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degradation of concrete

Abstract

An anisotropic elastic-damage coupled constitutive model for plain
concrete is developed, which describes the concrete performance
degradation. The damage variable, related to the surface density
of micro-cracks and micro-voids, and represented by a second
order tensor, is governed by the principal tension strain compo-
nents. For adequately describing the partial crack opening/closure
effect under tension and compression for concrete, a new suitable
thermodynamic potential is proposed to express the state equa-
tions for modeling the mechanical behaviors. Within the frame-
work of thermodynamic potential, concrete strain mechanisms are
identified in the proposed anisotropic damage model while each
state variable is physically explained and justified. The strain
equivalence hypothesis is used for deriving the constitutive equa-
tions, which leads to the development of a decoupled algorithm for
effective stress computation and damage evolution. Additionally, a
detailed numerical algorithm is described and the simulations are
shown for uni-axial compression, tension and multi-axial loadings.
For verifying the numerical results, a series of experiments on
concrete were carried out. Reasonably good agreement between
experimental results and the predicted values was observed. The
proposed constitutive model can be used to accurately model the
concrete behaviors under uni-axial compression, tension and multi-
axial loadings. Additionally, the presented work is expected to be
very useful in the nonlinear finite element analysis of large-scale
concrete structures.
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Concrete has been widely used in many civil engineering structures. Due to its ability of being

cast easily into structural members of different shapes as arc, ellipsoid etc., the demand for con-
crete utilization in structures is increasing rapidly (Shah and Hirose, 2010; Shah et al., 2012). One
of the most important characteristics of concrete is its higher strength in compression and lower
in tension. This property leads to tensile cracking in concrete under very low stress that results
into reducing the effective stiffness of concrete structural members. Additionally, concrete struc-
tures perform differently under uni-, bi-, and tri-axial loadings (Mazars, 1986). For example, com-
pressive strength of concrete under bi-axial loading is greater than that for uni-axial loading. In
addition, a concrete structure undergoes nonlinear deformations and accompanies certain perfor-
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mance degradation phenomena before maximum stress under a design load is reached (Poinard et
al., 2010; Richard et al., 2010). For this purpose, it is very important to understand the mechani-
cal behavior of concrete under tension and compression, for uni-, bi-, and tri-axial loadings, re-
spectively. The most commonly used theories for modeling the concrete damage mechanism in-
clude plasticity theory, fracture based approach and damage mechanics.

Plasticity theory, which has been mathematically established, is presently being widely used to
model the metal’s behavior for its internal slip process. Many researchers have just used plasticity
theory to characterize the concrete behavior (Chen and Chen, 1975; Bazant, 1978; Dragon and
Mroz. 1979; Schreyer, 1983; Chen and Buyukozturk, 1985; Onate et al, 1993; Voyiadjis and Abu-
lebdeh, 1994; Karabinis and Kiousis, 1994; Menetrey and Willam, 1995; Grassl et al., 2002). Niel-
sen (2010) presented a review on plasticity application to model concrete behavior. Although the
plasticity models are far superior to elastic approaches in representing hardening and softening
characteristics, pure plasticity theory could not be applied to concrete due to its quasi-brittle
characteristic. Because they fail to model the process of damage due to micro-cracks growth, such
as the stiffness degradation, the unilateral effect, etc.

Fracture mechanics suggests another approach to describe localized damage as to be represent-
ed by the ideal discrete cracks with definite geometries and locations, and it has been extensively
used in engineering practice (Krajcinovic, 1985). Unfortunately, before the appearance of macro-
cracks in concrete there exist a lot of smeared micro-cracks whose geometries and locations could
not be determined precisely. At the same time, the associated questions whether the J integrals
and stress intensity factors are material parameters or not are far from being settled [18]. So,
there are some difficulties to apply fracture mechanics for modeling concrete precisely.

For describing the macro-level response of a concrete structure, damage mechanics (depending
if the damage is discrete or non-discrete) is usually classed into two methods: micro-mechanical
damage (MD) method and continuum damage mechanics (CDM) approach. The MD models as-
sume that the damage is discrete and stochastic. They have the advantage of being able to sus-
tain heterogeneous structural details on micro-scale. Additionally, they allow a micro-mechanical
formulation of the damage evolution equations based on the accurate micro-crack growth process-
es involved (Fanella and Krajcinovic, 1988; Bazant and Prat, 1988; Carol et al., 1991; Carol ett
al., 1992). However, geometries and locations of the pre-define cracks should be assumed in ad-
vance.

Continuum damage mechanics (CDM) approach provides the constitutive and damage evolu-
tion equations within the framework of thermodynamics of irreversible processes, the internal
state variable theory and relevant physical considerations (Mazars and Cabot, 1989). CDM also
provides a powerful and general frame work for the derivation of consistent constitutive models
suitable for many engineering materials, including concrete. When the CDM approach is used, the
material heterogeneity (on the micro-scale) is supposed to be smeared out over the representative
volume element (RVE). Then the concept of thermodynamic damage variable is applied in RVE.
Generally, the physical interpretation of the damage variable is introduced as the specific dam-
aged surface area (Kachanov, 1958). There are two cases of damage density of micro-cracks and
micro-voids: scalar (isotropic) and tensor (anisotropic). Using scalar damage variable is the easiest
treatment, which represents representing an isotropic state of concrete degradation (Mazars, 1984,
Bazant and Cabot, 1988; Lemaitre and Lippmann, 1996). This approach allows the expression of
efficient material models dealing with robust stress algorithms. It should be noted here that the
notions of tensile damage and compressive damage are sometimes also introduced, respectively.
These notations are inconsistent with the idea of the state of variables representing a micro-
cracking pattern.

For accurately interpreting the concrete damage, anisotropic damage should be considered. It is
attributed to the evolution of micro-cracks in concrete whereas damage in metals can be satisfac-
torily represented by a scalar damage variable (isotropic damage) for evolution of voids. General-
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ly, the presence of orthogonal compressive stress, for concrete subjected to bi-axial stresses, will
lead to a stiffer response and greater strength, while the presence of orthogonal tensile stress for
concrete under tension will reduce both the tensile strength and the stiffness (He et al., 2006). In
addition, it has been shown that the anisotropy is responsible for the discrepancy between com-
pression and tension strength (Desmorat, 2004; Desmorat, 2006).

Because of the coupling between elasticity and damage, if a straight forward extension of iso-
tropic damage theory to anisotropy case is made, the damage variable is represented by a fourth
order tensor (Krajcinovic, 1985; Chaboche, 1979; Leckie and Onat, 1981; Lemaitre and
Chaboche,1987) for the case of general anisotropy. This simple method is not our choice because
there will have too many material parameters introduced. Considering the physical interpretation
of damage in cement-based materials and the efficiency of the model, we use a second order dam-
age tensor (Cordebois and Sidoroff, 1982; Ladeveze, 1983; Chow and Wang, 1987Murakami, 1988)
in this paper to deal with concrete.

In this study, a new and more suitable state potential is proposed in order to adequately de-
scribe concrete behaviors under tension and compression. The principle of strain equivalence i.e.,
assuming that the strains in both the effective (undamaged) and damaged configurations are
equal is used in deriving the coupled elastic-damage model. A thermodynamic framework for con-
crete anisotropic damage model is then presented, in which strain mechanisms are identified.
FEach variable is physically explained and justified. In addition, a numerical scheme is introduced
and some numerical examples are presented. Finally, correlative experiments were carried out to
validate the capability and accuracy of the proposed constitutive model.

2 AIMS AND SCOPE OF RESEARCH

In the framework of this study, damage of structural concrete was estimated combining CDM
with correlative experiments. The nonlinear deformation behaviors under uni-axial, bi-axial and
tri-axial loadings were quantitatively analyzed. Afterwards, the damage was quantitatively de-
fined by CDM. This research is aimed at predicting the behaviors of concrete under uni-axial
compression, tension and multi-axial loadings so that to obtain an accurate modeling of concrete
behaviors which could be used in the nonlinear finite element analysis of the large-scale concrete
structures. In addition, this work is benefit to bringing an easy understanding of damage mecha-
nism in concrete structures which are usually subjected to severe dangerous effects like earth-
quake, wind, environmental, etc., decreasing the life of a structure.

3 THERMODYNAMICALLY BASED CONSTITUTIVE EQUATIONS

3.1 STATE POTENTIAL

The thermodynamics framework proposed by Ladevéze (1983) leading to 3D continuous stress—
strain responses is used (Lemaitre and Desmorat, 2005; Desmorat et al., 2007). In their theory,
the Helmholtz elastic potential is split into its deviatoric part affected by a tensorial damage vari-
able D and its hydrostatic part affected by another (scalar) damage variable D, .

_ 2 (1)
«_ (1=2v) tr(o) +1+Vtr(HGDHGD)
6E 1-nD, 2E

py

where E, V represent the Young modulus and Poisson ratio of initially isotropic elasticity re-
spectively, 7 means the hydrostatic sensitivity parameter (7 =3 for most materials [40]), #
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stands the concrete density, 6" is the deviatoric stress tensor, H is the effective damage tensor
and D, is the hydrostatic damage.

! (2)
¢’ =c—%tr(c),H =(1-D) 2 and D, =%trD

1
where (1-D) %is gained from its diagonal form (1—D)y.,,(I—=D)gpg = P*(1-D)P,
(1-D)"2 =P(l - D);ilefgz Pt 1= 0; is the identity tensor and P is the coordinate transfor-
mation matrix formed by unit eigenvectors of (I —D).

In their work, whatever hydrostatic stress is positive or negative (positive value represents hy-
drostatic tension, vice versa), hydrostatic stress is affected by hydrostatic damage at the same
degree. Inspired by quasi-brittle materials such as concrete exhibit a strong difference of behavior
in tension and in compression due to damage and partial closure effect (Ortiz, 1985; Chaboche,
1993; Murakami and Kamiya, 1997; Halm and Dragon, 1998), we consider there are different im-
pacts on the positive and negative hydrostatic stress coupling with hydrostatic damage. So ther-
modynamics potential can be developed as follows

2 2 (3)
._@-2v) (tr(e))’ . (tr(c))_]+1+v tr(He®Ho®)
6E "1-D, 1-n,D, 2E

where the notation <0>+ stands for the positive part of a scalar, <X>+ =max(0,x), and <0>_

stands for the negative part of a scalar, <X>_ =min(0, X) .

The state laws are obtained by derivation of the potential with respect to the thermodynamics
variables. The elasticity law coupled with anisotropic damage reads:
ow' (1-2v) (tr(e tr(o 1+v (4)
v :( ) < ( )>++< ( )>-]I+ (HGDH)D
6y 3 "1-»D, 1-n,D, E

g=p

where | is the identity tensor. Actually, it also produce secant operator presented in appendix A.
If uni-axial tension is applied in direction 1 (see Figure 1), the elastic strains in this frame are

& 1
. 1-2v o,
2 ~ 3E 1-pD
g: 1~H 1
: — : ¥ (1)
1 _20_1 T 1
1-D, 3 1-D,
1+v 1 -0, 1
1-D, 3 1-D,
1 % 1
L 3 ]
| 1—D3_ | 1—D3_

The decoupling between the deviatoric and the volumic part of the stress-strain relation in-
duces only a partial stiffness recovery sufficient for monotonic applications. In tension the dam-
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aged bulk modulus is K = (1-7,D,)K . Note that the shear-bulk coupling is nevertheless repre-

sented. The trace of damage D acts on the hydrostatic stress.

A A

X2 -

(O

O

X1

X3

Figure 1. Damaged elasticity in the principal direction

Consider a representative volume element (RVE) damaged in the orthotropic frame (;(1, ;(2,;(3)
of Figurel

D, (6)

If the three principal stresses are of the same sign, from equation (4) the elasticity law reads

s:{B(Dl, D2,D3)é}s @)

where B is a tensor presented in appendix B in details. If a tension loading is applied in the di-
rection X, B can be rewritten as follows

Bn:E_l,Blz=le=V12E—1|Bls=831:V13E_1’
E - E E

B, == By =B; =Vas=—,By ==,

22 E, 23 32 23Ez 33 Es

where Ei is the damaged modulus in i direction. So if together with appendix B, the measure-
ment of the uni-axial stress-strain relation gives a possibility to measure the damage. Practically,
most of the time, it is not possible to obtain three specimens in three orthogonal directions but
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four measures are sufficient if the orthotropic directions are known. In the case of a damaged

plane sheet, the only possible directions for measures are X, and X, to give El, Ez and Vi2
then

E: - Ei_ (9)
D 1=1—E(1+v)(2+vlz—g—2) !

E- - E2
D 2:1—E(1+v)[2—(1—m)§] !

"D, _1_21 2v
E 1- 2V12

With the help of strain equivalence principle, previous elasticity law can be rewritten as

= - 1+v-
6=C:¢ or e=C':6="—— E G—Etr(c)l where C is forth tensor. This defines analytically

the relationship between the Cauchy stress 6 and the effective stress 6, which is symmetric and
independent from the elasticity parameters,

10
1.(tr(o)), N <tr(°)>-]1+[(HaDHcD)]D (10)

o=21
3 1-mD,  1-n,D,
At the same time, Cauchy stress can be replaced by

(1-D):o
3—-trD

(11)

6 =(I-D)"*6(1-D)"? - (I-D)+%[(l—trD)<trc> +1- trD)<trc> I

3.2 Damage threshold and evolution laws

Damage evolution is linked to the reach or not of a threshold. Depending on the materials, the
damage threshold may be expressed by strains (Mazars, 1984; Herrmann and Kestin, 1988; Ram-
tani,1990; Devree et al., 1995; Geers et al., 2000), stresses (Ortiz, 1985; Warnke, 1975) or damage
energy release rate (Marigo, 1985; Laborderie,1990). The most efficient way to express constitu-
tive equations arguing for straightforward numerical integration is to make use of a damage
threshold based on strains. For brittle materials like concrete, Mazars’s criterion defining an

equivalent strainé&,, is here used for the anisotropic growth of damage. The equivalent straineg,,

is built from the positive principal strain g, (the extensions)

: (12)
£ =(E).5(8), =, 2 (1),
The damage threshold takes the simple form
f=¢, —x(trD)<0 (13)
and
(14)

x(trD) =a tan [E +arctan (ﬁ)]
aA a
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where f <0 corresponds to the elasticity domain, f =0 and % =0 correspond to damage
growth (consistency condition). & (trD) is the consolidation function in the strains space, depend-
ing on the trace of the damage tensor. The initial value of x(trD) is defined by &, =x(0) .

The identification of different behaviors is performed by the definition of the consolidation
function x(trD). For concrete, a simple expression has been found which fits the concrete re-
sponses in both tension and compression, introducing only two damage parameters a and A in
addition to the Young modulus E, the Poisson ratio V and the damage threshold & = x(0) .

Within the thermodynamics framework, the corresponding choice for the non-associated poten-
tial is

F=F(Y;5)=Y:(s) (15)
and so
0o 0 0 16
Dzzﬁzz(a)ﬁ > tr(D) = Atr((e)”) 16)
aY + +
[
The damage multiplier is determined from the consistency condition f =0 and f =0.
N CAE (17)
tl’D = Kfl(geq) and tl’( D) = —qgeq
de,,
then
~ 0 18
L) _ A e 18)
a By B
tr( (s)+ ) d€eq tr((s)+ )
and
(19)

D) . d(KT(Ey)) g
D=——7 eV =
o e

The exponent £ mainly plays a role in multi-axial states of stresses, and setting f =2 (so that

tr(<s>f) :(5Eq)2) to make the equivalent strain &, appear. This choice is then consistent with
Mazars criterion, the damage law simplifying as

a1 (20)
K (geq) Eeq <8>2

2
de,, &

]
D=

+

Therefore, for concrete, the damage pattern is different in tension and in compression.
When uni-axial tension is applied in direction X,
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g 00 & 00 )
() =|0 0 Of(e)’=| 0 0 0
0 0O 0 0 O
the damage tensor will be
D, 0 0 (22)
D~ 0 0 O
0 0O
When uni-axial compression is applied in direction X,
00 0 00 0 (23)
() =0 & 0|(e)=[0 & 0
0 0 g 0 0 &
the damage tensor will be
0 0 O (24)
D~=|0 D, O
0 0 D,

3.3 Rupture control with anisotropic damage

Describing rupture of structural, it needs to deal with elements at high levels of damage, the
ultimate state of degradation corresponding to eigenvalues of damage tensor close to unity. The
damage acts by its individual values on the deviatoric part of the behavior and by its trace on the
volumic part. It is obvious that one has to consider two different treatments for the damage evo-
lution, depending on which part of the behavior is concerned. Such a treatment must simply en-

sure that the effective damaged elasticity tensor E remains positive definite.
Concerning the hydrostatic part of the constitutive equations, the limitations at high level of
damage appears clearly when observing the reversible process equations.

(tre), .\ (tre)_ (25)
3K(1—%trD) 3K(1—’L;trD)

tre =

with K the bulk modulus of the virgin (isotropic) material. There are situations such as compres-
sion leading totrD >1. These are admissible as long as they are mainly compressive, more pre-
cisely as long astre <0 ,as the hydrostatic stiffness remains equal to3K .But they become critical
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when a change in the loading sign occurs if the broken material behavior is not properly defined
as then 3K(1—1trD)is negative and cannot therefore act as a material stiffness. The physical

meaning of a large damage trace due to compression is that the material highly damaged, still
resist for compressive states of stresses but will be broken in pieces as soon as tensile stresses are
applied on it. It is possible to continue the computation by defining a fictitious hydrostatic bro-
ken behavior for the material such as

(tre), . (tro) (26)

tre=— —
3K 3K

where if %tl’D <D,

_ _ 27
Ki=K@-"2tD), K, = K1-"2tD) @)
3 3
i 3P > hyps
7, 3

_ _ 2%
K1:K(1—Dc),Kz:K(l—%DC) (28)

and if trD > 3D,

7,
Ki=K(@1-D,),K:=K(@1-D,) (29)

For the deviatoric case, to ensure that the damaged elasticity operator remains positive defi-
nite, one only has to impose that the eigenvalues of the second order damage tensor are bounded

by 1, or by D, from a numerical point of view (Lemaitre et al., 2000; Badel et al., 2007). Under

[
2
these conditions, the general damage law D = /1<£>+ needs an adaptation. If the maximum eigen-

value of damage D, (D, > D,, > D,;,) reaches its critical value D

. in N, direction, damage growth

in that direction stops and fracture occurs, defining a first plane of fixed crack in the solid. Later
on damage grows in the remaining (N, ,N,,) directions. The damage evolution law is kept un-

changed in terms of the (2D) strain tensor in the (N, ,N,;, ) plane, keeping D, =D, along n,
direction. If loading continues, the second direction, in which the damage reaches its critical val-
ue, is also detected, defining the plane of crack in a similar fashion. The third direction is oriented
orthogonal to the first two directions. Three families of cracks are, therefore, introduced at the
peak stage that finally led the test specimen to complete fracture and the final behavior resulted

(with different bulk modulus in tension and in compression)
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6 =2G(1-D,)” + K[(1- D,)(tre) +(1—D,)(tre) ]I (30)
where G = E/2(1+V) is the shear modulus.

4 Numerical Implantation

4.1 Euler backward scheme

The major advantage of this model is its easy numerical implementation within any finite element
code and its corresponding robustness regarding computations at the structural scale. Euler
backward scheme is used, i.e. the variables are replaced by their value at time in the constitutive
equations when the damage rate and the damage multiplier are replaced by and in the damage
law. In order to integrate the damage model proceed as follows:

1- Compute the equivalent strain,

geQ(n+1) = <8rH—l>Jr <£n+1>Jr (30)

2- Calculate the threshold function trial: f.. =¢&

eqniy —K(rD,)  with equivalent strain. If

trial
f <0, the damage does not evolve, D,,, =D, . Else if f >0, the damage must be corrected

by using the damage evolution law described as (setting f =2),

AD = Dn+1 - Dn = Aﬂ’ <8n+l>fr (31)
D, —trD
AL = tr nit trD,
geq(n+1)

Then update the damage tensor D, D, , =D, +AA <8n+l>i

3- Compute the effective stresses: 6ni1 =C:g,

4- Determine the Cauchy stresses:
_ 1-D._.):o (32)
)1/2 ona(I- Dn+1)1/2 _ M (I- Dn+l)

c,,=I-D
n+1 ( n+1 3 _ tr(Dn+1)

+ % [@-trD,,,) <tr<_sn+1>+ +(1- 77_32 trD,,,) <tr(_’”+1>_]l

At the end, a program code was prepared in MATLAB 7.11 to implement the algorithm. Addi-
tionally, the constitutive law of elements was derived and adopted; no meshing technique was
used.

4.2 Experiments and numerical results

4.2.1 Raw materials and preparation of specimens

Cement used in this study was ASTM Type I Portland cement (or Ordinary Portland Cement in
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BSI), with relative density of 3.15 and fineness of 385m®/kg . The average particle size for ce-
ment is 19.98 um. The coarse aggregate used was crushed limestone with maximum size of 10

mm, and relative density of 2.57. The fine aggregate used was natural river sand with a fineness
modulus of 2.3, and relative density of 2.66. The mix proportion for normal concrete by weight
was, cement : water : sand : coarse aggregate = 1.0 : 0.5 : 1.5 : 2.4. The concretes were mixed
with a pan mixer following the procedures recommended by ASTMC192-M. After mixing, a vi-
brating table was used to ensure a good compaction. The surface of the concrete was then
smoothed and a wet cloth was used to cover the concrete until the specimens were demolded for
testing or further curing one day after casting. The further curing of demolded specimens were
carried out in a curing room with a temperature of 21+2°C.

4.2.2 Uni-axial compression

A complete stress-strain curve represents a comprehensive response of concrete to external force.
It can reflect the influence of damage process, microcrack development including random occur-
rence and localization, and formation and propagation of major crack on a global scale.

Compressive tests were carried out using three cylindrical specimens. The modulus of elasticity
and complete stress-strain curve were measured using a digital closed-loop controlled MTS ma-
chine with a capacity of 450 metric tons (Model 815). The tests were carried out using the cir-
cumferential control by putting a roller chain on specimen in a transverse direction (Jin and Li,
2000).

The tests were initially controlled by a loading rate of 1.5 kN/sec, and then transferred to a
circumferential deformation control of 0.0008 mm/sec. Complete stress-strain curves can be easily
obtained by using such a control method.

The comparison of uni-axial tensile stress-strain curves between experiment and numerical re-
sults is shown in Figure 2. At the same time, strain-damage curve is obtained. The material pa-

rameters used in the analysis are E =24GPa,v=0.2, n,=3,7,=0.5, a=2.88605¢ -4,

A=7.7e3, k, =1.35e—4, where E and V were obtained from experiments, while 7,,7, ,a, Ak,

were taken for different materials and from reference (Desmorat et al., 2007).
Strain (um/m)
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Figure 2. Strain curves for concrete applied in uni-axial compression ( E =24MPa,v = 02)
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4.2.3 Uni-axial tension

Compared to the compressive behavior of concrete, its tensile behavior has received a little atten-
tion in the past, partly because it is a common practice to ignore tensile resistance in reinforced
concrete design. Interest in tensile properties has grown substantially in recent years partially due
to introduction of fracture mechanics into the field of concrete structures. In addition, the tensile
strength of concrete is important to resist cracking from shrinkage and temperature changes.
However, available information on the complete stress-deformation curve of plain concrete under
uni-axial tension is scarce, especially for un-notched concrete specimens. This is mainly due to the
control difficulties in direct uni-axial tension tests. By applying a recently developed adaptive
control method, this research has success fully obtained the complete stress deformation curves for
un-notched concrete specimens under uni-axial tension. These results provide rational information
on nature of tension behavior of young concrete, including the process of internal damage.

The tension specimens were cast in a premade acrylic glass mold with the dimension of
350x100x20 mm. The mold was made of acrylic sheet with a thickness of 25 mm. With such a
specimen size, the uni-axial tension can be ensured as a two-dimensional problem and a total of
12 plate specimens were prepared.

Uni-axial tension tests were conducted using a newly developed test method (Figure 3). Several
measures have been taken to ensure a success of uni-axial tension test. To avoid possible eccen-
tricity or bending of the tension specimen, a set of special loading fixture was developed (Tension
strength in experiment is 3.21MPa ).

Constitution relation between stress and strain under uni-axial tensile loading is presented in
Figure 4 (Tension strength in experiment is 3.21MPa ). One can observe that with only one
thermodynamic variable (the damage tensor),and the model is able to correctly describe the non-
symmetric uni-axial behavior of concrete.

Load cell

Machine wedge grip

Loading fixture

Aluminum

loading plate

LvDT{1 {7 LvDT{3

LVDT{2 LVDT{4

v

Aluminum

loading plate
Loading fixture

Machine wedge grip

Machine actuator

Figure 3. Uni-axial tension test setup
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Figure 4. Strain curves for concrete applied in uni-axial tension

4.2.4 Multi-axial numerical results

Using the same material parameters as above, the numerical result of bi-axial compression is ob-
tained in Figure 5. The stress introduced in Figure 5 was in the direction of applied compression
load. Since the load application to the test specimen was done in multi-axial directions, the com-
pression loading application possesses two directions. In the third direction, because of Possion’s
effect, tensile strains occurred. Hence the direction of damage depicted in Fig. 5 was the third
direction. Obviously, compressive strength of the bi-axial compression is higher than that of the
uni-axial compression. Moreover, the concrete under bi-axial compression performs more brittle
than uni-axial compression. As for comparing with the uni-axial compression, whose evolution of
damage is in two principal directions, cracks under bi-axial compression are propagated just in
one principal direction. Moreover, the response of concrete applied in tri-axial tension is shown in
Figure 6. Because the initiation and propagation of cracks in concrete is developed rapidly in
three principal directions, the concrete provides most low strength under tri-axial tension.
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As stated earlier, in this research the constitutive law of elements was derived and used to
measure the variables, while the mesh and nodal approach was not followed. Our work is a pre-
liminary work of finite element analysis. The outcomes of this work if adopted, as is proposed in
our study, can be very useful in applying the multi-axial stress-strain relationship to analyze the
large scale structures.

5 CONCLUSIONS

In this paper, with the help of CDM, a new suitable state potential is proposed for concrete in
order to express the state equations for modeling the special mechanical behaviors. The damage
state corresponds to a given micro-cracks pattern and, accordingly to the definition of thermody-
namics state variables, it is represented by a single second-order tensor damage variable D what-
ever the sign of the loading. The strong dissymmetry of concrete behaviors is represented and is
shown to be mainly due to induced damage anisotropy. Based on strain equivalence method, a
new constitution model is deducted in this paper. A numerical scheme is introduced and some
numerical examples are presented. Experiments were carried out in order to validate the capabil-
ity of the proposed model. In a word, the model can get the unilateral effect and multi-axial effect
of concrete correctly. The outcomes of this research will bring an easy understanding of concrete
material behavior under uni-axial compression, tension and multi-axial loadings. It will be very
useful in nonlinear finite element analysis of the large-scale concrete structures.
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Appendix A

The secant operator is in fact the effective (damaged) fourth-order elasticity tensor C as when no
permanent stresses are modeled

6=C:¢ (A1)

In our case it has the same expression for both local and nonlocal anisotropic damage models.
If tre >0,

C=2G[(1-D)"?*® (1 -D)"? - (1-D)®d- D)]+ K@1-trD)I ®1 (A2)
3-trD
else if tre <0,
_(1-D)®(1-D)

C =2G[(1-D)"? ® (1 — D)2 ]+ KI®1 (A3)

3-trD

where G = E/[2(1+v)]and G = K/[3(1—2v)] are the shear and the bulk modulus respectively,
and where the special tensor product ® is used for two tensors A and B, (A®B);, = A.B,;

Appendix B
If the stress is tension, the elements of the tensor B can be formulated as follows

AL PR S SN S

B, +
9 1-D, 1-D, 1-D,” 3(1-nD,)
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B _ﬂ_a+v)( 2 N 2 1 )+ 1-2v
v 9 1-D, 1-D, 1-D,” 301-7D,)

1+v 2 1 2 1-2v
B13:|331:_( )( - + )+
9 1-D, 1-D, 1-D;” 3(1-nD,)
1+v 1 4 1 1-2v
B,, = ( )( + )+
9 '1-D 1 D, 1-D,” 3(1-nD,)
1+v 1 2 2 1-2v
Bz3=B32=_( )(_ + )+

+
9 " 1-D, 1-D, 1-D,” 3@1-7D,)

_(1+v), 1 1 4 1-2v
33 = ( + )+
9 '1-D 1 D, 1-D,” 3(1-7nD,)

If the stress is compression, the elements of the tensor B can be rewritten as follows

(A+v), 4 1 1 1-2v
1 = ( + )+
9 '1-D, l D, 1-D,” 3(1-7,D,)
1+v 2 2 1 1-2v
B,=B, = ( ) ( )+
9 1-D, 1 D, - D,” 3(1-n,D,)
1+v 2 1 2 1-2v
B13=Be,1—_( )( - + )+
9 1-Db, 1-D, 1-D,” 3(1-7,D,)
1+v 1 4 1 1-2v
2 = - ) ( + )+
9 '1-D 1 D, 1-D,” 3(1-n,D,)
1+v 1 2 2 1-2v
8232832——( )(_ + + )+
9 1-D, 1-D, 1-D,” 3(1-7,D,)
B __a+v)( 1 N 1 N 4 )+ 1-2v

®* 9 '1-D, 1-D, 1-D,” 3(1-7,D,)
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