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Abstract

In this paper, the effect of the temperature change on the vibra-
tion frequency of mono-layer graphene sheet embedded in an elas-
tic medium are studied. Using the nonlocal elasticity theory, the
governing equations are derived for single-layered graphene sheets.
Using Levy and Navier solutions, analytical frequency equations
for single-layered graphene sheets are obtained. Using Levy solu-
tion, the frequency equation and mode shapes of orthotropic rec-
tangular nanoplate are considered for three cases of boundary
conditions. The obtained results are subsequently compared with
valid result reported in the literature. The effects of the small
scale, temperature change, different boundary conditions, Winkler
and Pasternak foundations, material properties and aspect ratios
on natural frequencies are investigated. It has been shown that the
non-dimensional frequency decreases with increasing temperature
change. The present analysis results can be used for the design of
the next generation of nanodevices that make use of the thermal
vibration properties of the nanoplates.
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Nano-materials have attracted attention of many researchers in this field due to their novel prop-

erties. Many scientific communities study the characteristics of nanomaterials such as carbon

nanotubes (CNTs), nanoplates, nanorods and nanorings. To design plate efficiently, we need to

understand their vibration behavior. Vibration of ‘scale-free’ plates has been studied widely in the

literatures which this theory cannot predict the size effects. Thus, in with small size, long-range

inter-atomic and inter-molecular, cohesive forces cannot be ignored because they strongly affect
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the static and dynamic properties (Wong et al 1997; Sorop and Jongh 2007). To use graphene
sheets properly as design nano electro-mechanical system and micro electro-mechanical systems
(NEMS and MEMS) component, their frequency response with small-scale effects should be inves-
tigated.

Graphene is a truly two-dimensional atomic crystal with exceptional electronic and mechanical
properties. Many nanostructures based on the carbon such as carbon nanotube (Iijima 1991),
nanorings (Kong et al 2004), etc. are considered as deformed graphene sheet so analysis of gra-
phene sheets is a basic matter in the study of the nanomaterials.

Continuum modeling of CNTs has also attracted and increasing deal of attention of many re-
searchers due to experiments in nanoscale is difficult and molecular dynamic simulations are high-
ly computationally expensive. There are various size-dependent continuum theories such as couple
stress theory (Zhou and Li 2001), strain gradient elasticity theory (Fleck, and Hutchinson 1997;
Akgoz and Civalek 2011a; Akgoz and Civalek 2012a; Akgoz and Civalek 2013a), modified couple
stress theory (Yang et al 2002; Akgoz and Civalek 2011b; Akgoz and Civalek 2012b; Akgoz and
Civalek 2013b) and nonlocal elasticity theory (Eringen 1983). Among these theories, nonlocal
elasticity theory has been widely applied (Murmu and Pradhan, 2009; Babaei and Shahidi 2010;
Moosavi et al 2011; Farajpour et al 2011a; Mohammadi et al 2013a; Civalek et al. 2010; Civalek
and Demir 2011; Demir and Civalek 2013; Civalek and Akgoz 2013) that this theory was intro-
duced by Eringen (1983). He modified the classical continuum mechanics to take into account
small scale effects. In this theory, the stress state at a given point depends on the strain states at
all points, while in the local theory, the stress state at any given point depends only on the strain
state at that point. Murmu and Pradhan (2009) employed the nonlocal elasticity theory for the
vibration analysis of rectangular single-layered graphene sheets embedded in an elastic medium.
They have used Both Winkler-type and Pasternak-type models for simulate the interaction of the
graphene sheets with a surrounding elastic medium. They reported that the natural frequencies of
single-layered graphene sheets are strongly dependent on the small scale coefficients. Pradhan and
Phadikar (2009) investigated the vibration of embedded multilayered graphene sheets (MLGS)
based on nonlocal continuum models. In thier paper, they have shown that nonlocal effect is quite
significant and needs to be included in the continuum model of graphene sheet. Wang et al.
(2011) studied the vibration of double-layered nanoplate. In their research, it is concluded ther-
mal effect and nanoplate with isotropic mechanical properties. It has been reported that graphene
sheets have orthotropic properties (Reddy et al 2006). Malekzadeh et al. (2011) used the differen-
tial quadrature method (DQM) to study the thermal buckling of a quadrilateral nanoplates em-
bedded in an elastic medium. Aksencer and Aydogdu (2011) proposed levy type solution for vi-
bration and buckling of nanoplate. In that paper, they considered rectangular nanoplate with
isotropic property and without effect of elastic medium. Thermal vibration analysis of orthotropic
nanoplates based on nonlocal continuum mechanics were studied by Satish et al. (2012) who con-
siderate two variable reinfined plate theory for thermal vibration of orthotropic nanoplate. In
general, single layered graphene sheets are embedded in an elastic medium but they didn’t con-
sider effect of elastic medium in that paper. On the other hand, they represented vibration fre-
quency of rectangular nanoplate only for simply supported boundary conditions and they didn’t
represent vibration frequency for other boundary conditions. Some researches of the nanoplates
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have been reported on the mechanical properties. However, compared to the nanotubes, studies
for the nanoplates are very limited, particularly for the mechanical properties with thermal ef-
fects.

In the present study, the effect of the temperature change on the vibration frequency of ortho-
tropic monolayer graphene sheets embedded in an elastic medium is investigated. The governing
equations of motion are derived using the nonlocal elasticity theory. Levy type solution for the
vibration of orthotropic rectangular nanoplate under thermal effect and elastic medium is ob-
tained. Unlike the case of an isotropic plate that the roots are easily seen repeated roots but for
this case there are four sets because the roots depend on the relative stiffness of the nanoplate in
various directions, effect of elastic medium and temperature change. Hence, in this study for the
thermal vibration of orthotropic rectangular nanoplate in an elastic medium using the Levy-type
solution requires four different forms for the homogeneous solution. The small scale effects and
thermal effect on the vibrations frequency of graphene sheets with three set boundary conditions
are investigated. The thermal effects, effect of boundary condition and some other impressions on
the vibration properties are investigated. From the results, some new and absorbing phenomena
can be observed. To suitably design nano electro-mechanical system and micro electro-mechanical
systems (NEMS/MEMS) devices using graphene sheets, the present results would be useful.

2 NONLOCAL PLATE MODEL

The nonlocal elasticity theory was introduced by Eringen (1983). In this theory, the stress state
at a given point depends on the strain states at all points, while in the local theory, the stress
state at any given point depends only on the strain state at that point. Stress components for a
linear homogenous nonlocal elastic body without the body forces using nonlocal elasticity theory,
we have (Eringen 1983):

o;.j(x):'[ﬂ.(\x—x' Y Cu€(X)AV(X), VxeV, (1)

where O > € and C ki are the stress, strain and fourth order elasticity tensors, respectively. The

term ﬂ,(|x—x’

,7/) is the nonlocal modulus (attenuation function) incorporating into constitutive
equations the nonlocal effects. ¥ (y = egl;/a) is a material constant that depends on the internal
a4 (lattice parameter, granular size, distance between C —C bonds), and external characteristics
lengths | (crack length, wave length), . Choice of the value of parameter €, is vital for the valid-

ity of nonlocal models. Hence the effects of small scale and atomic forces are considered as mate-
rial parameters in the constitutive equation. This parameter was determined by matching the

/
dispersion curves based on the atomic models. The term |x—x | represents the distance between

the two points (xandx”).The differential form of Eq. (1) can be written as (Malekzadeh et al
2011):
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(l_(eoli )2 Vz)o-nl =[C][{8}—{1}AT:| (2)

where o™

, €, and A denote the nonlocal stress, strain, and stress—temperature coefficients vec-
tors, respectively. AT is the temperature change, C denote the elastic stiffness tensor. V? is the
Laplacian operator that is defined by V? =(9”/dx”+9>/dy*). The nonlocal constitutive equa-
tion Eq. (2) has been lately employed for the study of micro- and nano-structural elements. We
consider nano monolayer orthotropic graphene sheets in our present study. In two-dimensional

forms Eq. (2) are written as (Malekzadeh et al 2011):

O-;i O';'i E1 /(l_vlzvzl ) Ulez / (l_vlzvm ) 0 & _axxAT
o t—(el YV iont=|v,E, / (1-v,0,)  E,/(1-0,0,) 0 |<&, —a, AT (3)
0';’; o';’y’ 0 0 2G,, £,

where £, and E2 are the Young’s modulus, and G12 is shear modulus, U, and 0,, indicate
Poisson’s ratio , and ¢ and o, are the coefficient of thermal expansion along the principle

material directions x and Yy, respectively. The strains in terms of displacement components in

the middle surface can be written as follows (Malekzadeh et al 2011):

du, O'w v, Iw 1((0du, v, ’w
En=" "Z%%, £, = "I, &£,= —+— -2z
ox  ox dy 2({ oy  ox oxdy

(4)

In the foregoig, the first terms on the right-hand sides of the above equations represent the
strain components in the middle surface due to its stretching, and terms with w represent the
strain components due to bending. Stress resultants are defined as below for development of rec-
tangular nanoplate (Pradhan and Phadikar 2009).

hi2 hi/2 hi2 hi2
_ nl _ nl _ nl _ nl
N.= [ oldz,N, = [ oldz, N, = [ olldz,M, = [ zolldz,

-h/2 —h/2 —h/2 -h/2

hi2 hl2 (5)
— nl _ nl
M, = [ zoldze, M, = [ zod:

—h/2 -h/2

Here h is defined as the thickness of the plate. By inserting Eq. (3), and Eq. (4) into Eq. (5)
we can express stress resultants in terms of lateral deflection on the classical plate theory as fol-
lows (Pradhan and Phadikar 2009):
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0*w o*w 0*w 0*w
M, ~(el, Y V'M,, =-D;, 87_D12 ay_z M, (&, )2V2Mw =-D,, ay_z_Dz E
(6)
9’w
272 _
Mxy—(eoli) V Mxy __2D66®’
where D, indicate the different bending rigidity is defined as (Pradhan and Phadikar 2009):
D11 E1 /(1_1)12021 )
D12 — 3 Ulez /(1_0121)21) 2 (7)
Dzz —h/2 E, /(1_7)121)21 )
Dy, G,

Note that stress resultants relations given in Eq. (6) reduce to that of the classical equation when

the small scale coefficient (eoli) is set to zero. A mono-layered rectangular graphene sheet em-

bedded in an elastic medium (polymer matrix) is shown in Figure 1. A Pasternak-type foundation
model is considered for simulating the elastic medium (polymer matrix) which accounts for both
normal pressure and the transverse shear deformation of the surrounding elastic medium. The
vibration equation for the orthotropic rectangular nanoplates is expressed as

2 aZM aZM _ 2 _ 2 . 2
aMZ’”‘+2 = +——= +f+N§xa—v2V+N;a—v:+2N; I w
ox 0xdy dy ox dy 0xdy

— — 9w — ’w 0w o*w o*w
—KwW + K6 +K =1 - +
v “or %% Var Z(axZaﬁ ayZaﬁ]

where EW denote the Winkler modulus, EGX and I?Gy are the shear modulus of the surround-
ing elastic medium. If polymer matrix is homogeneous and isotropic, we will get
[_(Gx = ]_(Gy = I_{G. If the shear layer foundation stiffness is neglected, Pasternak foundation tends
to Winkler foundation. The term f indicate transverse loading, /, and I, are mass moments of

inertia that are defined as follows

2 /2
1, = J pdz, 1,= J pzdz (9)
—h/2 —h/2

where p indicates the density of the graphene sheets. Also resultant thermal stresses

—r
Ny (i, j=X,y) are defined as (Malekzadeh et al 2011):
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—r

Nuw==(Ee, | (1-0,0, )+ v, Eyex,, / (1-0,0, ))AAT

NTW = _<E2ayy I(1=v,0, )+ v, Eye, [ (1-0,0, ))hAT (10 a-c)
Niy =0

Figure 1 rectangular nanoplate embedded in an elastic medium

So we have Using Equations (6) and (8) we have the following governing equation in terms of
the lateral deflection

o'w 'w o'w
Dlla7+2(D12+2D66)W+D223y_4
—7 9*w —r d*w . d'w o'w o*w
+ N +N 1 +1/ +
) / oxr Tt Yo Pl osfox® o1ty
+(e,l,)" V?
o —= — 9w — 9w
—KwW + K 6« +K
w % axz Gy ayz (11)
—r *w —r *w _ 'w o'w  d'w
+ N +N -1 + +
L A P P ~
— — 9w —= Iw
—KWW+KGx a_xz +KGy ayz

At small scale, size effects can be noticeable in the mechanical properties of nanostructures.
Both molecular dynamics simulation and experimental studies have shown that the size effect
plays a prominent role in the static and dynamic characteristics of nanostructures. Chen et al.
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(2004) investigated micro-continuum field theories such as couple stress theory, micromorphic
theory, nonlocal theory, Cosserat theory from the atomistic viewpoint of lattice dynamics and
molecular dynamics (MD) simulations. It is reported in their work that the nonlocal elasticity
theory is physically reasonable.

3 SOLUTION PROCEDURES

It is assumed that the nanoplate is free from transverse loadings ( S =0). Exact solution of

Equation (11) can be developed for some particular boundary conditions. In this article, initially,
by using the Navier’s approach orthotropic nanoplate problem is solved with simply supported
boundary conditions. Then Levy type solution is used for orthotropic nanoplates, that at least for
opposite edges, is simply supported.

3.1 Solution using Navier’s approach

For simply supported boundary conditions, the shape function can be given by double Fourier
series (Aksencer and Aydogdu, 2011)

wxy.)=S 5w, sin( 2 sing Ly (12)

m=1 n=1 a b

where m and n are the half wave numbers. Substituting from Equation (12) into Equation
(11) yields the nondimensional natural frequency at small scale with various nanoplate properties,
Winkler and shear elastic factors and resultant thermal stresses.

D("EY +2(Dy, + 2D, ) (PP () 4+ Dy (P
a a b b
+(eoli)2 N; [(m_ff)4 +(m_7[)2(ﬂ)2 )'*‘(eoli)z N; ((ﬂ)‘l +(m_”)2(ﬂ)zj
a a b b a b

(e K| (ZEV + (227 (e ) K| (ZZy +(ZZy( 22y
a b a a b )
+(eol[)2Ecy(<%>“+(’"—”)2<ﬂ>2 )+Nix(m—”)2+ﬁiy<ﬂ>2
a b a b
+Kw + Kar(2E
a

) +EGy(%)2 —Ioa)2 —120)2 ((m_ﬂ-)2 +(ﬂ)2]
a b

=1, (eoli)2 o’ [(%ﬁ)z +(%)2 ]—]2 (eoli)2 ((mjﬂ.f +2(m7ﬂ.)2(%)2 +(%)4 jZO.

With multiply Equation (13) in a4/D11 we have
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a4+2/111(2a2,82+22K4,B4+KGy(K4ﬁ2+,u (K,B +K ))
+KG)C(0(2+,u2 (0{4+K'20{2ﬂ2))+NT (a' +,u ot +Ka’ f’ )
+N}T,y(1<2,82+,uz(1(4ﬁ4+1<2a2,82))+1< ( (a +K° %) +1)

(14)
, Lw'a* | » Lw'a , L ) 4 4
O (a+ S ) - at+2° fPo’ + k' B
Dl] ( ) Dll Dll ( )
2 2
L0 (e pr)=
11
From Equation (9) we have
pr’
1,=ph, I, = (15)

12

where nondimensional frequency parameter and other terms are defined in the following form

A D, +2D
a)a ,u——’, oa=mr, f=nrx, K'—— £= h , A =—L 66
V12a D,
—7T

—T

2
ﬂZ_lﬁKW KLQ’ K, = KG_xa’ Ky, = Kob’ , NxTx:N , NyTy—N”a (16)
Dy, Dy, Dy, Dy, Dy, Dy,
To=Q2 = pPh wat, I, = Q z_p_}ﬁwzaz
D, 12D,
With Substituting Equation (15) in Equation (14) we have
o 20’ B+ L' B+ K, (1(4,82 +u (K‘6,B4 - K4a2,62))
+K,, (052 +1’ (ot + Ko’ B ))+NXTX (052 +u’ (ot + i’ B ))
+N© (/(zﬂz +u (K4 B+ Kzazﬂz))+KW (,u2 (o +1(2,82)+ 1)
(17)

hw’a’ hw’a’ &’
,lepD (&’ +x°B%)- 'OD “2/1)2 D, (a +25° fa’ + kB

11 11

phw’a" 2
LAk ) =0
12a°D,, ( )
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Substituting Io =Q’ =(ph/D,,)@’a* and I, =’ =(ph’ /12D, )@’a® in Equation
(17) leads to
& 24K B+ Aok B+ Ky, (K B+ 1 (KB + K0’ )
+K,, (a2 +1’ (o + i’ B ))+fo (@ +1 (o' + K B ))
+N, (Klﬁz +4° (& B +K2a2,82))+KW (uz (o8 +x° %)+ 1) (18)
—’lo (& +K )= Lo — 1’ I (o' + 267 B + kB
~I (& +x* ) =0.

By arranging Equation (18) in term of Q7 leads to

o +24K%0 B+ Ak B+ K (K‘4ﬁ2 +u’ (K6B4 + K‘4062ﬂ2))

+K ((xz +u’ (oc“ + K2a2[)’2))+ N ((xz +u° (oc“ + K2a2[)’2))

+N (K2ﬁ2 +u’ (K'4ﬁ4 + Kzazﬁz))+ K, (,u2 (a2 + K2ﬁ2)+ 1)
(oc2 +K2[32)(82 +u2(£2((x2 +K2ﬁ2)+ 1))+1

Q=

3.2 Solution using Levy type

To solve Equation (11) for a rectangular nanoplate with arbitrary boundary conditions, Levy’s
type of solution can be applied to nanoplates that are simply supported at two opposite edges.

Assuming that the simple supports are at z = 0 and z = a, the shape function takes the form as
(Aksencer and Aydogdu, 2011):

Mx,y,t)=X(X)Y(y)e"“”=2Y(y)sin[m7mjei“” (20)

Substituting of Equation (20) into Equation (11) leads to
Y -2BY® +C=0 (21)

where B and C constants are the following form
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24k’ + K, (uzx“az + K'4)+ K, w'x* + K, wx’oe’ + N, (‘LLZK‘ZOCZ + K'z)

+N! o’ —Qz(,uzrcz +2u°K’o’e’ +K‘282) (22)

B=
2(1216‘ + WK, k- Qe + Nyryuzrc“)

Kw(u2a2 +1)+KGX(;12054+a2)+oc4+N;(y2a4+oc2)

-’ (u2a2 +ulotet vole’ + 1) (23)

C=
4 2 6 2,22 .4 T2, .4
(lzrc +U K K —QUEK +N 1K )
Substituting Y( y)=e€" into Equation (21)
S*—2BS*+C=0 (24)
Hence, for the orthotropic rectangular nanoplate, using the Levy-type solution requires four

different forms of solution of Y( y) to be put in Equation (20) depending on the relative rigidity

of the nanoplate in various directions, Winkler elastic and shear elastic factor, nonlocal parameter
and thermal change. the roots in the form as follows

For the case 0 < C < B*

The general solution for Y( y) is found to be

Y(y)=C, sinh(0,y)+C, cosh( 9,y )+C, sinh( 6,y )+C, cosh(d,y) (25)

where

5 =\B+VB ~C, &,=\B-B'-C (26)
For the case B> =C
Y(y)=(C +C;p)cosh(d,y) +(C; +C,y)sinh(6,y) (27)
where the roots are

5,=(B)"” (28)
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For the case C > B?

Y(y)=(C| cos(8,y)+C; sin(d,y))cosh(d,y)

+(C cos(8,9)+C, sin( 8, ))sinh(8,7) (29

where the roots are
1 1/2 1 1/2
54:[5[@3}] , 55:(5[@_B}j )

For the case C <0
Y(y)=C" sin(8,y)+C," cos(8,y)+C, sinh(8,y)+C, cosh(d,y) (31)

where the roots are

8, =\VB*~C-B, & =\VB'~C+B (32)

Obviously, for a given nanoplate whose nonlaocal parameter, shear and Winkler elastic factors
and other parameters have been specified only one of the four case needs to be solves to obtain

frequency equations. The constants (C,, Cj, C:*,C;k** (ij,k1=1,2,3,4)) are determined from
the boundary conditions at y =0 and y =5. The boundary conditions yield the frequency equa-

tion from which w is determined. The procedure is shown below for three states boundary condi-
tions and for case C <0 the procedure for other cases is similar. The boundary conditions for
simply supported edges, for instance, are

_dY
ay’

d’Y

2

Y(0)=Y(b)=

=0 (33)

y=0 y=b

Using Equation (31), the boundary conditions of Equation (33) can be expressed as
C, +C, =0
Dk 2
0,C, —o6,C, =0

C," sin(8,b)+C," cos(8,b)+C;" sinh(S,b)+C;" cosh(8,b)=0
C;" 6. sin(8,b)+C, 8, cos(8,b)—C, 6 sinh(8,b)—C,” &, cosh(5,b)=0

(34-a-d)
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Equations (34a, b) yield

Equations (34c, d) can be written in matrix form as

[ sin(8,b) sinh(8,b) } {C[}

=0
~&2sin(S,h) & sinh(8,b) || CT” (36)

For a nontrivial solution, we should have sin( 56b)=0 or 56 = nﬂ'/b. When edge y =0 and

y =b are clamped. The boundary conditions can be stated as

dY

YO 2 =

Bl 0 (37)

y=b

=0

By inserting Equation (31) into Equation (37), the boundary conditions can be written in ma-

trix form as

sin(3,b) cos(5,b) sinh(8,b) cosh(&,6) ||C,7 | 0

—8, cos(0;b) & sin(5b) -8, cosh(d,b) -4, sinh(,b)||C;”

By setting the determinant of the matrix in Equation (38) equal to zero, we obtain the fre-
quency characteristic equation.

28,6, (cos(8,b)cosh(8,p)—1)—(&8; —&; )sin( &b )sinh( 56)=0 (39)

When the one edge of the rectangular nanoplate is clamped and other edge is simple support-
ed, the additional four boundary conditions are

d*Y

2

Y(0)=X(b)=

Based on these boundary conditions, the coefficient determinant becomes
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okt

0 | 0 1 o)
sin(8p)  cos(§b)  sinh(8b)  cosh(8h) | €)7o
0 —5 0 & ol .

—6, cos(0;b) & sin(5b) -8, cosh(d,b) -4, sinh(,b)||C;”

A nontrivial solution can be obtained by equating the determinant of these equations to zero.

Consequently, we have
0, cosh( 8,b)sin( d,b )— 9, sinh(0,b)cos(Ib)=0 (42)

For any specific value of m, there will be successive value of €. The natural frequencies can

be denote as @, @W,, W5, ..., Wy, A, ..., whose value depend on the material properties
E,E,, v,, v,,p, o, o, and geometry h, a/b and nonlocal parameter of the rectangular

nanoplate. The frequency characteristic equations and the mode shapes for other case can be de-
rived in a similar manner. The results for the three combinations of boundary conditions are
summarized in Table 1. According to Table 1, by inserting ¥(y) into Equation (20) we have
mode shape for orthotropic rectangular nanoplates based on elastic medium for different bounda-
ry conditions. Following three boundary conditions have been investigated in the vibration analy-
sis of the rectangular graphene sheets as: SSSS, SCSC and SSSC that refer to Appendix 7.2 for

more detail.

Table 1 Frequency equation and mode shape orthotropic rectangular nanoplates with different boundary conditions

Boundary Type Equation
conditions
SSss MO;(E ;1; be sin(f3,y) B, =nx/b
ol Mode shape (COSh( 57b )_ COS( 56b )) (56 Sinh( 57)7 )_ 57 Sin( 56y ))
Y(y) —(0; sinh( 8,6 )— 3, sin( 5;b))(cosh( J,y)—cos(Jy))
$SSC St sin(8,b)sinh( 8,y )—sinh( 8, )sin(J, y)

Y(y)

The mode shape of orthotropic rectangular nanoplate plays a significant role in the design of
the nanomechanical resonators. It is observed that the single-layered graphene sheet with three
cases of boundary conditions has a sinusoidal and/or hyperbolic sine and cosine configuration

(Sakhaee-Pour et al 2006).

Latin American Journal of Solids and Structures 11 (2014) 437 - 458



450 M. Mohammadi et al/ Exact solution for thermo-mechanical vibration of orthotropic mono-layer graphene sheet embedded in an elastic medium

4 RESULTS AND DISCUSSION
4.1 Validation of present results

To validate the results, comparison of the present results for orthotropic rectangular nanoplate
embedded in an elastic medium with the obtained results by DQM (Pradhan and Kumar 2010) is
studied. In the present study non-dimensional frequency are calculated for all edges Simply Sup-
ported boundary conditions, these results are listed in Table 2.

Table 2 Comparison of results for vibration of the graphene sheet for all edges simply supported. (* (Pradhan and Kumar 2010)).

KW KG Method eoli (nm)
0 0.5 1 1.5 2
DQM* 19.3488 18.8885 17.6823 16.1011 14.4640
. 0 Present 19.3489 18.8884 17.6822 16.1010 14.4638
@ DQM* 23.9036 23.5328 22.5762 21.3604 20.1552
Present 23.9039 23.4885 22.4139 21.0391 19.6644
DQM* 27.8145 27.4967 26.6837 25.6621 24.6678
o 0 Present 27.8140 27.4957 26.6815 25.6609 24.6666
@ DQM* 31.1554 30.8535 30.1995 29.3428 28.5086
Present 31.1550 30.8375 30.0270 29.0153 28.0344

From this table one could find that the present results for the nanoplate exactly match with
those reported by Pradhan and Kumar (2010). The scale coefficients are assumed as

eol,. =0.0, 0.5, 1.0, 1.5, and 2.0 nm, respectively. The value of nonlocal parameter is taken in

the range of 0-2 nm. Duan and Wang (2007) presented the constitutive relations of nonlocal elas-
ticity theory for application in the analysis of circular graphene sheet. Recently, these values for
the nonlocal parameter are used by many researchers (Farajpour et al 2011b; Danesh et al. 2012;
Farajpour et al 2012; Mohammadi et al. 2013b). Properties of the orthotropic graphene sheet in
this paper are considered same as mentioned in the reference (Liew et al 2006).

E =1765 Gpa, E, =1588 Gpa, v, =0.3, v,, =0.27, p = 2300 kg/m3,

The material properties for isotropic graphene sheet are taken from Ref. (Liew et al 2006).
E,,E, =1060 Gpa, p=2250 kg/m’, v,, =v,, =0.25.

The coefficients of thermal expansion are considered for orthotropic graphene sheet
a,=a, / 3 from Ref. (Malekzadeh et al 2011) and for isotropic graphene sheet are taken

x,.=a,. For the room or low temperature case thermal coefficient is taken

o, =-1.6x10"% K™ and for high temperature case that is considered ¢r = 1.1x10% K.

These values were used for carbon nanotube (Zhang et al. 2007).
The present results are compared to that obtained by Pradhan and Kumar (2011). Table 3
presents the non-dimensional frequency of orthotropic square nanoplate for two set boundary
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condition. In this table, the Winkler factor and shear factor are ignored. These results are exactly
in agreement with that presented by Pradhan and Kumar (2011).

Table 3 Comparison of results for vibration of the orthotropic graphene sheet for two set boundary conditions. (** (Pradhan and
Kumar 2011)).

Method eol[ (1'11’1’1)
0 0.5 1 1.5 2
SCSS boundary conditions
DQM** 22.9849 22.4022 20.8867 18.9234 16.9171
Present 22.9849 22.4021 20.8865 18.9230 16.9166
SCSC boundary conditions
DQM** 27.9208 27.1853 25.2818 22.8350 20.3555
Present 27.9207 27.1851 25.2813 22.8341 20.3543

For further validations, we compared the results of rectangular nanoplates with published data.
As shown in Table 4 results of Aksencer and Aydogdu (2011), compared to results obtained by
present work for isotropic rectangular nanoplates without consider effect of elastic medium and

thermal effect. These results are exactly in agreement with that presented by Aksencer and Ay-
dogdu (2011).

Table 4 Comparison of results for vibration of the isotropic graphene sheet for three set boundary conditions.

&/, (nm)
0 0.5 1 1.5 2
SSSS  boundary conditions
Aksencer and Aydodu 19.7205 19.2512 18.0218 16.4102 14.7415
(2011)
Present 19.7205 19.2512 18.0218 16.4102 14.7415
SCSS boundary conditions
Aksencer and Aydodu 23.6223 23.0229 21.4641 19.4451 17.3823
(2011)
Present 23.6223 23.0229 21.4641 19.4451 17.3823
SCSC boundary conditions
Aksencer and Aydodu 28.9203 28.1577 26.1844 23.6484 21.0791
(2011)
Present 28.9203 28.1577 26.1844 23.6484 21.0791
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Figure 2 Change non-dimensional frequency with length of orthotropic and isotropic rectangular nanoplate for SSSS boundary condi-
tion and egli=1 nm (a) various aspect ratios (b) various nonlocal parameters (a/b=2).

4.2 Length effects on the frequency of orthotropic graphene sheet

Figures 2a, b shows the nondimensional natural frequency versus length of plate for isotropic and
orthotropic graphene sheets and different aspect and nonlocal parameter. Figure 2a is plotted for
SSSS case of boundary conditions, first mode and the nonlocal parameter 1 nm. This figure shows
non-dimensional frequency versus length of for different aspect ratio and isotropic and orthotropic
properties of graphene. As the length of the nanoplates decreases the non-dimensional frequency
decreases. This is obvious because with decrease of length, the influence of nonlocal effect in-
crease, at higher length all results converge to the local frequency. This indicates that the non-
local effect disappears after a certain length and grows with decrease of the plate length. This
may be explained as that the wavelength gets smaller with decrease of side length which increases
the effect of the small length scale. Moreover, from this figure it is seen, that the non-dimensional
frequency increases with the increase in aspect ratio, at higher aspect ratio all results converge to
the local solution (egli=0) at higher lengths. This is evinced that effect of small length scale is
higher for higher aspect ratio. Furthermore, the difference between the natural frequencies calcu-
lated by isotropic and orthotropic properties increases with increasing aspect ratio and length of
nanoplate. This is shown that the difference between the natural frequencies calculated by iso-
tropic and orthotropic for nonlocal solution is smaller as compared to local solution. Figure 2b
shows the nondimensional natural frequency versus nonlocal parameter of isotropic and ortho-
tropic graphene sheets without considering temperature change, first modeand SSSS boundary
condition. In this figure aspect ratio is considered 2. This is shown that the difference between the
natural frequencies calculated by isotropic and orthotropic for nonlocal solution is smaller as
compression local solution. Also, it is observed that the nondimensional natural frequency in-
creases with increasing length of nanoplates.
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Figure 3 Change non-dimensional frequency with temperature change for various boundary conditions and isotropic and orthotropic
graphene sheet in the case of (a) low temperature (b) high temperature. (a/b= 1, e;li=2 nm)

4.3 Effects of temperature case on the frequency of orthotropic graphene sheet

To study the influence of low and high temperature case on the vibration characteristics of rec-
tangular nanoplates, the variation in non-dimensional natural frequency with the temperature
change is shown in Figure 3. The curves are plotted for isotropic and orthotropic properties, first
mode numbers and three cases boundary condition. The length of the square nanoplate, the non-
local parameter and aspect ratio are considered 10 nm, 2 nm and 1 respectively. It is shown non-
dimensional frequency of the isotropic small-sized graphene sheet is always larger than that of
orthotropic one for case of low temperature in Figure 3a. Furthermore, the gap between the two
curves (isotropic and orthotropic) increases with an increase in temperature changes. In other
words, the difference between the natural frequencies calculated by isotropic and orthotropic
properties decreases with decreasing temperature change. Moreover, for this case the non-
dimensional frequency increases with increase the temperature change. The temperature change is
important for graphene sheet with isotropic properties because the slope of curve isotropic is more
than orthotropic curves. Also, it is seen from this results that the nondimensional natural fre-
quency for SCSC boundary condition is higher than that for SSSC and SSSS at low temperature
case.

To illustrate the effect of high temperature case on the non-dimensional frequency, in this sec-
tion, the non-dimensional frequency versus temperature change for isotropic and orthotropic
properties of nanoplate is plotted in Figure 3b. In this investigation, we consider the non-
dimensional frequency of first mode, the length of the square nanoplate 10 nm and the nonlocal
parameter is 2 nm. It is seen for high temperature case the non-dimensional frequency increases
with decrease temperature change. It means that the effects of the temperature change on the
non-dimensional frequency are different for the case of low and high temperature. In the high
temperature case, after a certain temperature change the non-dimensional frequency of ortho-
tropic graphene sheet is more than the non-dimensional frequency of graphene sheet with iso-
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tropic properties. The phenomenon could be attributed to the fact that the coefficient of thermal
expansion in case of orthotropic graphene sheet in compared with the isotropic grapheme sheet
are much less in the “Y” direction. Also, it is seen from this results the non-dimensional natural
frequency for SCSC boundary condition is higher than the non-dimensional natural frequency for
SSSC and SSSS boundary conditions at high temperature case.
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Figure 4 Variation of difference percent for various temperature changes of graphene sheet and low and high temperature case. (a)

Shear modulus parameter (b) Winkler elastic factor. (SSSS boundary condition, a=10 nm, a/b=1, e,i= 2 nm)

4.4 Elastic medium effects on natural frequency of orthotropic graphene sheet

The effect of temperature change on the frequency of orthotropic graphene sheet embedded in an
elastic medium is studied. The Winkler modulus parameter KW, for the surrounding polymer ma-
trix is gotten in the range of 0-400. We assumed that polymer matrix is homogeneous
K. =KGy =K. Then shear modulus factor K is gotten in the range 0-10. Similar values of
modulus parameter were taken by Liew et al. (2006). The relationships between frequency differ-
ence percent versus Winkler constant KW and shear modulus KG for different temperature
changes and low and high temperature case are demonstrated in Figures 4a, b. A scale coefficient
epa = 2.0 nm is used in the analysis. In this figure boundary condition, length of nanoplate and

aspect ratio are assumed SSSS, 10 nm and 1 respectively. The frequency difference percent is
defined as

frequency,,_, ®) ~ frequency,,_, |

x 100
Jrequency;_, ‘

Difference percent=
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As can be seen, the Winkler constant or shear modulus decreases then the effect of thermal on
the difference percent increases. It can be seen from the results that the difference percent in-
creases with increasing the temperature change. For larger temperature change, the decline of
difference percent is quite important. Also, the difference percent for low temperature case is
larger than that for case of high temperature. Furthermore the decline for the high temperature
case is much less than that for case of low temperature. From these plots obvious the important
influence of temperature change, in the cases low and high temperature case on the non-
dimensional frequency of embedded orthotropic graphene sheet.

4.5 Nonlocal effects on natural frequency of orthotropic graphene sheet

Figure 5 shows the frequency difference percent with respect to nonlocal parameter. In this inves-
tigation we consider SSSS boundary condition, a=10 nm and a/b=1. It is seen that the frequency
difference percent increases with the increase of the temperature change. Also, the results show
that the difference percent increases monotonically by increasing the nonlocal parameter. In other
words, that nonlocal solution for difference percent is larger than the local solutions. In Figures
4a, b, and 5, the gap between low and high temperature cases increases with increasing the tem-
perature change.
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Figure 5 Variation of difference percent with nonlocal parameter for the cases low and high temperature and various changes temper-
ature of orthotropic graphene sheet. (SSSS boundary condition, a=10 nm, a/b=1).
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5 CONCLUSIONS

In this study, using the nonlocal elasticity continuum plate model, the effects of the temperature
change on the vibration frequency of orthotropic and isotropic rectangular nanoplate embedded in
an elastic medium was investigated for two cases low and high temperature. The elastic medium
based on the Pasternak foundation was taken general case (the polymer matrix was considered
non-homogeneous). Nonlocal elasticity theory has been applied to capture the structural discrete-
ness of small-size plates (nanoplates). Equation of motion based on nonlocal theory has been de-
rived. Exact closed form solutions for the free vibration nanoscale rectangular nanoplates are ob-
tained using Navier's and Levy type solutions. Results for three set boundary condition are pre-
sented by levy type solution. From the results following conclusions are observed

e Small-scale effect has an increasing effect on the non-dimensional natural frequency of or-
thotropic and isotropic rectangular nanoplate. Scale effect is less prominent in lager
length of nanoplate.

e The difference between the natural frequencies calculated by isotropic and orthotropic
properties increases with increasing aspect ratio and length of nanoplate.

e The non-dimensional frequency is larger for higher aspect ratio and length of rectangular
nanoplate.

e The non-dimensional natural frequency decreases at high temperature case with increasing
the temperature change for all boundary conditions of isotropic and orthotropic rectangu-
lar graphene sheet.

e The effect of temperature change on the non-dimensional frequency vibration becomes the
opposite at low temperature case in compression with the high temperature case.

e when Winkler or elastic factors increases, the frequency difference percent decreases at
low and high temperature cases.

e The difference percent increases monotonically by increasing the nonlocal parameter.

e The difference between low and high temperature cases increases with increasing the tem-
perature change.
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