini et al., 2019).
Extensive investigations into the numerical evaluation of such solutions (Labaki et al., 2012) and strategies to deal with
their high computational cost (Mesquita et al., 2009b) have been presented as well. In view of soil media applications,
other groups have also invested significant effort to model influence functions that represent the soil's transversely
isotropic, layered, and poroelastic characteristics. Selected examples of these functions, together with their applications
within IBEM frameworks, are models of the dynamic response of rectangular plates embedded in layered, transversely
isotropic soils (Fu et al., 2017; Fu et al., 2019), models of the response of strip foundations on transversely isotropic,
layered, elastic (Ba et al., 2018a) and poroelastic (Ba et al., 2018b) soils, and models of the seismic response of alluvial
basins (Ba et al., 2020).

Solutions for uniformly-distributed loading cases such as those presented by Romanini et al. (2019), however, face
a difficult challenge when used to model discontinuous contact problems. Such problems are common in multi-media
and multi-body interaction applications, and the challenge is to represent sharply-varying contact tractions that occur at
the edges and interfaces between different bodies and media (Barros and Mesquita, 2000). Figure 1 illustrates this
problem. It shows the horizontal and vertical contact tractions tx and t; at the interface between a rigid strip footing and
a half-space, resulting from the application of an external rocking moment My on the footing. These results were
computed by Barros and Mesquita (2000) for the normalized frequency of excitation ag=w/cs=1, in which c; is the shear
wave speed in the half-space.

half-space
/\\\1‘ rigid footing
x
2A
zy

= — imag

0 :
xIA
Figure 1 Sharply-varying contact traction distribution at the interface between a half-space and rigid strip footing under rocking moment.
Modeling quantities like these using uniformly-distributed loading solutions requires large numbers of elements and

results in high computational cost, and in some problems is altogether unattainable (Barros and Mesquita, 2009). A
contribution toward improved representation of sharply-varying contact quantities has been recently presented by
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Romanini et al. (2021), in which bilinearly-varying loadings were considered. The solution in this article is a significant
improvement in that regard.

This article presents displacement and stress solutions for a three-dimensional, isotropic full-space under time-
harmonic vertical and horizontal excitation. External loads can have arbitrary biquadratic distribution over a rectangular
patch within the full-space. Within DBEM and IBEM contexts, these non-singular influence functions correspond to
quadratic boundary elements, which can be used in elastostatic and elastodynamic analyses with improved accuracy,
convergence, and computational cost. The article presents original numerical results for various geometric and
constitutive parameters, and shows that the presented implementation can be used within formulations of the boundary
element method.

2 PROBLEM DEFINITION

Consider a three-dimensional, isotropic full-space, under horizontal (x- and y-directions) and vertical (z-direction) time-
harmonic loads of circular frequency w. In the absence of body forces, the equation of motion of this medium is given by

NVQU’ + A+ wV(Veu)= _wzpua (1)

in which pand A are Lamé's constants and p is the mass density of the medium, and u=u(x) is the displacement vector of
point x=(x,y,z). The corresponding stress field 6=0(x) can be obtained from u=u(x) through the constitutive relation

0, = AV e u)%’ + u(ui’j + ujﬁl.), o)
in which §; is the Kroenecker Delta.

In this work, we derive solutions for both u and o for the loading case illustrated in Figure 2: the loaded surface is a
square patch defined by |x|<A; |y|<B; z=0, over which arbitrary, biquadratically-varying loads are applied.

Figure 2 Biquadratically-varying load distribution within the full-space.

3 SOLUTION PROCEDURE

The strategy to derive solutions for u and o in this paper is based on the Helmholtz decomposition (Helmholtz,
1858). Each term u; of the displacement field u=u;é; (i=x,y,z) is expressed as the linear superposition

1 2

u, =——A +—e ,
9 i o “imn" “nm
b ks

(3)

in which A and Q are independent fields, and ki2=w?p/(A+2) and ks®>=w?p/u are primary and secondary wave numbers
of the full-space. Equation 2 can be rewritten in terms of the scalar dilatation field A and the vector rotation field Q as
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o5 o 1-2p° 2 2
7 =0 2 A- k_QA,ij + k_Q(eilel,kj + el )7
L S (4)
in which n2=k.?/ks%. Trial solutions for A and Q can be written in the wave number domain (B, y) as
A1) = O2)p2 tap+i(Br+yy)
L ’ (5)
Q2 _ B(l,?)kQGia5z+i(,3x+7y)
/S B ’ (6)

in which the super-indices m=1,2 indicate m=1 (-e2<z<0) and m=2 (0<z<+eo) halves of the full-space. The solutions
expressed in Egs. 5 and 6 satisfy the condition that u must vanish for x>+eo (Sommerfeld, 1949).
In view of the properties of A and Q, Egs. 5 and 6 yield

af g = (52 + ) — kg, (7)

i
Bl = FL(8B, ++B,).
% (8)

The passage from Egs. 5 and 6 to Egs. 7 and 8 is detailed in Appendix A. Substituting Egs. 5 and 6 into 3 and 4 yields

ugz) = _A(m)iﬁei%z + 1[31(12)57 + BéLQ) (72 _ Qg) ot }ei(JxH)’)
s )
“(YL2) = - A0Djpetarr 4 l[ BELQ) (_ & + o ) 3 B§1’2) By eia‘gz}ei(@X?yy)
o (10)
W02 — {$ A0, ooz _ 21[ g2, _ pl12) 3 iasz} i x+7y)
7 L Y P € € )
U%) = M{ A02) ( B2 =% —al + 202 ) etour 4 4ip [ Bl<1,2) By + ng) (72 —a? ) e }ei(gxﬂy)
o (12)
ag}’é) = QM{A(L?)[}VQMLZ + L[Bfm) (725 + ﬂOé?q e ) 4 BéL,?) (73 _ ,Yag _ ﬂQ’Y) oFos? }ei(6x+W'Y)
o (13)
oy = 2 FA0 D50 05 + 28?3y + B (97 - a — g7 |t fo) N
oy = N{A(m (7%= 6% = o} + 20} Je* " & 41_7[31(1’2) (ad = 3] - BBy [e*s* }ei(ﬁ"”y)
o (15)
Jg/LZQ) _ 2M{¥1A(1’2)70¢Lei%z n [31(1,2) (ag 42— ) B QBS,Q)ﬁv}eiasz }ei(,6x+“/y) y
O-(Zl;) — M{_A(l,?) (,Y2 4+ ﬂQ + ag )eia,lz T 410&5 [31(1,2)7 . Bél,Z)ﬂ eiasz }ei(ﬂx+"yy>7 -
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in which A™ and B,(™ (m=1,2; n=1,2,3) are arbitrary functions that depend on specific boundary conditions.

4 BOUNDARY CONDITIONS

Solutions for the full-space (—-oo<z<+o°) are obtained from Egs. 9 to 17 by imposing continuity and equilibrium
conditions at the interface between media m=1 and m=2. The former is imposed for all displacement components u;
(i=x,y,2) as

ugl)(x,y,z = 0) = uf)(az,%z = 0),

(18)
while the latter is imposed for all stress components oz as
(1) —0)_~® —0) =
UZ]' (Zl?,y,Z—O) UZ]‘ (x,y,z-())—Pj(:I;,y), (19)

in which Pj(x,y)=p;e'®*W) are external loads of amplitude p; in the j-direction (j=x,y,z) applied at the interface between
media m=1 and m=2 (Fig. 2). The solution of all six algebraic equations involved in Egs. 18 and 19 results in A™ and B,™
for the full-space boundary-value problem:

a2 1iﬂpx(ﬂ,v)+17py(6,7)i1pz(6,7)

AN = ’
2 appk; 2 oy pks 2kl 0
B2 _ lpy(ﬁ,7)+17pz(ﬂ,'y>
1 - )
b b s (21)
B(1’2> _ile(ﬁa/Y) 1.ﬁpz<677)
9 - - 5 — Zl y
4 ks g kg )

4.1 Biquadratic external loads

The external load distribution shown in Fig. 2, which is defined by its values at the nine points t; (i=1:9) can be
described by direct biquadratic interpolation over p;(Qi)=t;:

p; (x, Y,z = O) = (TIJJQy2 + TQBmQy + 2T332.Z’2 + T,ABry + T5Axy2 + 2T6ABQx + 2T7A2y2

44°B
+ 2 A By + AT, 4B,
(23)

for|x|<A and |y|<B, and pj(x,y,z=0)=0 otherwise, in which
To=t +ty b+t + 4l =2ty + b, + 1 + 1),

Ty =t + 2t +t — (b +t; + 2t ),

T, =1, + 1, — 21,

T, :t1+t5_(t3+t7)’

Ty =t +ty +2 — (2, + 4 +1),
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T =ty — 1,
T =1, +t, —2t,

T, = —t, + 1,

T, =1,

In order to allow its incorporation into Eq. 19, Eq. 23 must be written in the transformed (B, y) space, which is
obtained through its direct Fourier transform with respect to (x, y):

5, (87)=- Z%,

2p2 03,3
2A°B ﬁ’y (24)

in which

%: (52,42 _ 2)(7232 _ Z)Sin(ﬁA)sin(vB) +2B7(52A2 _2)sin(6A)cos(yB)

+ 2@4(7232 — 2)cos(ﬂA)sin(yB) + 4ABﬂ7cos(ﬂA)cos(yB),

TflijB = _(ﬁ2A2 - 2)sin(6A)sin(yB) + B,Y(ﬁZAQ _ Q)Sin(ﬂA)cos(yB)
_QﬂAcos(ﬂA)sin(’yB) —|-2ABﬂ’ycos(ﬂA)cos(7B),
2Tf;]272 (ﬁ2A2 )sm(ﬁA)sin('yB)+2Aﬂcos(ﬁA)sin('yB),
Ti;ﬂv = —sin(0A)sin(7B) + yBsin( 34 ) cos(1B) + ABcos(34)sin(B) — ABGycos(5A)cos(vB),
4
Tfizﬂ = _(72]32 - 2)sin(ﬂA)sin(’yB) - 2B'ysin<ﬂA)cos('yB)
+ Aﬁ(7232 _2)cos<ﬂA)sin(yB) + 2ABﬂycos(ﬁA)cos(7B),
mj% = —Bysin(ﬁA)sin(fyB) + ABﬂvcos(ﬁA)sin(yB),
6

QT:_;# = (7232 —2)sin(ﬂA)sin(yB) + 2Bvsin(ﬁA)cos(yB),
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2T§+;ﬂ2:—Sin(ﬁA)sin('yB)+B'ysin(ﬂA)cos<wB),
8! v
Py; _ sin(B8A)sin(~B
m—ﬁﬂ(ﬁ )sm(’y )
9

5 FINAL SOLUTIONS

Substituting Egs. 20 to 22 into 9 to 17, together with Eq. 24, results in u(kg,k,) and o(kg,ky). Applying the inverse
Fourier transform into u(kg,k,) and o(kg,ky) yields u(x) and o(x), the displacement and stress fields in the physical domain.
In order to improve the readability of this article, the final expressions for u(x) and a(x) are listed in Appendix B. Two
selected components are shown here in order to illustrate the general aspect of these solutions:

P F, 2 ~ F, r,
= T A e o O T
Dy || 2o [Jo /c7 a Jo TR K

N 2 w F F
_q 248 [T s by |2 N [T R by |2 b,
aq, Jo [Jo k@ IfW ag M0 \T0 Tk TR '

3 oo oY F 00 © F S

A [ [T R by e ik~ T2AB | [T by [P i,

2J0 0 ]{;, 0 k R I

Gy 8 w/ 5} Y

249 2 (] [ i
2 [ I Bssasidhy ]k3 ¢, dk, + T2AB | [ /. ﬂsﬁAsﬁxdkﬁ]k—?swd@
v B

00 00 )
2 B
- 44B%, | [ J ﬂsmsmdkg]kv_cwdkw
" (25)

the horizontal (x-direction) displacement due to vertical (z-direction) loads, and

%ﬁ . f fo G14 , /:c dk;, L pAB f f G14 e /f/j 5., dk
~ T,2B° f f G14 ’[ ’% 2 dk, ~T,AB f f G14 kﬁ sadky "f b5 dk,
+T— f J 6,2 : 1:3 e, ik, +T2B%, [ ] [ °°G14Z kg |y,

,’ y 8 gl

—
8
!
ISy
& |§

F of oo 5 £
A BA 72
dk, k_gcwdkv + T4,2ABa, fo fo G, Ecﬁwdkﬁ ]k_gs“/ydk“/
| poo - Sgy 5yB
j;) G14 E C,Bxdkﬂ ]k_ €y dkv’
‘ N

N
the shear stress in the y-z plane due to horizontal (y-direction) loads. The parameters involved in Egs. 25 and 26 are listed
in Appendix B as well.

Notice that these solutions are expressed in the [0,+2°) interval, rather than in the original Fourier transform (—oo,o0)
interval. This can be obtained after careful consideration of whether the integrand of each term is an odd or even
function. Moreover, the term z/|z| is incorporated into some components so that a single expression for each

(26)
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component can represent the entire full-space, rather than separate solutions for each media m=1,2. Both these
modifications entail arduous mathematical manipulations and are aimed at facilitating the numerical evaluation of these
expressions.

6 NUMERICAL RESULTS

A detailed description of the numerical scheme used in this work to evaluate Egs. 48 to 71 (Appendix B) is presented
by the authors in Labaki et al. (2012). In summary, a combination of two routines is used: an adaptive quadrature scheme
is used to integrate a finite region of the integrand containing singularities, while an extrapolation-based scheme is used
to integrate the oscillatory-decaying remainder portion of the integrand (Piessens et al., 2012). Additionally, a small
damping factor n=0.001 is incorporated into the constitutive parameters according to A*=A(1+in) and u*=p(1+in)
(Christensen, 2010), which then replace p and A in Eq. 1. This causes the integration path to evade the real-axis
singularities via a small detour through the complex plane (Michalski and Mosig, 2016).

All results in this section consider p=1, p=1, v=0.25, and A=B=1, unless otherwise stated.

6.1 Verification

Figure 3 shows a comparison of displacement components uyy and uzx with the dynamic Kelvin solution (Kitahara,
2014). For this comparison, Kelvin's unit point-load solution was numerically integrated over a square 2Ax2B area, and
this case can be simulated with the present solution by making ti.o=1. These results were computed at point x=y=z=1.5,
in terms of the normalized frequency ao=w/cs=1, in which cs=Vp/p is the shear wave speed in the half-space. The root-
mean-square errors (RMSE) between the present and the reference Kelvin solution are 2.43-107° and 4.65-107° for the
real and imaginary parts of uyy, respectively (Fig. 3a), and 3.32-:107° and 2.97-107 for the real and imaginary parts of uz,
respectively (Fig. 3b). Since both solutions are synthetized numerically, they both have intrinsic numerical errors. These
guantitative comparisons serve merely to verify that the solutions produce comparable results, rather than to validate
them against some exact solution, since no such solution is available for this problem.

0.1 T T T 0.04

/\ f\ Qf[ie;] - Kelvin

0.05 ] 002 \ o ImfU,,]- Kelvin
. /"\,@\ o /\ 4 >
b \ \_‘/ o g:lsuem]-Ke\vin o \ ><//

o Im[UW] - Kelvin

-0.1 : - - -0.04
0 1 2 3 4
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o
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01 O real - Barros *\\
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Figure 4 Comparison of selected stress components with (a) Kelvin problem solution and (b) Barros and Mesquita (1999) 2D problem.
As for the stress components, Figure 4a shows a comparison of selected components with the classical static, point-

load Kelvin solution (Kane, 1994). For this comparison, we considered A=B=0.01, y=0.3, and z=0.5. Additionally, Fig. 4b
shows a comparison with Barros and Mesquita's (1999) 2D plane-strain problem for various frequencies. In this

Latin American Journal of Solids and Structures, 2023, 20(6), €508 8/26



A quadratic boundary element for 3D elastodynamics Edivaldo Romanini et al.

comparison, t1.9=1, B/A=50, x=0.8, z=0.5, and y=0. The RMSE between the present and the reference solution is 8.47-107,
2.09-107%and 1.34-107 for oyyz, oxxx and oxxy, respectively (Fig. 4a), and 3.11-10~* and 3.24-107* for the real and imaginary
parts of oxxz, respectively (Fig. 4b). This shows that the present solution yields results that are comparable to the ones
obtained by a variety of different methods.

Figure 5 shows a verification of the compliance of the stress components with the boundary conditions prescribed
in Eq. 19. These results show that as the line in which these solutions are measured approaches the loaded surface (z=0),
the stress components tend to the traction discontinuity prescribed at that surface. This is the static case, and results are
measured on the x-z plane (y=0). Figures 5a and b consider respectively ti=i, and t1.5=0; to=1.

Coordinate x Coordinate x

Figure 5 Compliance of the stress solution with prescribed boundary conditions.

Finally, an additional verification of the displacement components is obtained by comparing stress components that
were directly evaluated from the solutions in this article with stress components that were synthesized numerically from
displacement components. These numerically-synthesized equivalents, indicated by the superscript D, are obtained by
computing strain components through the numerical derivation of displacement components, and subsequent
computation of stress components through Hooke's Law. This scheme is shown in detail in Romanini et al. (2021).

: 1 .
i ‘i‘\\ Rel,, ;] I\\ —Relr,,,]
T - == Imfay ol % - = =Imo, ]
. 4
0.08 ; % Re["sz] 0.5 s + Re[nezv]
D e N D
0.06 o Imloy,l > ° Imloy;.]
o % '
X 0.04 ¥ o0
[ <
0.02
0 -0.5
-0.02 o
-0.04 -1
2 3 4 5 6 7 8 1 2 3 4 5
Coordinate z Coordinate x

Figure 6 Comparison between stress components and displacement-based stress components.

Figure 6 shows selected comparisons for ap=2 and t;=i. Figures 6a and b consider respectively stresses along the line
x=y=0.5; 2<z<8 and y=z=0.5; 1<x<5. The RMSE between the stress components evaluated directly from Egs. 57 and 71
and the numerically-synthesized stress components is 7.72-107> and 1.777% for the real and imaginary parts of oxyz,
respectively (Fig. 6a), and 5.61:107% and 4.60-1072 for the real and imaginary parts of oyzy, respectively (Fig. 6b). The
considerably larger discrepancy between the two results in the case of oyzy could be initially thought to be due to the
increased difficulty in evaluating stress influence function near the loaded surface (x>A). However, we have shown in
Fig. 5 that these solutions can be accurately computed even very close to the loaded surface. This indicates that the
discrepancy in these results must come from numerical difficulties that are intrinsic to the finite difference scheme used
to evaluate the numerically-synthesized solutions (Romanini et al., 2021).

6.2 Comparison between load distributions

Figures 8 to 11 show displacement and stress fields due to various load distributions. Cases A, B, and C consider
ti=1/(4AB) (i=1:9) (constant load distribution), t=3i/(80AB), and t1.5=0; ts=9/(16AB) (Figure 7). These were selected to
have unit net magnitude, that is,

Latin American Journal of Solids and Structures, 2023, 20(6), €508 9/26



A quadratic boundary element for 3D elastodynamics Edivaldo Romanini et al.

fifip(z,y)dxdy =1

so that the effect of the load distribution itself could be studied separately. All cases consider ap=1.

S T el - = . =
= *a3 =
=04 2 0.4 S04
0.6 ) 5 1 0.(13 : - o 1 0.6 e 1
g 1 -1 0 1 - 0 1 -1
Y x y X Y X
Figure 7 Load distributions considered in this section.
-3 4
3 %10 . i . i . 1 =10
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25 —0O—Case BI
+CaseC|
2
H1s £}
2 =
& 1 E _
0.5
0
0.5 -4
0 1 2 3 4 5 0 1 2 3 4 5
Coordinate x (y=z=0.05) Coordinate x (y=2=0.05)

Figure 8 Effect of different load distributions on uxz.

These results show that displacement and stress fields are strongly dependent on the load distribution. Non-
uniformly distributed loads result in much sharper variation of displacements than the uniformly-distributed load case.
Stress states are more strongly dependent on the load distribution under the loading area (x,y<A), outside which the
effect of load distribution quickly becomes negligible. As expected, the overall magnitude of the direct displacement and
stress components uz and oxxx is larger than that of the cross displacement and stress components uxz and oxyz,
regardless of the load distribution, which is physically consistent. It is also physically consistent that the shear stress due
to vertical load oxyz is nearly zero in the uniformly-distributed load case, due to the symmetry of the load and to the
proximity of the measuring line (0<x<5; y=z=0.05) to the x-z plane.

T 0.02

—O0—Case A
—0—Case B | |
—*—(Case C 0

0 0.04 —o—CaseA|
—o—Case B
-0.02 —+—Case C|
0.04 -0.06
1 2 3 4 5 0 1 2 3 4 5
Coordinate y (x=2=0.05) Coordinate y (x=z=0.05)

Figure 9 Effect of different load distributions on uz.
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Figure 10 Effect of different load distributions on oxxx.
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Figure 11 Effect of different load distributions on oxyz.

6.3 Quality of the implementation

Formulations of boundary element methods, the main applications of influence functions, often require such influence
functions to be evaluated for relatively high frequencies and for field (measuring) points relatively far from the source
(loaded) points. Figures 12 and 13 show selected displacement and stress components evaluated at distant field points,
while Figure 14 and 15 show selected components evaluated at high frequencies. All results in this section consider t;=i.

Even though, due to the lack of comparable solutions in the literature, the results in this section cannot be verified
in terms of accuracy, they are physically consistent. Some aspects showing this physical consistency are the overall
decrease in the magnitude of the solutions for increasing distances from the source point and for increasing frequencies
of excitation, and direct stress and displacement components posessing larger magnitude than their cross counterparts.
The results are well-behaved, smooth curves, even for large values of x and ap. These results show that the strategy
described in this paper for the computational implementation of these functions is able to handle a wide range of input
data and parameters without failing, and that small changes in the input data do not lead to large changes in the output.
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Figure 12 Selected results from the evaluation of far-field displacement components.
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Figure 13 Selected results from the evaluation of far-field stress components.
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Figure 14 Selected results from the evaluation of high-frequency displacement components.
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Figure 15 Selected results from the evaluation of high-frequency stress components.

7 CONCLUSIONS

This article introduced original non-singular influence functions for three-dimensional, homogeneous, isotropic full-
spaces. These solutions are aimed at facilitating the representation of sharply-varying quantities, such as contact tractions
between soil and foundations, which routinely occur in soil—structure interaction problems. In order to represent these
quantities, the solution considered biquadratically-distributed loads applied to the full-space, since loads that vary according
to higher-order polynomials are better suited to represent sharply-varying quantities than uniformly-distributed loads.
These time-harmonic external loads were imposed in the Fourier transformed domain, in which uncoupled stress and
displacement components are accessible separately. Selected numerical results showed that the solution yields physically
consistent results, and that the proposed numerical evaluation scheme yields viable solutions. This improved representation
comes at the cost of lengthy solutions to be implemented. These influence functions can be used as quadratic boundary
elements, with improved representation of sharply-varying quantities, for elastodynamic analyses.
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APPENDIX A

This appendix expands the mathematical manipulation that yields Egs. 7 and 8 from Eqgs. 5 and 6. The rotational Q
of the displacement field u is a vector given by

T
Q= €8 = {u3,2 U, U, U, Uy, u1,2} )

(27)
fori,j,k=x,y,z. On the other hand, the dilatation A of the vector field u is a scalar given by
A= U, =u, + u,, + u, - (28)
Consider the following identity about the vector field Q:
0 0 0
[e‘m Qnm}- - <Q32_QQ3)+ (Ql3_931)+ (021_912)
" Ow N7 oz, = ’ oz, '
- (Qs 21 Q2,31) + (91 32 Q3,12) + <Q2 s~ 23) - sz =0, (29)

since Q3,21=03,12, 02,31=0Q>,13, and Q1,3,=0123, which can be easily verified from Eq. 27. In view of Eq. 29, computing
the gradient of the displacement field u (Eq. 3) yields

1 2 1
AzVouzu.‘z——A..-l——[e. } =—-——A_,
1,2 kQ 0 kQ mn  nm i k2 420
L s L (30)
or
1
A+—A =0.
k2 L2
L (31)

Equation 5 expresses an Ansatz solution for A. Substituting 5 into 31 yields

Akieq + LQ 822 Akieq + 822 Akieq + a—QQAkieq = Ak:ie"
k 0z 0z
1
+ k—Q(—AkiBQeq — Akiﬂfeq + Akiof‘;eq) =0,
L (32)
ia‘,Lz+i(Bz+’\(y)

in which e = ¢ , and the superindices (1,2) have been omitted from A{%2 for conciseness. Since e9z0
and A2=0 is the trivial solution, Eq. 32 yields the portion of Eq. 7 referring to ou:

OL2L = (82 + ~{2) - ki

(33)
Additionally, in view of Eq. 28, one can show that
Catt =0 (34)
since
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eijkA,k = ez’jk ( 1,1k + uz 2%k ) ( 1132 + Uy 539 + u3,332 o u1,123 o u2,223 o u3.323>1
+ ( 1113 Uy o13 + Usgiy = Uppg = Uppy — Uy 331)-]
+ ( Uy 1o T Uy gy Uy T U T Uy, T 3312) k=0,

(35)

SINCe Um,ijk=Um,iki=Um,jik=Um,jki=Um,ki=Umkji (M=1,2,3). In view of Eq. 34, computing the rotational of the displacement
field u (Eq. 3) yields, for each of its components i,

1 2 2
Car = €| 72 A,k + Cir |72 ekann,m = _QGijk:ekann.m'
k k:s kS
(36)
The left-hand side of Eq. 36 is (Graff, 2012)

since ejjkuk is simply the rotational of the displacement field written in index notation (Eg. 27). Omitting the term
1/k%s for conciseness, the rotational terms in the right-hand side of Eq. 36 can be expanded into

T

eijkekann,m = ez]k {93,2 B Q ” Q 3 Q QQ,I - Ql,?}
= (92.12 B Q1,22 Q , + i

+ (93,23 - QQ;‘ -0 , +Q X

(g = Ry = Ly + 9, -

Consider initially the term of Eq. 38 in the i-direction. The following expansion can be made:

Q= Dy~ F O =0~ QO+,

1,33 1,33 2,12 (39)

In view of the terms Qi, Q, and Q3 of Q expressed in Eq. 27, then Qi11=U3211-U2311, Q2,12=U1312—U3112, and
03,13=U2,113-U1,213. Therefore,

=, — QL QL R, (Q +Q +Qm>

1,33 111 212 122
+ (US a1 Uy, 311) + (ul 312 u3,112) + (u2,113 - u1,213)
__(9111—’_9122_‘_Q (40)

The same expansions can be made for the terms of Eq. 38 in the other directions. In view of these expansions, Eq.
38 yields

€ um = — (D + Qs + 2 )1

gk kmn- nm 1,11 1,22

(Q 10 +Qm)

2,11 2,22

(Q +9Q,,, +Q, 33)1{ =-Q, .. a

Therefore, in view of Eqs. 37 and 41, Eq. 36 results in

i 1,35

Q4L —o
k2
s (42)
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Equation 6 expresses an Ansatz solution for Q. Substituting 6 into 42 yields

1| o 0" 0
Bk’ + —|—— Bkle” + —— Bk}e” + — Bk}e” | = Bkle?
k. 0z oy 0z

1 .
+ k—Q(—Bk;Ber — Bk;“{er + Bk;a?ge”),

s (43)
i(&sz-«—i(ﬁm—o—wy)

In which e = ¢ , and the superindices (1,2) have been omitted from B2 for conciseness. Since ePz0
and B12)=0 is the trivial solution, Eq. 43 yields the portion of Eq. 6 referring to as:

af = (BQ + ﬁ{z) — k2.

(44)
Finally, consider the condition that
Q. =0,
i (45)
shown in Eq. 29. Substituting Eq. 6 into 45 yields
in:Z’”—i—inQ”—l—in:Q”—'BszB”—l—'Bkz2 "+ Bkla e’ =
333136 o P2 ) 3ig€ = 1D RgPe 1B, Rgme gt gl = U
Yy # (46)
Since ePz0 and k520, Eq. 46 yields Eq. 8:
. i . .
Bé”) _ _(BBl(w) + '\{Béw))-
o
s (47)
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APPENDIX B

This appendix lists the final expressions for the displacement and stress fields in the physical domain. The
displacement components are given by

by 2 _p A | e B F 4B
A= Tlgfo{fo 1% sudh, kgcwkorT 2f0

4

F

dk g dk
S5, 4Rg k_gsw y
4

-7, 2292 Ooo [ 1%5’%(11% e Jdk +T% 0 f;mﬂi—‘:cﬁxdkﬁ]%;swdky

_ 1"521_; OOO f(}mﬂ%cmdk@]%cwdkw - T62ABQJ;OO fOOOF1 %Cﬁzdk,@]%%ydkﬁ

—T7% Ooc[j:cFlsgAszdk ]1]; ¢, ik, + T24B [ " [f FsBAsﬁTdkg]z s, dk

- TAAB%, [ [L“FSJASS dk ] ke,

v (48)
“YZ|Z _—TIA—:fOC[fw 1Fi;cﬁzdkﬁ]£;15wdk TA2—B fwﬂp—?cﬁzdkﬂ]ﬁcwd@
Z| U kY a5 20 V0 ks k,
-1 QiOBz fooc[ fowﬂ%cﬁzdkﬁ ]%stydkv +1 /S_OB fooc[ foocﬂ Z_?S@zdkﬁ]if ¢y 0k,
+T, A_gf | R=2 fn ik ]Z s, dk, + 1,248 [ f(}wﬂ%sﬂwd/ﬂﬁ}»wswd@
% H v’ 8

3 o Sy
B [T dky |2 dk—TQAQBf
0 [Jo kg k

7

F
f Joca %4 dk] c. dk.
]{? ’)y B

,3 ol

— T94ABQCL0\];) j;) 175 k dkS }wBswydkv’
5 (49)
and
3 00 o [ F F 2 0 F F F
Yzz _ —TlA— f __Qﬂcﬁzdkﬁ cwdk + T, A Bf 3xdk3 iswdkﬁ'
ab o [Joag i K o kS k] |
> | o B, Fy 2 ~ F, Fy, F,
_ T3 248 f 2 dk C dk _ T ﬂ — Bxdk ,dek,y
(10 0 0 Oé k3 aO 0 0 kQ k2
x F62 E 2 (| (2L F
+ T —f [f 850l ]k_gcwdkv + 15248 j;) 0 __k_2 s k C o
- gl
3 . F s, F o [ S F
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due to loads in the z-direction,

~ E Fy F,
f 3 sadky [2c dk,
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3 | o FF, B | p= B F i
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due to loads in the y-direction, and

3 x F F F 2 x F F.
xx _p A [5 [T, Lo ik -1, A8 (5 [7 = by |2, b,
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due to loads in the x-direction, with uzx=uxz, uzy=uyz, and uyx=uxy, in which
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A A n +in, o)
k,=—p, k,=—y, D, =——"——"—, a, = Ao |*~,
’ aoﬁ / aoy Yo oun’Blal’ U
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a; =k, +k) — &, =(k; +k ) - :
77r+177i 77r+”71
% “ald g o
——a, |z —— |z — = %L s —-—a; 7| —— g |z|
E e Aa/H | " F =a,ase A —(ké‘i‘kyz) A , P; :&S | _Le asH’
Foo=k,ae (i —a@)ae 7 F, = (a2 =2)s,, +2ak
s =k, gage +( ﬂ’y—as)aLe , ﬂl—(ao ks )SﬁA-i- agk,Cp 5
2 2
Fpy ==sp,+akycy, B =00k =2)s, +2bak,c . Fy==s,+bagkc,.

The corresponding stress fields in the physical domain are:
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due to loads in the z-direction,
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and

Oyzx %
2D, |2 \ \ f

+T232f

o0 F[ﬂ Fw?
Ja—= k2 53,k ]k—cwdk7

[ G 55 ] 5.k, + T, AB =
0 k,)/ ao 0 5 y
F,
f G ks |- 2e dk,
ﬁ ol

f G k2 L, dk; }Bswdk +T,AB f
o0 F/
+T— f [ f G, ” ] s, dk, + Ty2B%, f [ J Gztﬁcﬁzdkﬁ}wswdkw

E, wof o F
+T72A2f [f G358 3,0k ]k s, dk, +T,24Ba, | [fo 61*4%5&6(11;3]kicwdk7
g

v
2 9 o0 o0
+ T4B%; | [ J Gusgassudhy }%Bswdkv,

'Y

(65)

due to loads in the x-direction, and
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due to loads in the y-direction, in which
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