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Abstract 
This study aims to refine orthogonal cutting analysis using numerical methodology of limit analysis, focusing 
on predicting cutting forces and contact stresses more accurately. Unlike prior models, it incorporates 
frictional dissipation and considers sticking or sliding as part of the solution. It is shown that shear stress in 
sticking contact cannot be equated to shear yield stress, as typically imposed, leading to stress overestimation. 
The workpiece is treated as a deformable body, discretized with finite elements, while the tool is rigid. 
Interaction between them follows contact conditions in normal and tangential directions. Inputs include 
cutting conditions, friction coefficient, and material properties. Results encompass cutting forces, velocity and 
stress fields, and shear regions. Discrepancy between the shear angle predicted by Merchant and those ones 
obtained numerically is discussed. Finally, results are compared with experimental data found in literature. 
This approach provides a more accurate cutting model for determining cutting forces and contact stresses, 
which is crucial for estimating tool wear and life. 
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1 INTRODUCTION 

Machining is a manufacturing operation in which a sharp tool is used to cut a workpiece in order to obtain a piece 
with a required geometry. This operation involves shear deformation of the workpiece to form a chip and a new surface, 
according to Groover (2010). The study of machining process is important for evaluation of energy consumption, tool life 
and wear, surface integrity and surface finishing. As in Strenkowski and Moon (1990), in the cutting processes, high 
stresses and temperatures are involved and it can lead to premature wear or even failure of the tool. The cutting process 
is conventionally divided into two general cases, termed orthogonal and oblique cutting. In orthogonal cutting, the 
cutting speed and the cutting edge are orthogonal, while in oblique cutting this orthogonality does not occur, as in 
Groover (2010). In this work, the focus will be on the analysis of orthogonal cutting, which can be represented by a two-
dimensional problem. 

Despite being a simple process, orthogonal cutting is of interest due to its two-dimensional modeling. Due to this, 
methodologies are being proposed to model oblique cutting processes such as milling, which are inherently three- 
dimensional, as a planar equivalent orthogonal cutting problem, as observed in Wu et al. (2023) and Cai et al. (2024). The 
orthogonal cutting model has also been used in investigating the influence of cutting edge geometry to assess process 
forces and surface integrity in carbon fiber reinforced plastics, like in Peter et al. (2022), Sauer et al. (2019). Furthermore, 
the orthogonal cutting model has gained interest in micro-machining modeling, a process used for manufacturing 
medical, aerospace, and micro-components for the electronics industry. However, modeling the process at the 
microscale is more complex than at the macroscale due to scale effects and dependence on crystallographic orientations 
of the crystal grains, as observed in Medina-Clavijo et al. (2021). At microscale, the uncut chip thickness and the tool 
edge radius are comparable in size and plowing action becomes more relevant than shearing, according to 
Afsharhanaei et al. (2016). The chip formation is also influenced by micropores, material fractures, inclusions, grain 
boundaries, and dislocation interactions, pursuant to Wojciechowski et al. (2019). 

Hence, acquiring a deeper insight into the phenomenology of the cutting process, the mechanisms involved in chip 
formation, and the interaction between the chip and the tool has the potential to drive the advancement and refinement 
of models, thereby enhancing their predictive capacity. There are four methods to predict cutting forces: theoretical 
(analytical), experimental, finite element (FEM) simulation and mechanistic modeling, as seen in Zhou and Ren (2020). A 
purely experimental analysis is expensive and so time consuming while theoretical and mechanistic modeling only few 
variables of interest like cutting forces are evaluated. In this context, the use of finite element analysis is advantageous 
because it allows the acquisition of both global quantities such as cutting forces and local quantities such as contact 
stresses and the determination of sliding/sticking regimes at chip-tool interface. Considering the high stresses developed 
within both the workpiece and at the chip-tool contact, along with the significant rates of deformation inherent in the 
cutting process, plasticity theory should be incorporated into both analytical and numerical methods. 

The analysis of the cutting process is strongly influenced by the contact conditions between the chip and the tool. 
In this contact region, sticking commonly occurs near the cutting edge, while sliding occurs at other points until the chip-
tool separation point. As found in Grzesik (2017), this two-zone model proposed by Zorev, the normal stress gradually 
decreases from its maximum at the cutting edge until it becomes null at the chip-tool separation point, while the 
tangential stress remains constant in the sticking region, equal to the shear yield stress, and is proportional to the normal 
stress in the sliding region, according to the Coulomb friction model. In the development of some analytical solutions, it 
is assumed an exponential function to describe the nor- mal stress distribution along the rake face, as observed in 
Zhang et al. (2017) and Ozlu et al. (2010). This premise has also been implemented in finite element codes, such as in 
Molinari et al. (2011), Denguir et al. (2017), and Santos et al. (2023). In Santos et al. (2023), the portion of the contact 
region under sticking is assumed beforehand to be the thickness of the undeformed chip. 

The aim of this work is to analyze the orthogonal cutting process using the limit analysis methodology, considering the 
frictional dissipation term according to the formulation proposed in Figueiredo and Borges (2017, 2020). Dissimilar to 
incremental analysis, which computes intermediate steps and data until occurrence of plastic collapse, as in Lubliner (1990), 
limit analysis is a direct method and the plastic collapse is determined from the solution of an optimization problem. 

In this approach, a unitary velocity field is imposed to the workpiece as a non-homogeneous boundary condition 
while the tool is considered as a stationary rigid body. Based on work of Borges et al. (1996), the limit analysis problem 
is solved iteratively and besides the plastic collapse power calculation (in this application, compared to the cutting 
forces), it aims the determination of the plastically admissible stress field, the plastic strain rate field that is kinematically 
compatible to the velocity field and the plastic multiplier, associated with determination plastic dissipation and related 
to the determination of shear zones in the cutting process. 

Some solutions using direct methods, whether analytical or numerical, assume prior behaviors in the contact region or in 
the primary shear region. The Merchant model assumes the primary shear region to be thin, that stresses in this region are 



A new view on orthogonal cutting model considering frictional dissipation Fabio da Costa Figueiredo et al. 

Latin American Journal of Solids and Structures, 2024, 21(12), e572 3/19 

uniform, and that there is sliding in the chip-tool contact, according to Kalpakjian and Schmid (2016). As found in Armarego 
and Brown (1969), Oxley thin-shear-zone analysis has applied a simplified slip-line field to model metal cutting. Normal and 
shear stresses at tool-chip contact are assumed as a uniform distribution. Later, non-uniform stresses distribution was 
assumed. In Kudo (1965), slip-lines fields were proposed for restricted and unrestricted cutting tool faces by considering 
sticking friction. Also, Lee and Shaffer determined an expression for the shear angle by analyzing the stress state of the material 
in the plastic state and taking into account the directions of the slip lines in the chip, according to Kovrizhnykh (2009). 

A contribution of this work is the consideration of friction at the chip-tool interface by including the friction 
dissipation term in the limit analysis formulation. As a solution to this problem, the tangential velocities at the contact 
are calculated, as well as the contact stress field. This approach has implications in the analysis of the orthogonal cutting 
process because, unlike the commonly adopted models previously cited and based on the Zorev model, in this proposed 
model: (i) the determination of the regions of sticking and sliding at the contact occurs naturally through the solution of 
the contact problem; (ii) in the occurrence of adhesion, the tangential contact stress (shear) behaves as a reaction to the 
zero tangential velocities obtained from the solution of the contact problem. This stress component does not reach the 
material’s shear yield because plastic admissibility is verified and depends on the normal stress components, not on a 
pure shear stress state. On the other hand, imposing the tangential component as the shear yield can lead to an 
overestimation of the stress state at contact. 

This numerical approach also enables the determination of primary, secondary, and tertiary shear regions in the cutting 
process through an adaptive mesh technique. This technique is capable of capturing discontinuities that arise from localized 
plastic deformations during plastic collapse. It is described in Borges et al. (2001), and through a posteriori indicator, it 
facilitates the localization of slip bands in the mesh, considering mesh refinement and redefinition of the oriented element 
stretching. At each step, the slip lines become more defined, and a convergence of collapse power is observed. 

The procedure for analyzing orthogonal cutting using the proposed limit analysis methodology involves the need 
for a steady-state configuration. As an initial configuration, the Merchant model is taken as a reference, and the 
dimensions of the deformed body are taken in relation to its primary shear angle, obtained from the minimization of 
cutting energy, as in Groover (2010), Grzesik (2008). However, in Molinari and Moufki (2008), it is shown that there is a 
discrepancy between the primary shear angles predicted by Merchant and those obtained by numerical simulation and 
experimental measurements. In addition to the influence of material work hardening and softening due to temperature 
effects, Molinari and Moufki (2008) points out that the Merchant model does not take into account the sensitivity of the 
results to the geometry of the free surface and it is based on a configuration without chip formation. After chip formation, 
the primary shear angle may be greater or less than theoretically predicted, and the analytical cutting force may be 
underestimated. In this context, the shear angle used in the initial configuration of the numerical model is measured at 
the end of the simulation, thus obtaining the optimal primary shear angle, and from this new angle, the steady-state 
configuration of the body is updated. 

The presented analyses consist of two parts. In the validation stage, the numerical solution is compared with the 
experimental results from Abouridouane et al. (2015). The experiment was carried out on a vertical broaching machine, 
and the entire process was captured by a high-speed camera. Experimental contact lengths were measured from the 
images provided by the author, and from force graphs, ten points were extracted and averaged to obtain the cutting and 
feed forces of the process. The numerical results were compared with these data. Furthermore, the stress state in the 
contact region and the coexistence of plasticization in contact with either sticking or sliding regimes are discussed. 

In the subsequent stage, a more comprehensive analysis was conducted to discuss the relationship between 
numerical and analytical cutting forces with the occurrence of sticking in an unrestricted contact tool considering the 
rake angles α = 0o and α = 6o. Then, the contact region length was fixed (restricted or controlled contact tool) and by 
varying the friction coefficient at the interface, it is shown that the cutting forces tend towards an asymptotic value and 
become independent of the friction coefficient as sticking regions increase. Finally, it is shown that the optimal primary 
shear angles predicted in Molinari and Moufki (2008) are confirmed. The optimal angles obtained numerically and those 
ones predicted by Merchant approach each other only when there is no friction in the chip-tool contact. In this case, the 
contact length is on the order of the undeformed chip thickness. 

2 METHODOLOGY 

2.1 Geometrical model 

The workpiece is modelled as a deformable body under 2-D plane strain hypothesis, considering an elastic perfectly-
plastic material under von Mises criterion. This specimen is discretized into finite elements while the tool is treated as a 
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stationary rigid body. The cutting tool is not represented in the numerical simulation and its interaction with the 
workpiece is imposed by contact conditions. 

 
Figure 1 Geometry and dimensions of the workpiece. 

Figure 1 depicts the cutting parameters and the geometry of the workpiece. A unitary velocity field vp is imposed 
on the boundary AB, while the tool, with a contact length l, is considered fixed. The boundary AI allows for horizontal 
movement, t1 and t2 represent the thicknesses of the undeformed and deformed chip, respectively, ϕ is the primary 
shear angle, and α is the tool’s rake angle. 

As an initial guess, the primary shear angle ϕ is determined according to Merchant’s model, found in Groover (2010), 
Grzesik (2008): 

𝜙𝜙𝑀𝑀 = 𝛱𝛱
4

+ 1
2

(𝛼𝛼 − 𝛽𝛽) (1) 

where: 𝜙𝜙𝑀𝑀 is the primary shear angle predicted by Merchant, and β is the friction angle, such: β =atan(μ) and μ is the 
friction coefficient. 

From primary shear angle ϕ, the chip thickness t2 is calculated geometrically from Figure 1: 

𝑡𝑡2 = 𝑡𝑡1𝑐𝑐𝑐𝑐𝑐𝑐(𝜙𝜙 − 𝛼𝛼)/𝑐𝑐𝑠𝑠𝑠𝑠(𝜙𝜙) (2) 

The minimum contact length l is set as l = t1/cos(α), considering a restricted contact tool. If the distribution of normal 
stresses satisfies the condition σn < 0 along the entire contact length l, the tool is considered to be in restricted contact. 
By incrementally increasing the contact length, the chip- tool separation point can be identified when the normal stress 
σn approaches zero at point F in Figure 1. Subsequently, an unrestricted contact tool is obtained. 

In Figure 1, the chip-tool interaction is imposed through contact conditions: permanent contact between chip-tool 
is assumed (there is no normal gap and no normal relative velocity) and in the tangential direction, the tangential 
velocities and reaction stresses at the contact are determined by solving a complementarity problem. 

In the numerical model, the continuum media is discretized into finite elements and the limit analysis problem is 
solved. From the solution of the limit analysis problem, the velocity and stress fields are determined, as well as the zones 
of plastic dissipation, associated with the shear regions in the cutting process. 

In the establishment of the steady-state configuration, the determination of the primary shear angle holds 
significant importance. However, as demonstrated in Molinari and Moufki (2008), the shear angle predicted by Merchant 
may not be the most representative, as it was deduced without considering chip formation. The referred work infers that 
the primary shear angle may be greater or less than that estimated by Merchant after chip formation, defining an optimal 
shear angle ϕ*. As a consequence, if ϕ* ≥ ϕM, ϕM minimizes the cutting force Fc(ϕ). Otherwise, ϕ = ϕ* minimizes Fc(ϕ) 
and Fc(ϕ*) > Fc(ϕM). 

The figures below represent these two situations: 
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Figure 2 Workpiece with an initial flat surface.  

 
Figure 3  Workpiece after chip formation. The shear angle ϕ = ϕM, if ϕ* ≥ ϕM and ϕ = ϕ*, if ϕ* ≤ ϕM. 

Figures 2 and 3 illustrate the distinction between the shear angles ϕM and ϕ*. When considering chip formation, 
Molinari and Moufki (2008) formulates the subsequent expressions for computing analytical cutting forces: 

𝐹𝐹𝑐𝑐
𝑘𝑘𝑡𝑡1𝑤𝑤

= 𝑐𝑐𝑐𝑐𝑐𝑐(𝛽𝛽)
𝑐𝑐𝑠𝑠𝑠𝑠(𝜙𝜙)𝑐𝑐𝑐𝑐𝑐𝑐(𝜙𝜙+𝛽𝛽)

,𝜙𝜙 ≤ 𝜙𝜙∗ (3) 

𝐹𝐹𝑐𝑐
𝑘𝑘𝑡𝑡1𝑤𝑤

= 𝑐𝑐𝑐𝑐𝑐𝑐(𝛽𝛽)
𝑡𝑡𝑡𝑡𝑠𝑠(𝜙𝜙∗)𝑐𝑐𝑐𝑐𝑐𝑐(𝜙𝜙)𝑐𝑐𝑐𝑐𝑐𝑐(𝜙𝜙+𝛽𝛽)

,𝜙𝜙 ≥ 𝜙𝜙∗ (4) 

Examining the behavior of the expressions provided in Equations (3) and (4) with the angle ϕ, it becomes evident 
that depending on the relationship between ϕ* and ϕM, the cutting forces estimated by Merchant may be under- 
estimated. In this study, the optimal angle ϕ* is determined numerically, and these expressions serve for comparing with 
the obtained numerical cutting forces and for establishing the conditions under which these expressions hold validity. 

It is worth noting that the theoretical Merchant angle, used as a reference for determining the initial geometry of 
the steady-state configuration in this work, not only neglects chip formation but also assumes sliding throughout the 
entire contact region between the chip and the tool. The following figure illustrates the steps to obtain the steady-state 
configuration: 

 
Figure 4  Stages of constructing the steady-state configuration. 
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As seen in Figure 4, the cutting parameters t1, l, α are selected, and initially setting ϕ = ϕM, t2 is calculated. The 
workpiece is discretized using finite elements and from the solution of the limit analysis problem, the optimal shear angle 
ϕ* is obtained, and the geometry is updated. 

Moreover, in some cases the steady-state configuration does not match the chip flow velocity field. Then, based on 
the proposal by Tyan and Yang (1992), which suggests the use of a stream angle η to characterize chip geometry under 
steady-state conditions, this study introduces the stream angles, η1 and η2, aiming to achieve a more accurate alignment 
between the chip geometry and velocity fields, as illustrated in the Figure 5 below: 

 
Figure 5 Adaptive chip configuration with two angles.  

These two angles are employed to capture the velocity field behavior of the material flowing over the rake surface, 
represented by η1, and the behavior of the velocity field after losing contact with the tool, depicted by η2. Both angles 
are determined so that the velocity vectors are tangent to the chip geometry contour. 

2.2 Limit Analysis Formulation 

According to Chen and Liu (1990), Lubliner (1990), limit analysis is a direct method which aims the determination of 
an external collapse power that results in the incipient plastic flow under a permanent regime configuration. It consists 
in finding a collapse power Πe, a plastic admissible stress field σ, associated with the plastic strain rate dp, compatible to 
the kinematically admissible velocity field v. 

In this formulation, it is assumed that the contact region is known and that the deformable and rigid bodies remain 
in contact in the steady-state condition. Separation is not admissible. This condition is described by restrictions at normal 
direction: normal gap (gn = 0), as in Chabrand et al. (1998), Wriggers (1999), and normal relative velocities (wn) is also 
zero. The Signorini conditions at the normal direction are posed as follows: 

𝑤𝑤𝑠𝑠 = 0, 𝑟𝑟𝑠𝑠 < 0, 𝑟𝑟𝑠𝑠𝑤𝑤𝑠𝑠 = 0 (5) 

where: wn is the normal relative velocity and rn is the normal force. 
At the tangential direction, denoting the Coulomb friction function as ℱ(rt, rn) as in Michalowski and Mroz (1978), 

Raous (1999), Saxcé and Bousshine (1998), the following applies: 

ℱ(𝑟𝑟𝑡𝑡, 𝑟𝑟𝑠𝑠) = ||𝒓𝒓𝑡𝑡|| + 𝜇𝜇𝑟𝑟𝑠𝑠 ≤ 0 (6) 

where: µ is the friction coefficient, rt is the tangential force and rn < 0 represents the occurrence of contact. 
The Coulomb friction law describes the occurrence of sliding or sticking regimes: 

If ℱ(𝐫𝐫𝑡𝑡 , 𝑟𝑟𝑠𝑠) = 0, then 𝐰𝐰𝑡𝑡 = −𝜉𝜉 ∂ℱ(𝐫𝐫𝑡𝑡,𝑟𝑟𝑛𝑛)
∂𝑟𝑟𝑡𝑡

 (sliding) (7) 

else: w𝑡𝑡 = 0 (sticking) (8) 
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ℱ(r𝑡𝑡 , 𝑟𝑟𝑠𝑠)𝑤𝑤𝑡𝑡 = 0 (complementarity relation) (9) 

where: ξ ≥ 0 is a proportionally constant and Equation (9) expresses a complementarity relation between 𝓕𝓕(rt, rn) and wt. 
Once assuming the hypothesis of permanent contact, necessary to ensure the process under steady-state 

conditions, the normality law as shown in Equation (7) applies locally, as the normal reaction forces are known and deter- 
mined through equilibrium conditions, pursuant to Michalowski and Mroz (1978), Nguyen (2000). This allows for the 
deduction of the static, kinematic, and mixed principles of limit analysis with contact and friction conditions, presented 
in detail in Figueiredo and Borges (2020). 

2.3 Computational Procedure 

For the solution of the limit analysis problem, the continuum domain is discretized into triangular elements, with 
linear interpolation for the stress field and quadratic interpolation for the velocity field. Regarding notation, the fields to 
be presented hereafter are referred as discrete variables. Considering B as the discrete strain operator, relating the strain 
rates dp and the velocity field v, the discrete form of the mixed limit analysis formulation is posed as follows: 

Π𝑒𝑒 = 𝑚𝑚𝑠𝑠𝑠𝑠 
𝐯𝐯,𝐰𝐰𝑡𝑡

𝑚𝑚𝑚𝑚𝑚𝑚
𝝈𝝈,𝐫𝐫𝑡𝑡

(𝝈𝝈 ⋅ 𝐁𝐁𝐯𝐯 − 𝐫𝐫𝑡𝑡 ⋅ 𝐰𝐰𝑡𝑡) (10) 

such that: 

𝒇𝒇(𝝈𝝈) ≤ 𝟎𝟎 in ℬ (11) 

𝓕𝓕(𝐫𝐫𝑡𝑡, 𝑟𝑟𝑠𝑠) ≤ 𝟎𝟎 at Γ𝑐𝑐 (12) 

𝐰𝐰𝒏𝒏 = 𝟎𝟎 at Γ𝑐𝑐 (13) 

where: rn and rt are respectively, normal and tangential reaction forces at contact boundary Γc, f(σ) is the yield function 
and 𝓕𝓕(rt, rn) is the Coulomb friction function. 

The computational procedure described in Figueiredo and Borges (2020) consists in solving the set of optimum 
conditions equations obtained from the optimization problem (10) with the constraints (11)-(13). This set of equations 
is solved iteratively by a quasi-Newton algorithm. 

A condensation technique is applied to formulate and solve the linear complementarity problem (LCP) in contact, 
whose solution consists in finding the reaction forces rn, rt and relative tangential velocities wt at the contact. Then, the 
field of free velocities (outside of contact) is determined. 

In the analysis of the orthogonal cutting process, the workpiece is discretized into triangular elements. Applying the 
mesh adaptation technique from Borges et al. (2001), the figure below shows a finite element mesh obtained: 

 
Figure 6 Adaptive mesh for the workpiece. Contact conditions are applied in the contact region A-B, with length l.  
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The adaptive mesh shown in Figure 6 is obtained gradually by solving the limit analysis problem successively. It is 
observed that adaptation occurred in the primary and secondary shear regions. This procedure is carried out within the 
limit analysis/FEM block of Figure 4. Once the mesh converges, the optimal shear angle ϕ* is measured, and the steady-
state configuration is updated if necessary. 

3 RESULTS 

This section consists of two parts: an initial step involving a comparison with experimental results found in 
Abouridouane et al. (2015). Following this, a broader analysis is conducted, allowing for the examination of the influence 
of parameters such as friction coefficient, occurrence of adhesion and sliding regions, and tool rake angles on estimating 
the contact region, assessing cutting forces, and primary shear angles. The theoretically predicted optimal shear angles, 
as presented in Molinari and Moufki (2008), were numerically determined and applied to equations (3) and (4) to 
compute the analytical cutting forces, which will be compared with the numerical cutting forces. 

3.1 Validation 

In this section, the experimental results carried out in Abouridouane et al. (2015) are briefly presented hereafter 
and they will be compared to the numerical results obtained from the limit analysis methodology presented in this paper. 
The experiment was carried out on a vertical broaching machine tool and in order to capture the complexity of the cutting 
operation, a high-speed camera was coupled allowing high-speed filming and thermography. The cutting tool was 
mounted on a three-component piezoelectric platform from Kistler. The tool is fixed and the chip formation was recorded 
with Vision Research Phantom v7.3 camera. Schematically, one may observe the experimental device (Figure 7): 

 
Figure 7 Experimental setup (schematically): the tool is fixed and the workpiece executes a translational motion. 

The workpiece is a normalized carbon steel AISI 1045, with dimensions 3.5 mm x 40 mm x 200 mm. Tool: Sandivik 
H13A, rake angle α = 6o, a sharp tip with r < 5 µm. The author presents experimental results concerning vc=150 m/min and 
uncut chip thickness t1 varies from 0.04 mm to 0.50 mm. The cutting width is w = 3.5 mm. From Figures 2 and 9 A from the 
referenced paper, the chip-tool contact lengths lexp and the primary shear angle ϕexp were measured by the software Image 
J, regarding t1=0.2 mm and t1=0.5 mm. The cutting and feed forces Fc

exp and Ff
exp were measured from the graphs provided 

by Abouridouane et al. (2015). Disregarding the instants related to the transient regime, these forces were determined as 
an average of ten points under steady-state regime. To generalize the results, the cutting forces were dimensionless by the 
cutting thickness w, the undeformed chip thickness t1, and the shear yield stress of the material k. 

Given the experimental forces Fc
exp and Ff

exp, the primary shear angle ϕexp, and the cutting parameters t1 and w, 
the shear yield stress k is calculated, according to DeVries (1992): 

𝑘𝑘 =
𝐹𝐹𝑐𝑐
𝑒𝑒𝑒𝑒𝑒𝑒𝑐𝑐𝑠𝑠𝑠𝑠(𝜙𝜙)𝑐𝑐𝑐𝑐𝑐𝑐(𝜙𝜙)−𝐹𝐹𝑓𝑓

𝑒𝑒𝑒𝑒𝑒𝑒𝑐𝑐𝑠𝑠𝑠𝑠2(𝜙𝜙)

𝑡𝑡1𝑤𝑤
 (14) 
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The experimental results are summarized in the table below: 

Table 1 Experimental results 

t1(mm) ϕexp(o) lexp (mm) µ 𝐅𝐅𝐜𝐜
𝐞𝐞𝐞𝐞𝐞𝐞 (N) 𝐅𝐅𝐟𝐟

𝐞𝐞𝐞𝐞𝐞𝐞 (N) k(MPa) 𝑭𝑭𝒄𝒄 
0.2 33.8 0.5016 0.6797 1447.1 793.6 634.6 3.36 
0.5 32.9 0.9195 0.4809 3222.0 1160.8 643.9 2.86 

where: 𝐹𝐹𝑐𝑐 is the non-dimensional cutting force, defined by 𝐹𝐹𝑐𝑐 = 𝐹𝐹𝑐𝑐/(𝑡𝑡1𝑤𝑤𝑘𝑘). 

In the numerical model, the parameters t1, α, and the friction coefficients µ from Table 1 were used to initially 
determine the shear angle through Equation (14) and to compute the chip thickness t2 using Equation (2). In constructing 
the geometric model, the contact length between chip-tool is not known in advance. To determine it, a parametric study 
was conducted by varying the contact length and observing the distribution of normal contact stresses, whereby the 
contact length is numerically determined when the normal stress approaches zero at the chip-tool separation point. 

Hence, the numerical contact lengths were determined for both cases as outlined in Table 1, based on the stress 
distributions in the contact region, as depicted in the subsequent figures. The coordinate s originates from position A 
(cutting edge) as depicted in Figure 6, extending up to point B, representing the separation point, with 0 ≤ s/l ≤ 1. 

 
Figure 8 Contact stresses for t1=0.2 mm. 

 
Figure 9 Contact stresses for t1=0.5 mm. 

In Figures 8 and 9, the contact stresses were parameterized by the shear yield stress k. It is observed that the normal 
stress approaches zero at the separation point, while the tangential stress remains constant in part of the contact region 
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until it decreases in the vicinity of the coordinates s/l = 0.8 and s/l = 0.85. The following table provides a comparison 
between experimental and numerical results: 

Table 2 Numerical and Experimental results 

t1(mm) ϕexp(o) ϕnum(o) lexp (mm) lnum (mm) 𝑭𝑭𝒄𝒄
𝒆𝒆𝒆𝒆𝒆𝒆

 𝑭𝑭𝒄𝒄
𝒏𝒏𝒏𝒏𝒏𝒏

 %error 

0.2 33.8 26.6 0.5016 0.5000 3.36 2.95 12.1 
0.5 32.9 30.4 0.9195 0.9495 2.86 2.71 5.0 

In Table 2, the numerical and experimental shear angles, contact lengths, and dimensionless cutting forces are 
compared. Regarding the shear angle ϕnum, it was obtained following the procedure outlined in Figure 4. The initial values 
were 30.9o and 35.1o, respectively. The optimal angles ϕ* obtained are the ϕnum angles from the aforementioned table. 
The following figures depict the initial shear angles ϕM, estimated by the Merchant model in Equation (14), and the 
optimal angle ϕ* obtained: 

 
Figure 10 Shear angle predicted by Merchant model for t1=0.2 mm.  

 
Figure 11  Optimum primary shear angle. 

Figure 10 illustrates that the angle predicted by Merchant, ϕM does not adequately describe the steady-state 
configuration. In contrast, the shear angle ϕ* in Figure 11 corresponds to the steady-state configuration obtained from 
the limit analysis solution. 

Regarding the contact lengths in Table 2, it is observed that there is good agreement between the experimentally 
measured lengths lexp and those obtained numerically lnum. As for the cutting forces, there is a difference of 12.5% and 
5.0% for the cases t1 = 0.2 mm and t1 = 0.5 mm, respectively. 

Through the limit analysis methodology, one can determine the regions of the workpiece where plasticization has 
occurred, indicated by the von Mises equivalent stress σeq reaching the shear yield stress k. 
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Figure 12  Mises equivalent stress σeq /k for t1=0.2 mm (l/t1 = 2.5).  

 
Figure 13  Mises equivalent stress σeq /k for t1 = 0.5 mm (l/t1 = 1.839).  

In Figures 12 and 13, it is evident that plasticization predominantly occurs within the contact region l as the ratio 
σeq/k approaches 1. Through this methodology, by simultaneously verifying the inequalities regarding stress admissibility 
(as represented by the constraint in Equation (11)) and the contact conditions (expressed by the constraint in Equation 
(12)), regions of sticking and sliding can occur while simultaneously experiencing plasticization at contact points. Unlike 
traditional approaches, where in the case of sticking, the condition is directly imposed on the shear component as τnt = 
k, the equivalent stress depends on the normal stress components σn and σt, as well as the shear component τnt, as 
emphasized in the detail in Figure 12. 

The regions of sticking and sliding can be determined through the velocity field, which is the solution to the limit 
analysis problem stated in (10)-(13): 

 
Figure 14 Tangential velocity at the chip- tool contact for the case t1 = 0.2 mm. l/ t1 = 2.5, 0 ≤ s ≤ l. 
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Figure 15 Tangential velocity at the chip- tool contact for the case t1 = 0.5 mm. l/ t1 = 1.839, 0 ≤ s ≤ l. 

From the distribution of tangential velocities depicted in Figures 14 and 15, the contact lengths under sticking, 
denoted as lst, and under sliding, denoted as lsl, are observed. The sticking regions (wt = 0) correspond to lst /l = 19% and 
lst/l = 17% of the contact length, respectively, while sliding occurs beyond these points. These findings align with the 
complementary relationship established in equation (9): in the case of sticking, wt = 0 and |τ| +σn < 0. Conversely, during 
sliding, wt > 0 or wt < 0 and |τ| +σn = 0. Referring back to Figures 12 and 13, due to the high stresses, points in contact 
reach plasticization, regardless of whether sticking or slipping occurs. 

From the distributions of shear and normal stresses, it becomes feasible to estimate an average friction coefficient 
within these two regions. During sliding, it is expected that the ratio between shear and normal stresses (µsliding) will 
converge towards the applied friction coefficient µ, while in the sticking region, an apparent friction coefficient µsticking, 
dissimilar to µ, is expected: 

Table 3 Apparent friction coefficient 

t1(mm) µ µsticking µsliding 

0.2 0.6797 0.3686 0.6725 
0.5 0.4809 0.3459 0.4970 

In Table 3, in the case of sticking, µsticking < µ, and in the sliding region, µsliding approaches µ. In the latter case, this 
slight difference is observed since the contact stresses are not directly imposed as a boundary condition. In the case of 
sticking, chip material flows over the adhered material onto the rake face. Due to sticking, the formation of the secondary 
shear zone is observed, as depicted in the following figures: 

 
Figure 16 Secondary shear zone for the case t1 = 0.2 mm. 
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Figure 17  Secondary shear zone for the case t1 = 0.5 mm.  

In Figure 16, the secondary shear occurs in the final region of the contact under sticking. In Figure 17, the secondary 
shear begins at the cutting edge position and extends through the sticking region. The primary and secondary shear 
regions are related to the equivalent rate of plastic deformation developed, while Figures 12 and 13 are related to the 
stress state. In terms of stresses, plasticization occurs over a more extensive region of the workpiece. However, at these 
points, zero deformation rates may be observed. 

3.2 Analysis of Orthogonal Cutting 

In this section, a comprehensive study will be conducted using the presented limit analysis formulation. The 
behavior of cutting forces and their correlation with the friction coefficient at the interface, the development of regions 
in sticking and sliding, and the rake surface angle will be addressed. These analyses will follow the same procedure as 
before, involving the evaluation of the optimal shear angle and determining the contact length by checking the condition 
of the normal stress σn at the separation point between the chip and the tool, as it approaches zero. Evaluating this 
condition, the contact lengths l/t1 are determined as a function of the friction coefficients and exhibit dependency on 
the rake angles, evaluated for α = 0o and α = 6o: 

 
Figure 18 Contact lengths x friction coefficient. 

In Figure 18, to assess the coherence of the results, the numerical results were compared with some expressions 
found in Fatima and Mativenga (2013). There are several models for determining the contact length, based on analytical, 
statistical, empirical, and dimensional analysis methods. Among the various models tested, the analytical models of 
Hahn, Rubenstein, and Zorev presented expressions that best approximate the numerical results obtained. The 
expression derived by Zorev is presented as follows (Fatima and Mativenga (2013)): 
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𝑙𝑙 = 𝑚𝑚𝑡𝑡2(𝑡𝑡𝑚𝑚𝑠𝑠𝛽𝛽 + 𝑡𝑡𝑚𝑚𝑠𝑠(𝜙𝜙 − 𝛼𝛼))  (15) 

where: α, ϕ and β are, respectively, the rake, primary shear and friction angles, t2 is the deformed chip thickness and m 
is a material constant. 

While some models for predicting the contact length are calculated considering only the undeformed chip thickness 
t1 or chip thickness t2, and cutting speed, the models by Hahn, Rubenstein, and Zorev consider, in addition to t1 or t2, 
parameters such as the tool rake angle α, primary shear angle ϕ, and friction angle β. Assuming m as unitary in Equation 
(15), it is observed that the numerical and analytical solutions in Figure 18 are proportional. Differing by a factor of around 
1.10, Equation (15) accurately describes the numerical results obtained. 

After determining the contact lengths, the behaviors of the cutting forces are evaluated, taking into account the 
rake angles of 0o and 6o, as well as the friction coefficient and the occurrence of sticking at the chip-tool interface. 

 
Figure 19 Non-dimensional cutting forces and friction coeffi-cient for rake angle α = 0o. 

 
Figure 20 Non-dimensional cutting forces and friction coeffi-cient for rake angle α = 6o. 

In the Figures 19 and 20, the numerical and the analytical cutting forces stated from Equations (3) and (4) found in 
Molinari and Moufki (2008) are compared. There is a convergence between both solutions when only sliding occurs (% 
sticking=0). As sticking occurs, there is a divergence between the solutions. This divergence is due to the fact that 
analytical solutions do not predict the formation of the sticking region. While the analytical cutting forces increases 
linearly with friction coefficient µ, the numerical solution increases at a lower rate because. Similarly to the results 
observed in Table 4, with the occurrence of sticking, the apparent friction coefficient is lower than the sliding friction 
coefficient, resulting in smaller cutting forces. 

The influence of the advancement of sticking regions on the rake surface with the cutting forces can be observed 
when considering a restricted contact tool, where the contact length l/t1 is fixed, and varying the friction coefficient at 
the chip-tool interface. The following figure shows a graph of the cutting forces against the friction coefficient at the 
contact interface, with l/t1 = 1/cos(α) and α = 6o: 
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Figure 21 Cutting forces x friction coefficient for a restricted contact tool. 

Figure 21 shows an increase in the sticking regions on the contact surface with the friction coefficient. In cases 
where sticking prevails (µ ≥ 0.5), the numerical cutting forces become independent of the friction coefficient, converging 
towards an asymptotic value while the analytical solution increases linearly. The asymptotic value constitute an upper 
bound for cutting forces, obtained by enforcing tangential restriction across the entire contact region (100% sticking). 

This independence of cutting forces from the friction coefficient between the chip and the tool can be observed 
through comparison with the apparent friction coefficient, determined by the ratio of shear to normal stresses at the 
contact. The following table presents this comparison: 

Table 4 Tool-chip and apparent friction coefficients 

µ 0.10 0.25 0.50 0.75 1.0 1.5 

µapp 0.1206 0.2657 0.3169 0.2968 0.3106 0.2592 

In Table 4, when there is only sliding (cases µ = 0.10 and µ = 0.25), the obtained apparent friction coefficient 
approaches the friction coefficient between the chip and the tool. The difference between them is justified by the nature 
of the numerical solution. For cases where sticking prevails, the apparent friction coefficient is always lower than the 
friction coefficient between the chip and the tool. 

Regarding the shear angle, the work by Molinari and Moufki (2008) demonstrates that after chip formation, the 
shear angle ϕ* can be distinct from the angle ϕM estimated by Merchant without considering chip formation. Despite 
predicting this behavior, the optimal angle ϕ* is not calculated analytically. 

Below, the optimum shear angles obtained numerically are presented, considering the rake angles α = 0◦ and α = 6◦, 
along with the angles predicted by Merchant’s model, determined by Equation (14): 

 
Figure 22 Primary shear angles and friction coefficient. 



A new view on orthogonal cutting model considering frictional dissipation Fabio da Costa Figueiredo et al. 

Latin American Journal of Solids and Structures, 2024, 21(12), e572 16/19 

According to Figure 22, the primary optimal shear angles ϕ* and those predicted by Merchant (ϕM) agree only in 
the frictionless case, µ = 0. The primary shear region, besides depending on the tool rake angle α and the friction angle 
β, also depends on the contact length of the chip-tool contact and the sticking/sliding regimes, which can also change its 
angle and shape, as shown in the following figures: 

 
Figure 23 Primary shear zone and velocity filed for α = 6o, µ = 0.50, l/t1 = 1.0055. 

 
Figure 24 Primary shear zone and velocity filed for α = 6o, µ = 0.50, l/t1 = 2.0. 

In Figure 23, which represents the situation of a tool with restricted contact, sticking prevails (lst/l = 0.86) on the tool 
rake face, while sliding occurs in a smaller length (lsl/l = 0.14). Due to material sticking, an additional shearing mechanism 
is observed alongside the shear zone AB, constituting the tertiary shear zone along. The plastic deformations (rates) 
occurring in region AB are due to the sliding between adjacent planes, between the plane of the stationary material 
ahead of the tool rake face and above AB and the portion of material flowing under the tool. This tertiary region is not 
responsible for chip formation as in BC, and due to the presence of this stationary material, it can lead to the formation 
of a built-up Edge (BUE). 

On the other hand, Figure 24 illustrates the scenario where the sliding region predominates over the sticking one 
(lsl/l = 0.82 and lst/l = 0.18, respectively). In this situation, the primary shear zone remains straight, and a secondary shear 
zone is formed. The chip material flows over the portion of the contact under sticking along lst, resulting in plastic 
deformations (rates) and sliding with friction along lsl. Consequently, the chip flows with a low curvature and almost 
parallel to the tool rake face. 

4 CONCLUSIONS 

This work presented a limit analysis approach for examining the orthogonal cutting process. In the proposed 
formulation, the friction dissipation term is considered and the contact problem is solved, enabling the determination of 
tangential velocities and stresses at the contact as parts of the solution. This contribution allows the delineation of regions 
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of sticking and sliding at the tool-chip interface. It stands apart from conventional methods found in the literature, such as 
those discussed in Santos et al. (2023), which presuppose the extensions of these sliding/sticking regions. 

Also, as a contribution, this approach enables the simultaneous and independent verification of stress plasticity 
admissibility conditions (restriction (11)) and Coulomb’s friction law in the contact region (restriction (12)). This 
demonstrates that whether sticking or sliding is present, points of plasticization can occur within the contact area, as 
illustrated in Figures 12 and 13, along with the corresponding extensions of sticking and sliding depicted in Figures 14 
and 15. Plasticization manifests across nearly the entire contact length l. Unlike approaches encountered in the literature, 
it is emphasized that the plasticization condition hinges on combination between normal and shear stresses. Imposing 
conditions directly on shear stress, as found in literature, it may yield inconsistencies since pure shear stress is not 
observed within the contact region. 

As a preliminary stage, the methodology underwent validation through a comparative analysis of numerical and 
experimental findings in Abouridouane et al. (2015). In the numerical approach, since the contact length is not known a priori, 
it was gradually increased from l = t1/ cos(α) until the normal contact stress approached zero at the point of separation. 
Examination of Table 2 reveals a close proximity between the experimental contact lengths lexp and the numerical ones lnum, 
underscoring the predictive efficacy of the implemented contact problem. Regarding the cutting forces, the differences 
between the experimental and numerical results were 5% and 12.1%, respectively. Despite disregarding viscous and 
temperature effects, which can lead to material stiffening or softening, the elastic and perfectly-plastic model used in limit 
analysis provides a good estimation for the cutting forces. Regarding the experiments, one should consider potential 
uncertainties in measurements, tool positioning, material properties, and other sources that may introduce errors. 

After this stage, a more comprehensive numerical study was conducted, considering tools with rake angles of α = 0o 
and α = 6o. In Figure 18, it is observed the dependence of contact lengths with the tool rake angles and the friction coefficient 
at the tool-chip interface. For a smaller rake angle (α = 0o), the contact lengths are greater than for those ones for (α = 6o) 
because the tool acts more strongly as a barrier. The numerical results presented were compared with various expressions 
found in Fatima and Mativenga (2013) and presented a good agreement with the analytical models proposed by Hahn-
Rubenstein-Zorev. However, there is no consensus on the factor m, which is regarded by some authors as a factor depending 
on the stress distribution in the secondary region, a factor of ignorance, or a parameter varying between 5 and 22. In this 
numerical study, a factor m = 1.10 closely approximates the theoretical curve with the numerical results obtained. 

Regarding the cutting forces shown in Figures 19 and 20, the numerical and analytical forces are compared and 
related with sticking and sliding occurrence in the contact region. While numerical and analytical cutting forces are near 
when sliding occur (sticking = 0%), they diverge with the advancement of the region under sticking. This divergence is 
linked to the difference between the apparent friction coefficient µapp, determined by the ratio between the shear and 
normal stresses at the contact, and the friction coefficient µ between the chip and the tool in sliding, as similarly observed 
in Table 3. Part of chip slides over the adhered material with µapp < µ and other part slides along the rake face with 
friction coefficient µ. 

This behavior of the cutting force with the occurrence of sticking becomes more evident in a case of restricted 
contact tool when fixing the contact length l and varying the friction coefficient µ. As long as friction coefficient increases, 
sticking becomes predominant and the cutting forces tend towards an asymptotic value, determined by imposing 
tangential restrictions throughout the contact. For higher friction coefficients, the cutting forces become independent of 
the sliding friction coefficient µ, with µapp < µ as presented in Table 4. The cutting forces are lower-limited by the 
frictionless case and upper-limited by the occurrence of complete sticking. 

This study also confirms the proposition outlined in the work of Molinari and Moufki (2008) regarding the shear 
angle, elucidating that when chip formation is taken into account, there exists a distinction between the shear angles 
(ϕM) and ϕ*. The theoretically predicted optimal angles ϕ* from Molinari and Moufki (2008) were numerically 
numerically obtained, as illustrated in Figure 22. Notably, it is observed that the angles (ϕM) and ϕ* converge solely when 
µ = 0. Although chip formation is considered in these numerical simulation (for α = 0o and α = 6 o), the contact lengths 
are on the order of the ratio l = t1/ cos(α), as shown in Figure 18, approaching the case used for the deduction of the 
primary angle in Figure 2. 
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