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Abstract 

The mathematical modeling of the dynamics of a two-layer shallow pipeline under the influence of transport 
load (the load created by an object moving along the pipeline) has been successfully resolved. The pipeline is 
represented as an extended circular cylindrical two-layer shell with a thin inner (bearing) layer and a thick 
outer (enclosing) layer situated in an elastic half-space. Dynamic equations of elasticity theory using Lamé 
potentials are utilized to describe the motion of the half-space and the enclosing layer of the shell. The 
vibrations of the bearing layer of the shell are described by the classical equations of the theory of shells. 
Numerical experiments have considered the case of a moving axisymmetric cylindrical normal load applied to 
a pipeline (without an enclosing layer and with an enclosing layer of varying thickness and material stiffness). 
It was demonstrated that if the material of the enclosing layer of the pipeline is more rigid than that of the 
rock mass, the dynamic effect of the moving load on the rock mass is reduced. 
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1 INTRODUCTION 

Currently, underground space is being developed intensively for various purposes. The construction of underground 
trunk pipelines, which provide transportation of almost the entire volume of produced natural gas, most of the oil, and 
various cargoes (Kulińska, 2014; Zhangabay et al., 2023), has become extremely widespread. In addition to the static 
calculation of such structures, their dynamic analysis is necessary (Yerzhanov and Ajtaliev, 1989; Ukrainets, 2006). Among 
the dynamic loads and impacts on underground pipelines, it is necessary to single out transport loads (loads generated 
by objects moving through the pipeline) and the impact of seismic waves of natural or artificial origin. 

The study of the dynamics of underground pipelines under the influence of transport loads by mathematical 
modeling approach leads to the emergence of boundary value problems of deformable solid mechanics. As 
demonstrated by calculations (Ukrainets, 2006) and experimental studies, the impact effect of transport loads on the 
ground surface diminishes with increasing depth of the pipeline embedment. At a depth of approximately four to five 
times its characteristic transverse dimensions, such impact effect is negligible. In this case, when addressing the 
transportation problem, it is possible to disregard the ground surface and consider the pipeline as a deep-buried 
structure. A bibliography concerning the mathematical modeling of such and similar structures under various loads and 
impacts can be found in the monographs by Yerzhanov and Ajtaliev (1989), and Ukrainets (2006).  

In a pioneering study, Lvovsky et al. (1974) solved the transportation problem of a deep buried pipeline, whereby a 
load moves at a constant subsonic velocity on an infinitely long circular cylindrical homogeneous shell in elastic space. 
However, the application of such a model of an underground pipeline may be limited in the case of its layered structure, 
consisting of rigidly interconnected concentric layers with different physical and mechanical properties. In this case, the 
design scheme for a deeply buried pipeline is represented by a similar circular cylindrical layered shell located in elastic 
space. The dynamics of a free, non-contacting layered shell of considerable length under the influence of a moving load 
were investigated by Pozhuev (1977, 1978, 1980). Similar studies for a two-layer and three-layer shell in elastic space 
were conducted by Otarbaev (2016, 2018) and Girnis (2023).  

For a shallow pipeline, the solution to the transportation problem becomes considerably more complex due to the 
perceptible deformation of the ground surface and its influence on stress concentration in the vicinity of the pipeline 
during the diffraction of reflected waves. In this case, the design scheme for an underground pipeline is represented as 
an infinitely long circular cylindrical shell located in an elastic half-space. The number of papers devoted to this issue is 
limited, with the majority of research conducted in recent years. These include Ukrainets (2006, 2010), Yang and Hung 
(2008), Alexeyeva (2009, 2020), Hussein et al. (2010, 2014), Coşkun and Dolmaseven (2017), Yuan et al. (2017), Boström 
and Yuan (2019), Zhou (2019), Makashev (2023), Zhukenova (2023). In these works, similar to (Lvovsky et al., 1974), the 
action of a moving load on a homogeneous shell is considered. In this paper, the design scheme of a shallow-buried 
underground pipeline consisting of two concentric layers is represented as an extended circular cylindrical two-layer shell 
located in an elastic half-space with a thin inner layer and a thick outer layer. It is assumed that the contact between the 
shell and the surrounding medium, as well as between the shell layers, is rigid.  

The objective of this work is to construct an analytical solution to the problem and develop computer programs 
based on it for studying the dynamics of a shallow-buried underground two-layer pipeline under the influence of 
transportation load. 

2 METODS 

The study employs a mathematical modeling approach, using elasticity theory (Yerzhanov and Ajtaliev, 1989; 
Ukrainets, 2006). The underground pipeline is represented as an extended circular cylindrical two-layer shell with a thin 
inner (bearing) layer and a thick outer (enclosing) layer situated in an elastic half-space parallel to its horizontal boundary. 
Initially, the load, which moves uniformly with subsonic velocity along the inner surface of the shell, is assumed to be 
sinusoidal along the shell axis with an arbitrary relation on the angular coordinate. The method of incomplete separation 
of variables is proposed as a means of solving the problem in this case (Alexeyeva, 2009, 2020; Ukrainets, 2010; Otarbaev, 
2016, 2018; Girnis et al., 2023). The solution for the Lamé potentials is presented as a superposition of Fourier-Bessel 
series and Fourier-type contour integrals (Ukrainets, 2010; Alexeyeva, 2020). Furthermore, the method of decomposition 
of potentials into plane waves and decomposition of plane waves into series on cylindrical functions is employed 
(Alexeyeva, 2009, 2020; Ukrainets, 2010). It is assumed that the velocity of the load motion should be less than the 
velocity of Rayleigh waves in the half-space. The obtained solution is then used to solve the problem of the action of a 
moving load on the given shell, which has no periodicity but is represented as a Fourier integral (Ukrainets, 2010; 
Alexeyeva, 2020). 
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3 RESULTS 

3.1 Formulation and analytical solution of the problem 

Consider a homogeneous, isotropic, and linear-elastic medium (body) bounded by a horizontal plane (half-space) in 
the cylindrical r, θ, z and Cartesian x, y, z coordinate systems (not changing its position). The boundary of the half-space 
in the absence of a load is perpendicular to the x-axis, with x ≤ h. In the half-space, there exists an infinitely long circular 
cylindrical shell with a two-layer structure. The radius of its outer surface is denoted by R1 (R1 < h). The axis of the shell 
is parallel to the boundary of the half-space and coincides with the coordinate z-axis (Fig. 1). The inner (bearing) layer of 
the two-layer shell is a thin-walled elastic shell with a thickness of h0 and a radius of the medial surface of R2. Given that 
the shell is thin, it is assumed that it is in contact with the outer (enclosing) layer of the two-layer shell along its medial 
surface. It is assumed that the contact between the shell and the surrounding body, as well as between the shell layers, 
is rigid. 

 

 
Figure 1 A two-layer shell in an elastic half-space. 

The physical and mechanical properties of the materials of the half-space and shell layers are characterized by the 
following constants: νk – Poisson's ratio, μk – shear modulus, ρk – density (k = 0, 1, 2), where index k = 0 refers to the load-
bearing layer of the shell, k = 1 to the half-space, k = 2 to the enclosing layer of the shell. 

A load of intensity P acts on the inner surface of the shell. The load moves in the direction of the z-axis with a 
constant velocity c. The velocity of the load is subsonic, i.e., less than the velocities of shear wave propagation in the 
enclosing layer of the shell and its surrounding body. The stress-strain state (SSS) of the shell and half-space must be 
determined for this load. 

To solve the problem, we must turn to the moving cylindrical (r, θ, η = z - ct) and Cartesian (x, y, η = z - ct) coordinate 
systems, which must move together with the load (Fig. 1). 

The motion of the half-space (k = 1) and the enclosing layer of the shell (k = 2) will be described by the dynamic 
equations of elasticity theory in the moving coordinate system (Otarbaev, 2016, 2018; Girnis et al., 2023; Ukrainets, 2010; 
Alexeyeva, 2020) 

( )2 2 2 2 2 2grad div , 1, 2pk sk k sk k kM M M kη− − −− + ∇ = ∂ ∂ =u u u , (1) 

where Mpk = c/cpk, Msk = c/csk – Mach numbers, ( )2pk k k kc λ µ ρ= + , sk k kc µ ρ=  – expansion-compression and shear 

wave propagation velocities, respectively, 2 / (1 2 )k k k kλ µ ν ν= − ; 2∇  – Laplace operator, uk – point displacement vectors. 

In order to describe the motion of the load-bearing layer of the shell, we will employ classical equations derived 
from the theory of shells in a moving coordinate system (Ukrainets, 2006; Girnis et al., 2023; Alexeyeva, 2009) 
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∂ ∂ ∂
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where R = R2; when r = R qj = σrj2, Pj, qj are the components of the load intensity P(θ, η) and the reaction of the enclosing 
layer of the shell, u0j, σrj2 are the components of the displacements of the points of the mid-surface of the bearing layer 
of the shell and the stress tensor in the enclosing layer of the shell, j = η, θ, r.  

If the vectors uk are represented using Lamé potentials φjk (j = 1, 2, 3, k = 1, 2) (Otarbaev, 2016, 2018; Girnis et al., 
2023; Ukrainets, 2010; Alexeyeva, 2020) 

( ) ( )1 2 3grad rot rot rot , 1, 2k k k k kη ηφ φ φ= + + =u e e , (3) 

it follows from (1) and (3) that φjk satisfy the equations 

2 2 2 2 , 1, 2, 3, 1, 2jk jk jkM j kφ φ η∇ = ∂ ∂ = = . (4) 

Here eη is the unit vector of the η-axis, М1k = Мpk, М2k = М3k = Мsk.  
Through the potentials φjk it is possible to express the components of the stress tensors σlmk in the half-space (k = 1) 

and the enclosing layer of the shell (k = 2), related by Hooke's law to the components ulk of the displacement vectors uk 
(l, m = r, θ, η, k = 1, 2; l, m = x, y, η, k = 1). 

( ) ( ) ( )

( ) ( ) ( )

, , ,

, , , , , .

i in
n

n

i in
j j j nj

n

P p e p P e

P p e p P e j r

ξη θ

ξη θ

θ η θ θ

θ η θ θ θ η

∞

=−∞
∞

=−∞

= =

= = =

∑

∑
 (5) 

Let us represent the Lamé potentials in the analogous form (5): 

( ) ( ), , , i
jk jkr r e ξηφ θ η θ= Φ . (6) 

Substituting (6) into (4), we obtain 

2 2 2
2 0, 1, 2,3, 1, 2,jk jk jkm j kξ∇ Φ − Φ = = =  (7) 

where 2
2∇  – two-dimensional Laplace operator, 21jk jkm M= − , m1k = mpk, m2k = m3k = msk. 

The application of (6) allows for the derivation of expressions for displacements *
lku  and stresses *

lmkσ  (l, m = r, θ, η) 
within the half-space (k = 1) and the enclosing layer of the shell (k = 2), as well as *

1lu , *
1lmσ , (l, m = x, y, η) within the half-

space, in response to a sinusoidal load (5) as a function of Φjk (* means that these components correspond to the case 
of a sinusoidal moving load (5) acting on the shell). 

Given that c < csk (k = 1, 2), Msk < 1, and the solutions to equations (7) can be represented as (Ukrainets, 2010; 
Alexeyeva, 2020) 
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(1) (2) , 1, 2,3, 1, 2jk jk jk j kΦ = Φ +Φ = = , (8) 

where: 
- for half-space 

( )(1)
11

in
nj n jj

n

a K k r e θ
∞

=−∞

Φ = ∑ ,  ( )(2) 2 2
11 , exp ( )j jj g iy x h k dξ ζ ζ ζ ζ

∞

−∞

 Φ = + − + 
 ∫ ;  

- for enclosing layer of the shell 

( )(1)
3 22

in
nj n jj

n

a K k r e θ
∞

+
=−∞

Φ = ∑ , (2)
6 22 ( ) in

nj n jj
n

a I k r e θ
∞

+
=−∞

Φ = ∑ .  

Here In(kjr), Kn(kjr) are the modified Bessel functions and McDonald functions, kj1 = ∣mj1ξ∣, kj2 = ∣mj2ξ∣; an1,…,an9, gj(ξζ) are 
the unknown coefficients and functions, j = 1, 2, 3. 

In the Cartesian coordinate system, the expressions for the potentials Φj1 (8) will take the form (Ukrainets, 2010; 
Alexeyeva, 2020) 

( ) ζ
1 ( , )

2

j
j

xf
x h f iy

j nj nj j
j n

e a g e e d
f

ξ ζ ζ
∞ ∞−

−

=−∞−∞

 
 Φ = Φ + 
  

∑∫ , (9) 

where ( )1 1, ,  1, 2,3
n2 2

j j nj j jf k f k jζ ζ = + Φ = + =  
. 

The functions gj(ξ,ζ) will be expressed through the coefficients anj (j = 1, 2, 3). In order to achieve this, it is necessary 
to consider the boundary conditions on the boundary of the half-space x = h, as set out in equation (9): 

* * *
1 1 1 0xx xy xησ σ σ= = = . 

By equating the coefficients when eiyζ to zero, we obtain a system of three algebraic equations. From this system of 
equations we will find 

3
*

* 1

1( , lhf
j jl nl nl

l n

g ) e aξ ζ
∞

−

= =−∞

= ∆ Φ
∆ ∑ ∑ . (10) 

Here ( )22 2 2 2 2 2 2
* * * * *2 4ρ β ρ ρ α ρ β∆ = − − − − , 

( ) ( ) ( )
22 2

** * 2 2 * 2 2 2 2*
11 12 * 13 * *2 2 2 2
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2
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2
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ρ α ρ α

−∆
∆ = − ∆ = − − ∆ = − −

− −  

2 2
* * * * 2 2 2 21 1**
21 12 22 23 * *2 22 21 1*

, , 4 ,
2

s s

s s
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m m
ξζ ρ α ρ β

ρ β

∆
∆ = − ∆ ∆ = − ∆ = − − −

−  

( )22 2* * ** * *13 21 **
31 32 332 2 2 2 2 2 21 * *

2
, , ,

2sm

ρ β

ξ β ρ β ρ β

−∆ ∆ ∆
∆ = − ∆ = ∆ = − +

− −  
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( )22 2 2 2 2 2 2 2 2 2
1 1 * ** * ** * *, , , 2 4 ,p sM Mα ξ β ξ ρ ξ ζ ρ β ρ ρ α ρ β= = = + ∆ = − − − −  

( )2 2 2 2
** 12 1smρ ξ ζ= + − .  

In Ukrainets (2006) it is proved that the determinant *( , )ξ ζ∆  does not turn into zero at any ζ values when c < cR, 
where cR is the velocity of Rayleigh surface waves in a half-space (Novackij, 1975). It is important to note that in real 
media cR is slightly less than the shear wave velocity. 

When c < cR the expressions for the potentials Φj1 in the Cartesian coordinate system (9), taking into account (10), 
are as follows 

3 *

1
*1

2

j
j l

xf
(x h)f jl hf iy

j nj nj nl nl
j n l n

e a e e a e d
f

ζ ζ
∞ ∞ ∞−

− −

=−∞ = =−∞−∞

 ∆ Φ = Φ + Φ ∆
  

∑ ∑ ∑∫ .  

In the cylindrical coordinate system when c < cR the expressions for the potentials Φj1 (8) taking into account (10) 
and using the relation (Yerzhanov and Ajtaliev, 1989) 

2 2
2 2 2 2exp ( ) ( ) j

n h kin
j n j j j

n

iy x h k I k r e k k e
ζθζ ζ ζ ζ

∞
− +

=−∞

    + − + = + +        ∑ , 

become as follows 

( )1 1 1( ) ( ) in
j nj n j nj n j

n

a K k r b I k r e θ
∞

=−∞

Φ = +∑ . 

Here 
3

1

ml
nj ml nj

l m

b a A
∞

= =−∞

=∑ ∑ , 
*

( )

*
l jh f fjlml

nj ml njA e dζ
∞

− +

−∞

∆
= Φ Φ

∆∫ . 

Let us substitute the relations found in the cylindrical coordinate system for the potentials ΦjK into the expressions 
for displacements *

lku  and stresses *
lmkσ  (l, m = r, θ, η) in the half-space (k = 1) and in the enclosing layer of the shell 

(k = 2). Then only the coefficients an1,…,an9 are unknown in these expressions: 

( ) ( ) ( )

( ) ( ) ( ) ( )

3
2(1)* ( )

1 1 11 1
1

3* 1 2 ( )1
1 11 1
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( ) ( ) ,
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ξη θσ
µ
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=−∞ =
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= + 

 

∑∑

∑∑
 

where l = r, θ, η, m = r, θ, η; 

( ) ( ) ( ) ( ) ( )1 1(1)
11 11 21 31 3111 21 31, ,

nn nr r r
nT k K k r T K k r T k K k r
r

ξ′ ′= = − = − , 

( ) ( ) ( ) ( ) ( ) ( )1 1 1
11 21 21 3111 21 31, ,n n n

n nT K k r i T k K k r i T K k r i
r rθ θ θ ξ′= = − = − , 

( ) ( ) ( ) ( ) ( )1 1 1 2
11 31 3111 21 31, 0,n nT K k r i T T k K k r iη η ηξ= = = − , 
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where l = r, θ, η, m = r, θ, η; 
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r
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rrθ
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, 
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nn
n
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S S k K k r S
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ξ

+
′= − = = , 

( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 122 2 2
12 12 32 32 3212 22 322 , , 1n

n nr r r
nK k r i

S k K k r i S S k m K k r i
rη η η

ξ
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( ) ( )
( )

2
2

2

n j
n j

j

dK k r
K k r

d k r
′ = ; ( ) ( )2 2

2 2,lj lmjT S  are derived from ( ) ( )1 1
2 2,lj lmjT S  replacing Kn with In. 

In the steady state, the dependence of all the values on η has the form (5), hence 

( )0 0, , , ,in i
j nj

n

u u e e j rθ ξηθ η θ η
∞

=−∞

= =∑ . 

By substituting the last expressions in (2), we obtain 

( )2
1 0 02 0 0 0 0 0 02 ,n n nr n nu n u i u G P qη θ η ηε ν ξ ν ξ+ − = −  

( )2
02 0 0 2 0 0 02 ,n n nr n nn u u inu G P qη θ θ θν ξ ε+ − = −  

( )2
0 0 0 0 3 0 02 2n n nr nr nri u inu u G P qη θν ξ ε+ + = − , 

where 2 2 2 2 2 2 2 2 2
1 0 0 2 0 0 3 0 0 0, , , ,Rε α ε ε β ε ε γ ε ξ ξ= − = − = − =  

( )22 2 2 2 2 2 2 2 2 2 2 2 2
0 0 01 0 01 0 0 0 0 01 0 02 , 2 , 2, ,sn n n Mα ξ ν β ν ξ γ χ ξ ε ν ξ= + = + = + + =  

( ) ( ) ( )
21 2 2 20

01 0 02 0 0 0 0 0 0 0 01 0 021 , 1 , / , , ,
6

s s s
h

M c c c G R h
R

ν ν ν ν µ ρ χ ν µ= − = + = = = = − ; 

when r = R: *
2( )nj rj nq σ= , j = η, θ, r. 

From these equations we find 
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( )
3

0
0

1

,n j nj nj
n j

G
u P qη ηδδ

=

= −∑  ( )
3

0
0

1

,n j nj nj
n j

G
u P qθ θδδ

=

= −∑  ( )
3

0
0

1
nr rj nj nj

n j

G
u P qδ

δ
=

= −∑ .  

Here ( ) ( ) ( ) ( )2 22 2
1 2 3 1 1 2 2 3 3 1 2 32 ,n nδ δ ε ε ε ε ξ ε ξ ε ξ ξ ξ ξ= = − − − +  

( ) ( )2 2 2 2
1 2 3 1 2 1 2 3 3 3 2 2 1 3, , ,iη η ηδ ε ε ξ δ ξ ξ ξ ε δ ε ξ ξ ξ= − = − = −  

( ) ( )2 2 2
1 2 2 1 3 2 3 1 1 2 3, , ,iθ η θ θδ δ δ ε ε ξ δ ε ξ ξ ξ= = − = −  

( )2 2
1 3 2 3 3 1 2 3, , ,r r rη θδ δ δ δ δ ε ε ξ= − = − = −  1 2 0 0 3 02 02 , 2 ,n nξ ξ ν ξ ξ ν ξ= = = ; 

for Pnj, and qnj the index j = 1 corresponds to the index η,  j = 2 –  θ,  j = 3 – r.  
The unknown coefficients an1,…,an9 are obtained from the following boundary conditions: 
when r = R1        

* *
1 2j ju u= , * *

1 2rj rjσ σ= , 

when r = R2        
*

2 0j ju u= , , ,j r θ η= . 

By substituting the corresponding expressions into the boundary conditions and by equating the coefficients of the 
Fourier-Bessel series with einθ, for each value of n = 0, ± 1, ± 2,… we obtain a system of linear algebraic equations which 
has a single solution if its determinant Δn(ξ, с) ≠ 0. From these systems of equations we determine the coefficients 
an1,…,an9.  

The response of the shell and the half-space to an aperiodic load of the form P(θ,η) = p(θ)p(η) moving with constant 
velocity can be found by superposition, using the representation of the load and SSS components of the enclosing layer 
of the shell and the half-space in the form of Fourier integrals 

( ) ( ) ( ) ( ) ( ) ( )* *1 1, ,
2 2

i iP P e d p p p p e dξη ξηθ η θ ξ ξ θ η θ ξ ξ
π π

∞ ∞

−∞ −∞

= = =∫ ∫ , 

( ) ( ) ( ) ( ) ( ) ( )* *1 1, ,
2 2

i i
m m m mP P e d p p p p e dξη ξηθ η θ ξ ξ θ η θ ξ ξ

π π

∞ ∞

−∞ −∞

= = =∫ ∫ ; 

( )

( )

* *

* *

1( , , ) ( , , ) ,
2

1( , , ) ( , , ) .
2

lk lk

lmk lmk

u r u r p d

r r p d

θ η θ ξ ξ ξ
π

σ θ η σ θ ξ ξ ξ
π

∞

−∞
∞

−∞

=

=

∫

∫
 (11) 

Here l = r, θ, η, m = r, θ, η, k = 1, 2; ( ) ( )* ip p e dξηξ η η
∞

−

−∞

= ∫ . 

Any numerical integration method can be used to calculate displacements and stresses (11) if the determinants 
Δn(ξ, с) ≠ 0 (n = 0, ± 1, ± 2,…). These conditions are fulfilled when the load velocity c is less than its critical velocities c(n)*, 
whose values depend on the number n and can be less than the Rayleigh wave velocity in the half-space. Calculations 
show that the minimum critical velocity occurs when n = 0, i.e. min c(n)* = c(0)* (Ukrainets, 2006; Alexeyeva, 2009).  

In the case of a shell without an enclosing layer (R1 = R2 = R) the solution of the problem is simplified. To obtain the 
solution in this case, all relations for the enclosing layer (k = 2) of a two-layer shell should be excluded in the solution 
given here. In equations (2) the reactions qj = σrj2 are replaced by qj = σrj1. The coefficients an1, an2, an3 are determined 
from the boundary conditions: when r = R  *

1 0j ju u= , j = r, θ, η (Ukrainets, 2006). 
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3.2 Numerical experiments 

Based on the obtained solution to the problem, the authors developed computer programs for calculating critical 
load speeds, as well as the SSS components of the shell and its surrounding elastic half-space. When carrying out 
numerical experiments using these programs for the single-layer shell considered in Alexeyeva (2020) (where the 
analytical solution of a similar problem was based on the exact equations of the theory of elasticity), which in this case 
was represented in the form of a two-layer shell with rigidly conjugated layers considered here, numerical results 
coinciding with Alexeyeva (2020) were obtained. 

The solution obtained will be used to study the influence of the enclosing layer of the shallow underground 
pipeline on its dynamic behavior under the action of an axisymmetric normal load moving at a velocity of c = 100 
m/s. The load exerts uniform pressure on the inner surface of the pipeline (r = R2 = R = 1 m) within the interval 
|η| ≤ l0 = 0.2R (Fig. 2). This is a similar type of load to that accepted in the calculation of main gas pipelines 
(Gershtejn et al., 1973). 

 
Figure 2 The action of a load with intensity Q on the pipeline 

The depth of the pipeline in the rock body (ν1 = 0.25, μ1 = μ = 4.0⋅109 Pa, ρ1 = 2.6⋅103 kg/m3; cs1 = 1240.35 m/c, 
cR = 1140.42 m/c) h = 2R. A pipeline may be considered as a thin-walled steel shell (R2 = R = 1 m, h0/R = 0.02; ν0 = 0.3, 
μ0 = 8.08⋅1010 Pa, ρ0 = 7.8⋅103 kg/m3) without an enclosing layer and with an enclosing layer of thickness hc = R1 – R2. As 
an enclosing layer, we consider a shell constructed from a material with a stiffness less than that of the rock body material 
(ν2 = 0.25, μ2 = 2.8⋅109 Pa, ρ2 = 2.65⋅103 kg/m3; cs2 = 1028 m/c) or a shell constructed from a material with a stiffness 
greater than that of the rock body material (ν2 = 0.2, μ2 = 1.21⋅1010 Pa, ρ2 = 2.5⋅103 kg/m3; cs2 = 2200 m/c). The 
calculations have demonstrated that for all pipelines under consideration c < c(0)*.  

The intensity Q (Pa) of the transport load acting on the pipeline is chosen so that the total load along the entire 
length of the loading section 2l0 is equal to the concentrated normal ring load with intensity P°° (N/m), i.e. Q = P°°/2l0. Let 
us introduce the following designations (we will omit the indices k = 1, 2 in the designations of displacements and 
stresses): 

 u°
r = urμ/P° (m), σ°

rr = σrr/P°, σ°
θθ = σθθ/P°, σ°

ηη = σηη/P°, u°
x = uxμ/P° (m), u°

y = uyμ/P° (m), σ°
yy = σyy/P°, where P° = P°°/m (Pa). 

Note: on the graphs u°
r (m) and u°

x (m) presented in this section, a different scale was taken for their values than for the 
transverse dimensions of the pipeline. 

The results of the SSS calculations of the rock body surface or enclosing layer (r = R = 1 m) of different thickness hc 
in the xy-Cartesian plane (η = 0) in contact with the steel shell are presented in Table 1. Fig. 3 shows the diagrams of 
radial displacements on the contour of these surfaces.  
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Table 1 The SSS components of the rock body surface or enclosing layer (r = R = 1 m) in the xy-Cartesian plane (η = 0) in contact with 
the steel shell 

hc /R Comp. SSS 
|θ|, degrees 

0 20 40 60 80 100 120 140 160 180 

Pipeline without an enclosing layer 

0 u°
r
 0.45 0.44 0.41 0.38 0.36 0.35 0.35 0.35 0.36 0.36 

σ°
rr -2.04 -2.04 -2.03 -2.03 -2.03 -2.04 -2.04 -2.05 -2.05 -2,06 

σ°
θθ

 0.18 0.19 0.23 0.24 0.23 0.21 0.19 0.17 0.15 0.14 

σ°
ηη

 -0.96 -0.95 -0.94 -0.92 -0.92 -0.92 -0.92 -0.92 -0.93 -0.93 

Pipeline with an enclosing layer when μ2 < μ1 

0,1 u°
r
 0.49 0.47 0.44 0.41 0.39 0.38 0.38 0.38 0.39 0,39 

σ°
rr -2.02 -2.02 -2.01 -2.01 -2.01 -2.02 -2.02 -2.03 -2.03 -2.04 

σ°
θθ

 -0.01 0.0 0.02 0.03 0.03 0.01 0.0 -0.02 -0.03 -0.04 

σ°
ηη

 -0.85 -0.84 -0.83 -0.83 -0.82 -0.82 -0.83 -0.83 -0.83 -0.83 

0,5 u°
r
 0.56 0.55 0.51 0.47 0.44 0.43 0.43 0.44 0.45 0.45 

σ°
rr -1.96 -1.95 -1.95 -1.94 -1.95 -1.95 -1.96 -1.97 -1.97 -1.98 

σ°
θθ

 0.11 0.12 0.15 0.16 0.16 0.14 0.12 0.10 0.08 0.08 

σ°
ηη

 -0.84 -0.84 -0.83 -0.82 -0.82 -0.82 -0.82 -0.82 -0.83 -0.83 

Pipeline with an enclosing layer when μ2 > μ1 

0,1 u°
r
 0.34 0.33 0.31 0.29 0.28 0.27 0.27 0.28 0.28 0.28 

σ°
rr -2.11 -2.10 -2.09 -2.07 -2.07 -2.07 -2.09 -2.10 -2.11 -2.12 

σ°
θθ

 1.46 1.47 1.47 1.43 1.38 1.35 1.35 1.37 1.38 1.39 

σ°
ηη

 -1.55 -1.54 -1.53 -1.52 -1.51 -1.50 -1.49 -1.49 -1.48 -1.48 

0,5 u°
r
 0.22 0.21 0.20 0.18 0.18 0.17 0.17 0.17 0.17 0.17 

σ°
rr -2.21 -2.21 -2.20 -2.19 -2.19 -2.19 -2.20 -2.21 -2.21 -2.22 

σ°
θθ

 0.62 0.63 0.66 0.66 0.65 0.62 0.60 0.59 0.58 0.59 

σ°
ηη

 -1.33 -1.32 -1.30 -1.29 -1.28 -1.27 -1.27 -1.27 -1.27 -1.27 

 
Figure 3 Radial displacement diagrams u°

r, m on the contour of the surfaces in contact with the steel shell (r = R = 1 m, η = 0). Curve 
designations: 1 – a pipeline without an enclosing layer; 2, 3 – a pipeline with an enclosing layer when μ2 < μ1 (2 – hc /R = 0.1; 3 – 

hc /R = 0.5); 4, 5 – a pipeline with an enclosing layer when μ2 > μ1 (4 – hc /R = 0.1; 5 – hc /R = 0.5). 

Table 2 shows the results of the calculation of the SSS of the enclosing layer and the rock body at the points of the 
x-axis directed to the ground surface. Fig. 4 shows the curves of changes of normal stresses and radial displacements 
with distance from the steel shell towards the ground surface (η = y = 0).  
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Table 2 The SSS components of the enclosing layer and the rock body at the points of the x-axis 

Comp. SSS 
x/R 

1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.8 2.0 

Pipeline without an enclosing layer 

u°
r
 0.45 0.38 0.33 0.29 0.26 0.23 0.22 0.20 0.18 

σ°
rr -2.04 -1.65 -1.20 -0.83 -0.57 -0.38 -0.25 -0.07 0.0 

σ°
θθ

 0.18 0.20 0.21 0.20 0.19 0.18 0.19 0.21 0.35 

σ°
ηη

 -0.96 -0.29 -0.01 0.07 0.09 0.10 0.12 0.19 0.39 

Pipeline with an enclosing layer when μ2 < μ1 (hc /R = 0.5) 

u°
r
 0.56 0.47 0.39 0.33 0.29 0.27 0.25 0.23 0.21 

σ°
rr -1.96 -1.58 -1.16 -0.82 -0.58 -0.39 -0.25 -0.06 0.0 

σ°
θθ

 0.11 0.13 0.13 0.12 0.10 0.08 0.17 0.21 0.34 

0.16 

σ°
ηη

 -0.84 -0.24 0.0 0.05 0.04 0.0 0.10 0.19 0.41 

0.06 

Pipeline with an enclosing layer when μ2 > μ1 (hc/R = 0.5) 

u°
r
 0.22 0.19 0.17 0.15 0.14 0.13 0.12 0.11 0.10 

σ°
rr -2.21 -1.75 -1.22 -0.78 -0.46 -0.25 -0.15 -0.03 0.0 

σ°
θθ

 0.62 0.60 0.57 0.55 0.55 0.57 0.13 0.14 0.21 

0.15 

σ°
ηη

 -1.33 -0.46 -0.05 0.15 0.32 0.56 0.13 0.15 0.26 

0.15 

 

Figure 4 Changes in stresses σ°
ηη (a), σ°

θθ (b) and displacements u°
r (c) with distance from the steel shell (η = y = 0). Curve 

designations: 1 – a pipeline without an enclosing layer; 2 – a pipeline with an enclosing layer when μ2 < μ1 (hc /R = 0.5); 3 – a 
pipeline with an enclosing layer when μ2 > μ1 (hc /R = 0.5). 

The results of the SSS calculations of the ground surface (x = h) in the xy-Cartesian plane (η = 0) are presented in 
Table 3. Fig. 5 in this plane shows the curves of change of the SSS components of the ground surface.  



Dynamics of a shallow underground two-layer pipeline under the moving loads Svetlana Girnis et al. 

Latin American Journal of Solids and Structures, 2024, 21(10), e566 13/16 

Table 3 The SSS components of the ground surface in the xy-Cartesian plane 

hc /R Comp. SSS 
y/R 

0.0 0.4 0.8 1.2 1.6 2.0 2.4 2.8 3.2 

Pipeline without an enclosing layer 

0 u°
x
 0.18 0.17 0.14 0.11 0.07 0.05 0.03 0.02 0.02 

u°
y

 0.0 0.04 0.06 0.07 0.06 0.05 0.04 0.04 0.03 

σ°
yy

 0.35 0.29 0.15 0.03 -0.04 -0.04 -0.03 -0.03 -0.04 

σ°
ηη

 0.39 0.35 0.27 0.18 0.12 0.08 0.05 0.03 0.02 

Pipeline with an enclosing layer when μ2 < μ1 

0,1 u°
x
 0.19 0.18 0.14 0.11 0.07 0.05 0.03 0.02 0.02 

u°
y

 0.0 0.04 0.06 0.07 0.06 0.05 0.04 0.04 0.03 

σ°
yy

 0.35 0.28 0.16 0.04 -0.02 -0.03 -0.04 -0.05 -0.04 

σ°
ηη

 0.39 0.36 0.27 0.19 0.12 0.08 0.05 0.03 0.02 

0,5 u°
x
 0.21 0.20 0.16 0.11 0.07 0.05 0.03 0.02 0.02 

u°
y

 0.0 0.04 0.06 0.07 0.07 0.06 0.05 0.04 0.03 

σ°
yy

 0.34 0.30 0.18 0.05 -0.02 -0.03 -0.04 -0.05 -0.06 

σ°
ηη

 0.41 0.37 0.29 0.20 0.13 0.08 0.05 0.04 0.03 

Pipeline with an enclosing layer when μ2 > μ1  

0,1 u°
x
 0.14 0.13 0.10 0.08 0.05 0.04 0.02 0.02 0.01 

u°
y

 0.0 0.03 0.05 0.05 0.05 0.04 0.03 0.02 0.02 

σ°
yy

 0.28 0.23 0.13 0.03 -0.02 -0.03 -0.03 -0.03 -0.03 

σ°
ηη

 0.34 0.30 0.23 0.16 0.10 0.07 0.05 0.03 0.02 

0,5 u°
x
 0.10 0.09 0.08 0.06 0.04 0.03 0.02 0.01 0.01 

u°
y

 0.0 0.02 0.03 0.04 0.04 0.03 0.02 0.02 0.01 

σ°
yy

 0.21 0.17 0.10 0.03 -0.01 -0.03 -0.03 -0.02 -0.02 

σ°
ηη

 0.26 0.24 0.18 0.13 0.08 0.05 0.04 0.03 0.02 

 
Figure 5 Changes in the SSS components of the ground surface in the xy-Cartesian plane. Curve designations: 1 – a pipeline without 

an enclosing layer; 2 – a pipeline with an enclosing layer when μ2 > μ1 and hc /R = 0.5. 
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4 DISCUSSION 

From the analysis of the calculation results (Table 1) it follows that the stresses σθθ of the surface of the rock mass 
or enclosing layer of the pipeline in contact with the steel shell ( r = R = 1 m) in the coordinate plane xy (η= 0) are tensile, 
and stresses σrr , σηη are compressive (with the exception of stresses σθθ at μ2 < μ1 and hc /R = 0.1, which, depending on 
θ, have different signs). If the steel shell is enclosed by a layer of material less rigid than the material of the rock body 
(μ2 < μ1), the displacements ur of contact points increase and the values of normal stresses |σrr|, |σηη| and σθθ in these 
points decrease (Table 1, Fig. 3). Moreover, this trend for ur and |σrr| increases with increasing layer thickness. When 
the steel shell is enclosed by a layer more rigid than the material of the rock body (μ2 > μ1), the opposite effect occurs. 

As it can be seen from the calculations carried out for the pipeline under consideration (both without and with an enclosing 
layer of material of different stiffness), with vertical distance from the pipeline (x → – ∞, η = 0) all components of the SSS of the 
rock body attenuate to almost zero values when |x| = 4÷5R. As it moves away from the pipeline toward the ground surface until 
it reaches the ground surface, the dynamic impact of the load on the rock body remains significant, as shown in Table 2 and Figure 
4. If μ2 > μ1, then the impact is less than in the other cases. At x/R = 2 (on the earth’s surface) σrr = σxx = 0. As calculations have 
shown, at the same point σr θ = σxy = 0 and σrη = σxη = 0, which indicates the exact fulfillment of the boundary conditions on the 
earth’s surface. For a pipeline with an enclosing layer at hc /R = 0.5, as it can be seen from the graphs presented in Fig. 4, changes 
in normal stresses σθθ, σηη along the x-axis are more complex than changes in radial displacements ur . When crossing the interface 
between the enclosing layer and the rock body, “jumps” are observed in the graphs, that is, there is a sharp change in the values 
of these stresses: their increase, at μ2 < μ1 and their decrease, with μ2 > μ1 . 

From the analysis of the results of the calculations of the SSS of the ground surface (Table 3, Fig. 5), it can be seen 
that the material of the pipeline enclosing layer (μ2 > μ1), which is stiffer than the material of the rock body, reduces the 
dynamic effect of the transport load on it, compared to the effect of this load on the pipeline without such an enclosing 
layer. The encapsulating layer, which is less rigid than the rock body (μ2 < μ1), has a negligible effect on the ground 
surface. The displacement ux and stress σθθ, σηη of the earth's surface have the greatest values at y = 0 and quickly 
decrease as |y| increases. When y = 0, displacement uy = 0. As y increases, the value of uy first increases and then 
decreases. It should be noted that, as calculations have shown, the components σxx, σxy, σxη of the SSS of the earth’s 
surface are equal to zero, that is, the boundary conditions on it are strictly satisfied. 

5 CONCLUSION 

A model problem is solved to study the dynamics of a shallow underground two-layer pipeline under the influence of 
transport loads. The pipeline is modeled as an extended circular cylindrical two-layer shell with a thin inner (bearing) layer and 
a thick outer (enclosing) layer (in a special case, a pipeline without an enclosing layer is considered). Unlike similar works, where 
the rock body surrounding the pipeline is represented as an elastic space, this paper provides it as an elastic half-space. In this 
case, the solution to the problem becomes much more complicated due to the perceptible deformation of the ground surface 
and its influence on the stress concentration in the vicinity of the pipeline during the diffraction of reflected waves. 

The numerical experiments considered the case of a moving axisymmetric normal load exerting uniform stress on 
the pipeline (without an enclosing layer and with an enclosing layer of different thickness and material stiffness), which 
exerts uniform pressure on its inner surface in a certain interval. With the help of the computer program developed by 
the authors, the results of the SSS calculations of the enclosing layer of the pipeline and the surrounding rock body in the 
plane normal to the pipeline axis, passing through the middle of the moving load, were obtained and analyzed. It was 
demonstrated that if the material of the enclosing layer of the pipeline is more rigid than that of the rock body, the 
dynamic effect of the moving load on the rock body is reduced. 

The developed calculation method is recommended for the dynamic calculation of shallow underground pipelines 
under the influence of transport loads. It allows us to consider not only the physical and mechanical properties of rock 
materials and pipelines and their design features but also the depth of the pipeline, the type of transport load, and its 
velocity. By selecting materials and thicknesses of pipeline layers, it is possible, without reducing the accepted speed for 
an object moving along it, not only to ensure the safe operation of the pipeline, but also to reduce vibration of the earth’s 
surface, which negatively affects the seismic resistance of nearby buildings and structures. 
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S. Girnis, V. Stanevich and L. Gorshkova; Software, V. Ukrainets and S. Girnis; Data curation, V. Stanevich; Writing - 
original draft, V. Ukrainets, V. Stanevich and L. Gorshkova; Writing - review & editing, S. Girnis. 
Editor: Rogério José Marczak 
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