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Abstract 
The flexibility matrix finds extensive application in detecting damage in civil and mechanical engineering structures, a 
focus explored in-depth within this paper. This study meticulously examines distinct components of the flexibility 
matrix, namely the proposed Diagonal of the Flexibility Matrix Vector (DFV) and a singular row/column of the flexibility 
matrix (RFV). Both DFV and RFV can be represented uniquely as a specialized form-a weighted combination of the 
Hadamard product of two mode shapes. Sensitivity analysis reveals that DFV undergoes a sharp change in proximity to 
damage, establishing it as a dependable indicator for pinpointing damage locations. Conversely, this characteristic is 
not consistently observed with RFV. The results of numerical simulations conducted on a 16-story frame structure 
corroborate the outcomes of the sensitivity analysis, underscoring the efficacy of DFV not only in localizing damage but 
also in gauging its severity. To illustrate the potential and limitations of DFV/RFV in practical scenarios, damage 
localization for the I-40 Bridge is provided. 
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1 INTRODUCTION 

Structural Health Monitoring (SHM) is of great importance for ensuring the security and integrity of the engineering 
structures (De Menezes et al. 2021; Zhang et al. 2022). It has received considerable attention from researchers and 
engineers worldwide (Avci et al. 2021). One of the key issues of SHM is to detect, locate and evaluate the damage before 
it affects the performance of the structure. Over the past few decades, various techniques have been adopted in the field 
of damage detection, which can be categorized into different types, including global/local, static/dynamic, or time/time-
frequency/frequency (Gharehbaghi et al. 2022). 

The vibration-based damage detection method belongs to the global and dynamic category, which is easy to conduct in 
real structure that can be dated back to 1960s (Sohn et al. 2003). The basic idea of vibration-based damage detection is that: 
As long as the physical properties of the structure changes because of the occurrence of the damage, the dynamic properties 
of the structure will also change. Using the change of this dynamic property, the damage can be detected (De Medeiros et al. 
2018). Therefore, the dynamic property that can imply the damage is the key for structural damage detection.  

Many kinds of the dynamic property have already been used for damage detection, such as frequency (Kim et al. 2003; 
De Medeiros et al. 2016), mode shape (Messina et al. 1998), damping (Mustafa et al. 2018), flexibility matrix (Pandey and 
Biswas 1995), frequency response function (Sartorato et al. 2017; Marques et al. 2018), correlation function (Wang et al. 
2010; Zhang et al. 2023), transmissibility (Maia et al. 2011) and so on. Different dynamic property has its own advantages 
and disadvantages that could not solve all kinds of problems encounter in real application. For example, the frequency is 
very easy to obtain compare to the mode shape and damping ratio. It is a good indicator for the damage existence, while it 
is always very difficult to locate the damage when use it alone. Zhao and DeWolf (1999) employed sensitivity analysis to 
show the flexibility is more sensitive to damage than either frequency or mode shape. The flexibility matrix, which is 
considered as the inverse of the stiffness matrix, can be obtained using just a few lower orders of the modal parameters. 
High order modal parameters that hard to get will contribute very limit to build the flexibility matrix. This merit attracts lots 
of the researchers to build the damage index based on the flexibility matrix to detect the damage as early as 1990s. 

Pandey and Biswas (1995) used the largest element in each column of flexibility matrix difference before and after 
damage to locate the cut in a steel beam. Ko et al. (2002) proposed a multi-stage scheme based on the diagonal of the 
flexibility matrix to detect the damage for a bridge. Zhang and Aktan (1995) proposed flexibility curvature index which 
only needs current information of the structure to determine the structural state. Wu and Law (2005) found that while 
considering truncation error, incomplete measurement and noise, the Uniform Load Surface (ULS) curvature is feasible 
for damage detection of the plane structure. Based on the ULS, Wang and Qiao (2007) and Qiao et al. (2007) developed 
three damage detection algorithms for beam-type and composite laminated plane structure: generalized fractal 
dimension (GFD), simplified gapped-smoothing (SGS) and strain energy method (SEM). Jung et al. (2015) proposed a 
normalized ULS (NULS) for beam-type structure, which show lower false positive and false negative rate than ULS. 
Zhang et al. (2013) applied ULS in a frame structure of IASC-ASCE, without the requirement of the structural mass 
information.  Liu et al (2021) introduced a method for damage detection employing a generalized flexibility matrix 
constructed from incomplete modal data. Bernagozzi et al. (2022) tested the applicability of the flexibility-based damage 
detection method on the full-scale reinforce concrete building that experienced earthquake-induced damage. Sun et al. 
(2022) used a multiple-stage dynamic flexibility analysis that can be used for damage assessment for 27-bar truss 
structure and a steel frame structure numerically and experimentally. By comparison to other flexibility-based methods, 
this method has a better anti-noise ability and a higher calculation accuracy. 

Besides, some researchers used the decomposition of the flexibility matrix for damage detection. Bernal (2002) 
designed a set of damage locating vectors (DLVs) obtained from the singular value decomposition of the difference of 
flexibility matrix. Apply DLVs in a structure, the zero stress fields will appear in the damage location, which can be used 
to identify the damage.  Gao et al. (2004) applied DLV to a truss structure with ambient vibration with noise and verified 
it experimentally. Duan et al. (2005) introduced a proportional flexibility matrix for damage detection in ambient 
vibration based on DLV shows good results. An et al. (2017) introduced a rank-revealing QR decomposition technique to 
propose a rank-revealing QR decomposition based DLV (RRQR-DLV), which is higher sensitive than stochastic DLV. 

Furthermore, the flexibility matrix is combined with other techniques for damage detection. Jaishi and Ren (2006) 
presented a combination of structural flexibility with modal updating technique, which is feasible for damage detection 
with 3% noise. Katebi et al. (2018) developed a structural-flexibility- sensitivity-based modal updating method, 
considering effort of mass modeling error and measurement error. Example of truss and frame shows good performance 
for identify the damage location and quantify the damage severity. Entezami et al. (2020) applied the difference of 
structural flexibility as the damage-sensitive feature, combined with the k-medoids and density-based spatial clustering, 
correctly identified the damage of the ASCE benchmark shear frame. Yang and Huang (2021) made flexibility diagonal 
curvature as the input of convolutional neutral network and apply in a three-span concrete girder bridge, which can 
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identify the damage location and damage extent correctly. Dinh-Cong et al. (2023) found even the mode shape data is 
polluted by 10% noise, the flexibility-sensitivity-based damage index can still be used for the damage assessment of 
functionally graded beams. 

In summary, from these studies different part of the flexibility matrix is used for different kind of structure with 
promising results. But there still lies a question that why these proposed damage index can be used for damage detection 
and what is the restrictions that these methods can be used. In this paper, different part of the flexibility matrix, the 
diagonal and one row/column, is expressed in a special form that the inherent mechanism of its ability for damage 
localization is revealed using the sensitivity analysis. Firstly, the vector DFV/RFV that using the diagonal and one 
row/column of the flexibility matrix is established based on the vibration theory. Sensitivity analysis of these two vectors 
to the local stiffness show their potential for damage localization. Then, damage detection of a 16-story shear frame 
verifies the sensitivity analysis results and show the detectability of these two vectors. Finally, real structural application 
of I-40 Bridge is used to show the effectiveness and the restrictions of the DFV/RFV. 

2 THEORY 

2.1 Establishment of damage index 

The structural flexibility matrix F  can be represented as a synthesis of both frequencies and mode shapes 
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where 𝜔𝜔𝑛𝑛𝑖𝑖  is the 𝑖𝑖𝑡𝑡ℎ natural frequency and 𝜙𝜙𝑗𝑗𝑖𝑖 is the 𝑗𝑗𝑡𝑡ℎ element of the 𝑖𝑖𝑡𝑡ℎ mode shape 𝜱𝜱𝑖𝑖. 
Hence, a specialized representation can be employed to express a vector comprising the diagonal elements of the 

flexibility matrix, referred to as the Diagonal of the Flexibility Matrix Vector (DFV). 
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where ' '  is the Hadamard product (Styan 1973). 

Similarly, one can express the thr  row or column of the flexibility matrix (RFV) in the following form 
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Subsequently, the damage indices based on flexibility can be defined as the absolute difference in DFV/RFV values 
before and after the occurrence of damage. 

d u DI S S  (4) 

where dS  and uS  is the damaged and undamaged DFV FD  or RFV r
FR , respectively. 

2.2 Sensitivity analysis 

In order to study this DFV/RFV-based damage index, sensitivity analysis is used. Sensitivity of a variable y to x is 
expressed as 
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which reflects the change of variable y when x changes. 
Using this definition, the sensitivity of DFV to the local stiffness 𝑘𝑘𝑗𝑗, 𝜂𝜂�𝐷𝐷𝐹𝐹/𝑘𝑘𝑗𝑗�, is expressed by 
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Considering that, based on the definition of sensitivity 
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Eq. (6) can be written as 
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Using the characteristic of the sensitivity, Eq. (9) can be further expressed as 
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where 𝑫𝑫𝐹𝐹
∘(−1) is the Hadamard inverse (Reams 1999) of 𝑫𝑫𝐹𝐹, 𝜂𝜂�𝜔𝜔𝑛𝑛𝑖𝑖 /𝑘𝑘𝑗𝑗� is the sensitivity of 𝑖𝑖𝑡𝑡ℎ frequency 𝜔𝜔𝑛𝑛𝑖𝑖  to the local 

stiffness 𝑘𝑘𝑗𝑗, expressed as 
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and 𝜂𝜂�𝜱𝜱𝑖𝑖/𝑘𝑘𝑗𝑗� is the sensitivity of thi  mode shape 𝜱𝜱𝑖𝑖  to the local stiffness 𝑘𝑘𝑗𝑗, expressed as 

1 2( / ) [ ( / ), ( / ), , ( / )]Ti j i j i j ni jk k k k         (12) 

where 

( / ) j si
si j

si j

k
k

k


 

 
  (13) 

Similarly, the sensitivity of RFV to the local stiffness 𝑘𝑘𝑗𝑗, 𝜂𝜂�𝑹𝑹𝐹𝐹𝑟𝑟/𝑘𝑘𝑗𝑗�is expressed by 
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As a result, the sensitivity of the DFV/RFV to the local stiffness can be obtained by the sensitivity of mode parameters 
(frequency and mode shape) to the local stiffness. 

From Eq. (10) and Eq. (11), the sensitivity of frequency and mode shape to the local stiffness is relate to the partial 
derivative of mode parameters to the local stiffness. If we assume the mass will not change as the stiffness changes when 
damage occurs, the expression for the partial derivative of frequency 𝜔𝜔𝑛𝑛𝑖𝑖  and mode shapes 𝜱𝜱𝑖𝑖  with respect to local 
stiffness 𝑘𝑘𝑗𝑗 can be formulated as follows (Zhao and DeWolf 1999). 
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that the partial derivative of mode parameters to the local stiffness is related to the partial derivative of the stiffness 
matrix to the local stiffness. 

According to the definition, the sensitivity 𝜂𝜂�𝑫𝑫𝐹𝐹/𝑘𝑘𝑗𝑗� in Eq. (10) reflects how the vector 𝑫𝑫𝐹𝐹 changes when there is a 
variation in local stiffness. Considering the definition of the damage index DI  in Eq. (4), the change of 𝑫𝑫𝐹𝐹 is the damage 
index DI  defined in this paper. As a result, the sensitivity of 𝑫𝑫𝐹𝐹 to local stiffness 𝜂𝜂�𝑫𝑫𝐹𝐹/𝑘𝑘𝑗𝑗� reflects the shape of damage 
index DI  as the local stiffness 𝑘𝑘𝑗𝑗 changes. 

3 NUMERICAL SIMULATION 

3.1 Model description 

Illustrated in Figure 1 is a 16-story shear frame structure. Each floor is characterized by a mass of 1.254 kg, and the 
local stiffness of the braces is 8505 N/m. Due to the significant disparity in structural stiffness between the y and x 
directions, the analysis focuses exclusively on motion in the x direction. The mass matrix and stiffness matrix for the 
frame structure are formulated as follows: 
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Following this, the calculation of the partial derivative of the stiffness matrix concerning local stiffness can be 
obtaind as 
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where value ‘1’ is in (𝑗𝑗 − 1)𝑡𝑡ℎ  row, (𝑗𝑗 − 1)𝑡𝑡ℎ  column and 𝑗𝑗𝑡𝑡ℎ  row, 𝑗𝑗𝑡𝑡ℎ  column, and value ‘-1’ is in (𝑗𝑗 − 1)𝑡𝑡ℎ  row, 𝑗𝑗𝑡𝑡ℎ 
column and 𝑗𝑗𝑡𝑡ℎ row, (𝑗𝑗 − 1)𝑡𝑡ℎ column. 

 
Figure 1 A 16-story shear frame structure. 

3.2 Sensitivity analysis 

 
Figure 2 Change of the frequency with the modal order. 

As in vibration theory, when the modal order increases, the frequency 𝜔𝜔𝑛𝑛 will also increase. Figure 2 is an example of the 
increase of the value 𝜔𝜔𝑛𝑛 when the modal order increases for the 16-story shear frame structure in Section 3.1. Look into the 
expression of the sensitivity of 𝑫𝑫𝐹𝐹  to the local stiffness 𝜂𝜂�𝑫𝑫𝐹𝐹/𝑘𝑘𝑗𝑗�  expressed in Eq. (10), the frequency 𝜔𝜔𝑛𝑛  is in the 
denominator. Hence, the value of 𝜂𝜂�𝑫𝑫𝐹𝐹/𝑘𝑘𝑗𝑗� is primarily influenced by the parameters related to the lower modal orders, as 
the value of (𝜔𝜔𝑛𝑛𝑖𝑖 )−2 decreases very fast when the modal order increase which is also shown in Figure 2 for the case for the 16-
story shear frame structure. 

Besides, look into Eq. (10), as 𝜂𝜂�𝜔𝜔𝑛𝑛𝑖𝑖 /𝑘𝑘𝑗𝑗� is a constant value that will not affect the trend of 𝜂𝜂�𝑫𝑫𝐹𝐹/𝑘𝑘𝑗𝑗�. The trend of 
𝜂𝜂�𝑫𝑫𝐹𝐹/𝑘𝑘𝑗𝑗� will largely affected by the trend of the lower modal order value of 𝜂𝜂�𝜱𝜱1/𝑘𝑘𝑗𝑗�. Figure 3 is the value of 𝜂𝜂�𝜱𝜱1/𝑘𝑘𝑗𝑗� 
for the case of 16-story frame structure. As shown in the figure, there is a sharp change of the value 𝜂𝜂�𝜱𝜱1/𝑘𝑘𝑗𝑗� near the 
stiffness change location, measurement point j, which implies the value 𝜂𝜂�𝑫𝑫𝐹𝐹/𝑘𝑘𝑗𝑗� will also have a sharp change near the 
stiffness change location. As illustrated in the figure, a pronounced shift in the value of 𝜂𝜂�𝜱𝜱1/𝑘𝑘𝑗𝑗� is evident in the vicinity 
of the stiffness change location, denoted as measurement point j. This suggests a corresponding sharp variation in the 
value of 𝜂𝜂�𝑫𝑫𝐹𝐹/𝑘𝑘𝑗𝑗� near the location of stiffness alteration. 
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Figure 3 Sensitivity of the 1st mode shape to the local stiffness 𝑘𝑘𝑗𝑗, j=1-16. 

Figure 4 shows the sensitivity analysis results of 𝑫𝑫𝐹𝐹 to the local stiffness 𝑘𝑘𝑗𝑗 at measurement points 1-16 of the 16-
story shear frame structure. From Figure 4, a same phenomenon can be observed that 𝜂𝜂(𝑫𝑫𝐹𝐹/𝑘𝑘𝑖𝑖) has a sharp change 
around the stiffness change location, the measurement point j. This implies that in the presence of damage near 
measurement point j, the change of 𝑫𝑫𝐹𝐹, as the damage index 𝑫𝑫𝑫𝑫 defined in Eq. (4), will also have a sharp change near 
the damage location. As a result, the sudden change of the DFV-based DI  indicates the damage location. This DFV has 
a property feasible for the identification of damage. 

On the other hand, Figure 5 is the sensitivity of 1st row/column 𝑹𝑹𝐹𝐹1  (red solid line) and 4th row/column 𝑹𝑹𝐹𝐹4  (green 
dash line) of the flexibility matrix to the local stiffness 𝑘𝑘𝑗𝑗 from measurement point 1-16. As can be seen from the red line 
in Figure 5, the sensitivity analysis results are close to the results in Figure 4, that it also has a sharp change around the 
damage location, this is because in the expression of of 𝜂𝜂�𝑹𝑹𝐹𝐹1/𝑘𝑘𝑗𝑗� 
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𝜂𝜂�𝜱𝜱1/𝑘𝑘𝑗𝑗� still play an important part to determine the trend of 𝜂𝜂�𝑹𝑹𝐹𝐹1/𝑘𝑘𝑗𝑗�. Therefore, the 1st row/column of the 
flexibility matrix still can be used for damage detection. While for the green line in Figure 5, the results are random, this 
is because in the expression of 𝜂𝜂�𝑹𝑹𝐹𝐹4/𝑘𝑘𝑗𝑗� 
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𝜂𝜂�𝜱𝜱4/𝑘𝑘𝑗𝑗� plays an important part to determine the trend of 𝜂𝜂�𝑹𝑹𝐹𝐹4/𝑘𝑘𝑗𝑗�. While the 4th mode shape 𝜱𝜱4 is not sensitive 
to the damage location, it pollutes the trend from low order 𝜂𝜂�𝜱𝜱𝑖𝑖/𝑘𝑘𝑗𝑗� that makes 𝜂𝜂�𝑹𝑹𝐹𝐹4/𝑘𝑘𝑗𝑗� do not have the sudden change 
around the damage location, which means the 4th row/column of the flexibility matrix couldn’t be used for damage detection. 

In summary, as we know the damage only effect a few mode shapes. This DFV-based method works for the lower 
mode shape that is sensitive to the damage. While for the RFV-based method, although there is the term 𝜂𝜂�𝜱𝜱𝑟𝑟/𝑘𝑘𝑗𝑗� in 
the expression, even this mode shape 𝜱𝜱𝑟𝑟  is sensitive to the damage location, the term 𝜂𝜂�𝜱𝜱𝑖𝑖/𝑘𝑘𝑗𝑗� will pollute the trend 
that makes the damage still difficult to locate. 
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Figure 4 Sensitivity of FD  to the local stiffness jk , j=1:16. 

 

Figure 5 Sensitivity of 𝑹𝑹𝐹𝐹
1  (red solid line) and 𝑹𝑹𝐹𝐹

4  (green dash line) to the local stiffness 𝑘𝑘𝑗𝑗, j=1:16. 
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3.3 Damage detection 

 
Figure 6 DFV-based damage detection results with damage in (a) Floor Number 2; (b) Floor Number 6;  

(c) Floor Number 10; (d) Floor Number 14. 

Damage with different location (Floor Number 2, 6, 10 and 14) and severity (stiffness loss by 5%, 10% and 20%) is 
simulated for the 16-story shear frame structure in Figure 1 in this section. The corresponding DFV-based damage index 
calculated by Eq. (4) using the frequencies and mode shapes of the intact and damaged structure is shown in Figure 6. In 
all these four subfigures of Figure 6, the blue solid line, the pink dotted line and the green dash-dotted line is the damage 
index for the stiffness loss by 5%, 10% and 20%, respectively. 

In Figure 6, all the damages have been clearly located. Take the blue line in Figure 6b as an example, the blue line 
in Figure 6b is the damage index when the 6 th floor has a stiffness loss by 5%. Before the 5th floor, the damage index is 
close to zero. Start from the 6th floor, a sudden change in the damage index is observed. After that, from the 6th to the 
12th floor, the damage index remains relatively constant. Therefore, the sudden change location of the damage, the 6th 
floor, indicates the damage location. In addition, as the stiffness loss becomes larger, the sudden change of the damage 
index in the 6th floor becomes larger, which shows that this DFV-based damage index can not only located the damage 
but also show the damage severity. The other subfigures in Figure 6 show the same result. 

Furthermore, the damage detection results in Figure 6 coincide well with the sensitivity analysis in Figure 4 in Section 
3.2. Again, take the blue line in Figure 6b for example, the corresponding sensitivity analysis result is the 6th subfigure with 
the title ‘j=6’ in Figure 4, which is 𝜂𝜂(𝑫𝑫𝐹𝐹/𝑘𝑘6). 𝜂𝜂(𝑫𝑫𝐹𝐹/𝑘𝑘6) is the sensitivity of 𝑫𝑫𝐹𝐹 to the 𝑘𝑘6, which implies how 𝑫𝑫𝐹𝐹 will change 
when 𝑘𝑘6 changes: 

From the 6th subfigure in Figure 4, the value of 𝜂𝜂(𝑫𝑫𝐹𝐹/𝑘𝑘6) is nearly the same from measurement point 1-5, which 
means between measurement point 1-5, as 1st-5th floor, this 𝑫𝑫𝐹𝐹 will barely change when 𝑘𝑘6 changes.  
Then from measurement point 5-6, the value of 𝜂𝜂(𝑫𝑫𝐹𝐹/𝑘𝑘6) has a sudden drop to negative, which means between 
measurement point 5-6, as 5th-6th floor, this 𝑫𝑫𝐹𝐹 will have a sudden increase when 𝑘𝑘6 decreases.  
After that, from measurement point 6-16, the value of 𝜂𝜂(𝑫𝑫𝐹𝐹/𝑘𝑘6) doesn’t change much, which means between 
measurement point 6-16, as 6th-16th floor, this 𝐷𝐷𝐹𝐹 will not change much. 
This is just the trend for the blue line in Figure 6b. The other figures between Figure 4 and Figure 6 show the same 

phenomenon, which explain the reason that this DFV-based damage index can locate the damage. 
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Figure 7 is the RFV-based damage detection results when 1st row/column of the flexibility matrix is used when the 
stiffness loss by 5%, 10% and 20% in the 6th floor, respectively. From this figure, the sudden change of the damage index 
from measurement 5 to 6 can still be detected, so the damage in the 6th floor can still be detected. However, the damage 
location is not as distinctly identified as in Figure 6b. This also coincide well with the sensitivity analysis result in Figure 5. 

Figure 8 is the RFV-based damage detection results when the 4th row/column of the flexibility matrix is used when 
the stiffness loss by 5%, 10% and 20% in the 6th floor, respectively. In Figure 8, the damage location can not be detected 
at all. It also coincides with the result from the sensitivity analysis in 

In summary, from the DFV/RFV-based damage detection results for the 16-story shear frame structure, the DFV can 
be used for damage detection. While for RFV, it requires to chose the right row/column number to formulate the damage 
index, which will be difficult to use in real application. 

 

Figure 7 Damage detection result using 
1
FR . 

 

Figure 8 Damage detection result using 
4
FR . 

4 REAL STRUCTURE APPLICATION 

In this section, one of the well-known benchmark structures, the I-40 Bridge will be used to verify the DFV/RFV-
based damage index.  Situated across the Rio Grande River in Albuquerque, New Mexico, USA, the I-40 Bridge is shown 
in Figure 9a. Further information regarding the bridge and the modal tests is available in Farrar et al. (2000). 26 
accelerometers were installed on the bridge, with each side 13 measurements. Four increase levels damages in the same 
location (DOF 20) were used to simulate the fatigue cracks in the plated-girder bridges, which is named as Damage Case 
4-1 - 4-4, respectively. A detailed description of the damage is provided in Farrar et al. (2000), as shown in Figure 9b. The 
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modal test data can be downloaded from the official website of Los Alamos National Laboratory: https:// 
www.lanl.gov/projects/national-security-education-center/engineering/software/shm-data-sets-and-software.php 

The natural frequencies and mode shapes for intact and damaged bridge are shown in Table 1 and Figure 10, respectively. 
From Table 1, as the modal order increases, the natural frequency of the bridge also increase. But it will decrease when the 
damage becomes severer from Damage Case 4-1 - 4-4. As shown in Figure 10, the mode shape for the intact and Damage Case 
4-1 to 4-3 is nearly the same, while for Damage case 4-4, it has several changes from the other four. 

 

Figure 9 I-40 Bridge (Farrar et al. 2000): (a) Photo; (b) Four Damage Cases. 

Table 1 Natural frequencies of the intact and damaged bridge/Hz 

Order Intact 
Damage Damage Damage Damage 

Case 4-1 Case 4-2 Case 4-3 Case 4-4 

1 2.4793 2.5104 2.5207 2.4616 2.2699 
2 2.9493 2.9853 2.9907 2.9418 2.8339 
3 3.4942 3.5669 3.5139 3.4802 3.4874 
4 4.0774 4.1209 4.0950 4.0374 3.9896 
5 4.1668 4.2079 4.1953 4.1380 4.1470 
6 4.6362 4.6916 4.6638 4.5904 4.5245 

 

Figure 10 Mode shape: (a) 1st mode shape; (b) 2nd mode shape. 
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Figure 11 Change of the frequency with the modal order for intact structure. 

Figure 11 is the change of the frequency 𝜔𝜔𝑛𝑛𝑖𝑖   and (𝜔𝜔𝑛𝑛𝑖𝑖 )−2 with the modal order for intact structure, we can also see 
that when the modal order increases, 𝜔𝜔𝑛𝑛𝑖𝑖  will increase while (𝜔𝜔𝑛𝑛𝑖𝑖 )−2 will drop very fast. 

Figure 12 is the DFV-based damage index calculated from the modal parameters of the I-40 Bridge using Eq. (4). 
Figure 12a is the DFV-based damage index calculated using the 6 modes, that there is only one peak value in DOF 20 for 
the purple line, that is Damage Case 4-4, which correctly locate the damage. The other lines are almost the same that all 
close to zero. As a result, this DFV-based damage index can locate the damage for Damage Case 4-4 but fails to do so for 
Damage Case 4-1, 4-2 and 4-3. As shown in Eq. (10) and the numerical simulation, the reason for the DFV can locate the 
damage is due to the damage-induced-change of the frequency and mode shape. While the damage in the Damage Case 
4-1, 4-2 and 4-3 is smaller compare to the damage in Damage Case 4-4, as shown in the frequency in Table. 1 and mode 
shape in Figure 10, makes this DFV difficult to locate the damage.  

Figure 12b shows the similar results that this DFV-based damage index is calculated using just the 1st mode. Although 
there is a smaller peak value in DOF 7, the damage in Damage Case 4-4 can also be located. This is because the 1st mode shape 
is sensitive to the damage location and plays an important role in determine the trend of the DFV-based damage index. 

Figure 13 is the damage detection results using the 1st row/column of the flexibility matrix, we can see there is a 
very big peak value of Damage Case 4-4 in DOF 20. As a result, the damage can still be located for this case, this is also 
because the 1st mode shape is sensitive to the damage location and plays an important part to determine the trend of 
this RFV-based damage index. Similarly, this RFV-based damage index fails to locate the damage for Damage Case 4-1, 4-
2, and 4-3 for the damage is small. 

Figure 14 is the damage detection results using the 4th row/column of the flexibility matrix, the damage location 
couldn’t be determined for all the 4 damage cases. This because the 4th mode shape is not sensitive to the damage location, 
which plays an important part to determine the trend of this RFV-based damage index, the damage could not be detected 
successfully. 

 
Figure 12 DFV-based damage detection results for different damage cases with:(a) 6 modes; (b) 1st mode. 
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Figure 13 Damage detection results using 𝑹𝑹𝐹𝐹

1  . 

 
Figure 14 Damage detection results using 𝑹𝑹𝐹𝐹

4  . 

As a result, this DFV-based damage index can locate the damage using very little modal information when the lower 
mode shape is sensitive to the damage location. On the other hand, the RFV-based damage index is applicable only when 
the lower mode shape exhibits sensitivity to the damage location, and the appropriate modal order is selected. 

5 CONCLUSIONS 

In this paper, the detectability of different parts of the flexibility matrix is studied in detail. Sensitivity analysis is 
used to show its inherent mechanism for damage localization. It is shown that the Diagonal of Flexibility matrix Vector 
(DFV) and Row/column of the Flexibility matrix Vector (RFV) defined in this paper is a weighted combination of the 
Hadamard product of two mode shapes. As the weight is the reciprocal of the square of frequency, as modal order 
increases, higher mode will contribute very limit to the DFV/RFV. As a result, both DFV/RFV can be obtained using the 
first few modes. Sensitivity analysis of DFV to the local stiffness shows the DFV will have a sudden change around the 
stiffness change location, which indicates the DFV can be used for damage localization. This sudden change is contributed 
by the abrupt change of the sensitivity of the first few mode shapes to the local stiffness. Therefore, the DFV is capable 
for damage localization when the first few mode shapes are sensitive to the damage location. 

While for the RFV, choose the suitable row/column number of the flexibility matrix is a prerequisite, which is 
corresponding to the modes that the damage affects. But even the right number is selected, which is very difficult in real 
application, the other mode shapes will still affect the result that makes the RFV very difficult to locate the damage. 
That’s why very limit researchers use one row/column of the flexibility matrix for damage detection. 

The well agreement of the results from sensitivity analysis and damage detection of the 16-story shear frame shows 
DFV is a good indictor not only for damage location but also for damage severity. Moreover, the damage detection result 
of the I-40 Bridge shows this DFV can be used for real structure. However, how to locate the damage when it is very small 
in real application, especially for large structure, requires further investigation. 
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