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Abstract

Carbon nano-tube (CNT) is applied to fabricate nano-probes,
nano-switches, nano-sensors and nano- actuators. In this paper, a
continuum model is employed to obtain the nonlinear constitutive
equation and pull-in instability of CNT-based probe/actuators,
which includes the effect of electrostatic interaction and intermo-
lecular van der Waals (vdW) forces. The modified Adomian de-
composition (MAD) method is applied to solve the nonlinear gov-
erning equation of the CNT-based actuator. Furthermore a simple
and useful lumped parameter model was developed to investigate
trends for various pull-in parameters. The influence of the vdW
force and the geometrical dimensionless parameter on the pull-in
deflection and voltage of the system is investigated. The obtained
results are compared with those available in the literature as well
as numerical solutions. The results demonstrate that our devel-
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1 INTRODUCTION

With the recent growth in nanotechnology, carbon nano-tubes (CNTs) are increasingly used in
developing atomic force microscope (AFM) probes (Akita, 2001; Liet al., 2008; Cao et al., 2005),
nanotweezers (Kim and Lieber, 1999) and nano-electromechanical system (NEMS)
switches/actuators(Paradise and Goswami, 2007; Baughman et al., 1999; Ke et al., 2005). It has
been reported that the stiffness, flexibility and strength of carbon nano-tubes are much higher
than conventional materials (Esawi and Farag, 2007). Furthermore, nano-tubes can provide
various ranges of conductive properties dependent on their atomic and geometrical structure (Liet
al., 2008). Consider a typical cantilever CNT actuator suspended near an electrode surface with a
small gap in between. Applying a voltage difference between the cantilever CNT and the
conductive ground causes the CNT to deflect and be attracted toward the ground surface due to
the presence of electrostatic forces. Once this voltage exceeds a critical value, an increase in the
electrostatic force becomes greater than the corresponding increase in the restoring force, resulting
in the unstable collapsing of the CNT to the ground position. This behavior is known as the pull-
in instability and the critical voltage is called the pull-in voltage. Rasekh and Khadem (2011)
studied the pull-in behavior of the cantilever CNT with nonlinearity in curvature and



1316A. Koochi et al./The pull-in instability of the CNT-based probe/actuator

inertia.When the rate of voltage variation cannot be ignored (for example in suddenly
electrostatic charging), the dynamic issues i.e. the effect of inertia should be considered in the
model (Lin and Zhao 2003; Moghimi Zand and Ahmadian, 2009; Sedighi, 2014). The pull-in
instability related to this situation is called dynamic pull-in.

As the gap decreases from micro- to nano-scale, the van der Waals interaction predominates. The
prediction of the molecular force-induced instability of CNT actuators is a critical subject in the
design of AFM probes and NEMS switches/actuators(Noghrehabadi et al. 2011, 2012). With a
decrease in distance between the AFM probe and the sample surface, the probe jumps onto
contact with the substrate, which negates its imaging performance (Snow et al., 2002a; 2002b;
Jalili and Laxminarayana, 2004, Janghorban, 2011). Wang et al. (2004) studied the influence of
van der Waals attraction in the pull-in instability of frestanding nanotube based nanotweezers.
They determined the critical nanotube length for each specific set of nanotube parameters by
using the Galerkin method. Similarly if the minimum gap between the switch and substrate is not
considered, a NEMS switch might adhere to its substrate even without an applied voltage due to
the presence of intermolecular forces (Lin and Zhao, 2003, 2005a; Abadyan et al., 2010; Koochi et
al., 2011a, 2011b).

In order to study nanostructures, several approaches have been employed. Molecular dynamics
(MD) and molecular mechanics (MM) simulations could be used to study the mechanical behavior
of carbon-based nano-materials (Desquenes et al., 2002; Tserpes, 2007; Batra andSears, 2007; Tsai
and Tu, 2010). However these methods are very time-consuming and might not be easily used in
modeling the performance of complex structures. An alternative reliable approach to simulate the
instability behavior of a CNT interacting with an extremely large number of ground atoms is to
apply an appropriate nano-scale continuum model. A hybrid continuum model can be similarly
used to calculate the van der Waals energy, in lieu of the discrete Lennard-Jones potential
(Desquenes et al., 2002; Batra andSears, 2007;Gupta and Batra, 2008). Although continuum
models are more time-saving than the MM and MD, their approach often leads to nonlinear
equations that might not be amenable by common analytical methods (Lin WH, Zhao 2005b;
Desquenes et al., 2002).

In this paper, the pull-in instability of the cantilever CNT probe/actuator has been investigated.
The modified Adomian decomposition (MAD) is applied to solve the nonlinear governing equation
of this CNT-based system. It has been shown that MAD is a powerful and convenient method
which can effectively solve a large class of highly nonlinear problems( Rach, 2012; Duan et al.,
2008; Soroush, et al., 2012; Koochi et al., 2010; 2012; 2013).Moreover a lumped parameter model
(LPM) is developed to simply explain trends in the physical influence of nano-scale effects on the
pull-in performance of the CNT-based system. The obtained results are verified by comparing
with those from the literature as well as numerical solutions.

2 Theoretical Mode

Consider a freestanding multi-walled CNT probe/actuator above a ground plane consisting of
multiple graphene layers, with an interlayer distance of d = 3.35 A, as illustrated in figure 1. The
length of the CNT is L and the initial gap between the CNT and the ground is D. The boundary
conditions of the CNT are defined as a fixed cantilever at one end with no displacement and
rotation and traction free at the free end with no shear force and moment.
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Figure 1: Schematic representation of the cantilever CNT switch/actuator.

2.1. Electrostatic interaction

When a conductive nano-tube is placed over a conductive substrate (in the presence of an applied
potential difference between the tube and the electrode), the electrostatic charge is induced on
both the tube and the substrate. To calculate the electrical forces acting on the tube, a
capacitance model may be used. For infinitely long conductive cylinders, the capacitance per unit
length is given by (Hayt and Buck, 1930):

arccosh(1 + Rg) (1)

w

Where D is the initial distance between the tube and ground plate, and £=8.854x 10‘12C%m2is
the permittivity of vacuum. Therefore the electrostatic force per unit length is given by:
1 9 5
4, CDV?) reyV
f;zlec = = ’ (2)

d(D) \/D(szRw) arccosh’ 1+ Rg)

w

where R, is the radius of CNT and V isthe applied voltage.
By applying an external voltage differential, the nano-tube deflects towards the ground and the
distance between the nano-tube and the ground plate reduces to D-U. By considering

D £R, =D, the electrostatic force per umit length of the deflected actuator can be further
simplified as:
e, V? e, V?

f(‘ilEC: D U = D U’ (3)
D — U)arccosh?(—— D—-U)ln*2=—=
(D=Ujarccodt® (55 (DU

2.2. van der Waals interactions

A reliable continuum model has been established to compute the van der Waals (vdW) energy by
the double-volume integral of the Lennard-Jones potential (Lennard-Jones, 1930). This method
provides acceptable results for explaining the CNT-graphene substrate attraction compared to
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that of direct pair wise summation through molecular dynamics. For a single walled carbon
nanotube (SWCNT) over a graphene surface and for distances larger than 5 A, the difference
between the two values of the E, ;y, as specified by the continuum model and molecular dynamics,
is less than 1% (Tserpes, 2007). Using this approach, the energy per unit length of the carbon
nano-tube is simplified as (Tserpes, 2007):

R(R + 7)[3R?> + 2(R + r)?]
L R=R r=D 2[(R + 7’)2 _ R2]3.5

) (4)

where R, and R, are the inner and outer radii of the CNT, N is the number of graphene sheets
and o= 38 nm™ is the graphene surface density. The parameter C; is the constant of attraction
that equals 15.2 eVAS for the carbon-carbon interaction (Girifalco et al., 2000). Once the van der
Waals energy is computed, the corresponding energy terms are used to derive the component of
the intermolecular force per unit length, f ., along the r-direction. In most applications, it is
practical to assume that the diameter of tube is much smaller than the distance between the
nanotube and the graphene surface, i.e. (2R) <<D. According to this assumption, equation (4) is
simplified as

/ d(iﬁw) o i D+(N-1d R(8r* + 32r°R + 72rR? + 80rR® + 35R%)
i -, = o < [
v dr R iy 245 (1 4 2R)* (5)
D+(N-1)d 1
~ 2.2 —
~ 4C,0*m* Ny, Ry, ; =t

where Ny, is the number of walls of the nanotube and R, is the mean value of their radii.
For a large number of layers, i.e. D + (N-1)d >>D, replacing the summation with an integral
yields

D+(N-1)d Da(N-1)d
) l%lf * )ldr:i[i_ 1 ~ L (6)
=» P dJD 7 4d p* (D + (N —-1d)*  4dD*
Lastly obtain
Faw (D)= Coo*m* Ny Ry, d ' D™ (7)

2.3. Governing equations

In order to develop the governing equation of the beam, the constitutive material of the CNT is
assumed to be linear elastic, and only the static deflection of the nano-tube is considered. The
minimum energy principle was applied, which implies a state of equilibrium, when the free energy
reaches a minimum value. By applying the Hamilton principle, the governing equilibrium
equation can be determined as:
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f( dU d*U
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Where 6 denotes the variation symbol, X is the position along the nano-tube measured from the
clamped end, U is the beam deflection, E,; is the effective Young’s modulus of the CNT, which is
typically 0.9-1.2 TPa (Desquenes et al., 2002) and [ is the cross-sectional moment of inertia,
which equals n(R,*- R;')/4. By integrating equation (8), the governing equation of the cantilever

nano-tube actuator is derived as

d*U
EI— = f(:e(’ + f;u )
Jx4 lec W
au : '
U0)= dX( ) =0 (Geometrical B.C. at the fixed end),
2 3

d—U(L) d U( L)=0 (Natural B.C. at the free end).
dX® ax?

Equations (9. a-c) can be made dimensionless using the following substitutions:

U
u=—,
D
X
T==,
L
C.o*r*N L
4
dE, D
k=— and
B W€0V2L4
= T
E,,ID
These transformations yield
diu f 6]
—_— + ,
dr* k(1—u(x))*  (1—u)In?2k(1 —u)]
d
u(0) = d—;(O) =0 (Geometrical B.C. at the fixed end),
—(L) —(L) =0 (Natural B.C. at the free end).

(9.a)

(9.b)

(9.c)

(10)

(11.a)

(11.b)

(11.c)
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3 Solution methods
3.1 The modified Adomian decomposition method

The basic idea of the modified Adomian decomposition (MAD) is explained in (Wazwaz, 2001). In
order to apply the MAD, the boundary value problem is solved using a rapidly convergent infinite
series. The details of the method and mathematical computations are explained in Appendix A.
Briefly, the analytical MAD solution of Equation (11) can be obtained as the following formula:

_ lop top LB
u(z) = 2!0133 3!02:1: +4!(]f+1n2(2k))x
_i ﬁ I6] 203 CIIITG _i(ﬂ_*_ 3 n 203 022177
6!k  1n*(2k) In*(2k) Uk In(2k)  In®(2Kk) (12)
(AR T S R C, r, 68 4, 3 3 )IC, }a®
8!k In*(2k) k  In*(2k) In®(2k) ko In*(2k)  In(2k)  1n*(2k)
+ L1200 208 3 S e+

9k mP@2k) (k) 1’2k

where the constants C} and C, can be determined by solving the resulting algebraic equation from
the B.C at = = I i.e. using equation (11-b). For any given values of f, f and k, equation (12) can
be used to obtain the pull-in parameters of the nano-tube actuator. The instability in equation
(12) occurs when df(z=1)/du—0. The pull-in voltage of the system can be determined by plotting
the coordinates u vs. f.

3.2 The lumped parameter model

The lumped parameter model only simulates the tip of the cantilever. In order to develop a
simple lumped parameter model (LPM), the nano actuator shown in figure 1 is replaced by a
simplified one-dimensional structure; see figure 2. The structure is constructed from a linear
spring with a stiffness of K. The model assumes a uniform force distribution ¢ along the beam.
The elastic stiffness of the structure of a cantilever beam is K=8EI/L’, therefore the relation
between the dimensionless beam tip deflection, u,,, and the applied voltage, 5, can be defined as:

FI0°[2k(1 = )]

B=8u, (1—u, )In’[2k(1—u, )]— : 13
tip tip tip k(l—um))d (13)
e
Moveable CNT
@vdw force
| Fixed Ground (graphene)

Figure 2: Schematic representation of the lumped parameter model for a cantilever switch.
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3.3 Numerical solution

In order to verify the analytical results, the cantilever beam-type NEMS is numerically simulated
and these results are compared with those obtained by the MAD and LPM. The nonlinear
governing differential equation (11), is solved using the boundary value problem solver of the
commercial MAPLE software package. The step size of the parameter variation is chosen based
on the sensitivity of the parameter to the tip deflection. The pull-in parameters of the system can
be determined from inspection of the slope of the u-f graphs.

4 Results and Discussion
4.1. CNT Deflection and Pull-in instability

Figure 3 shows the centerline deflection of a typical CNT probe/actuator under intermolecular
force and external voltage obtained using the MAD and numerical methods. When the applied
voltage increases from zero to its critical value (pull-in voltage), the CNT deflection increase from
its initial value to the final stable deflection (pull-in deflection). This figure reveals a good
agreement between the pull-in deflection and pull-in voltage values obtained by numerical
solution and the analytical MAD. The relative error of MAD method with respect to the
numerical solution is within the acceptable range for engineering applications and can be reduced
by selecting more series terms.

The relations between the applied voltage and centerline tip deflection, when k=10 and k=50, are
presented in figures 4 and 5, respectively. These figures show that when the applied voltage
exceeds its critical value fp;, no solution exists for u,, and the pull-in instability occurs.

u
0

0.1

0.2

Numerical
03

18(Pull-in)

I I I I I
0‘40 0.2 0.4 0.6 0.8 1y

Figure 3: Deflection of thecantilever CNT fordifferentvalues of fwhen f= 25 and k= 10.
8

B 20

7+ Numerical -

Numerical - -

6F

04

tip tip

(a)
Figure 4:Theparameterf as a function of uforf/k = 0.5 when (a) k = 10 (b) k£ = 50.
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Figure 5:Effect of the van der Waals force (f) onf, (a) k=10 )b) k=50

4.2. Effect of vdW force (f) on pull-in behavior

Figure 3 reveals that the CNT has an initial deflection due to the presence of the vdW attraction
even without applying a voltage difference. This effect can be observed in figure 4 where the
intersections of the curves with the horizontal axis correspond to the initial tip deflection of CNT
induced by the presence of vdW attraction. The maximum length of the CNT, L, ., at which the
CNT does not stick to the substrate without the application of a voltage difference is called the
detachment length (Lin and Zhao, 2003; 2005a). The detachment length is the maximum
permissible length of the freestanding CNT. On the other hand, if the length of CNT is known,
there is a minimum gap, D,,,, which prevents stiction due to the van der Waals forces. The L
and D,,, are very important for reliable operation of CNT probe/actuator and can be determined
from the critical value of vdW force.

The effect of molecular force on pull-in voltage of the CNT probe/actuatoris presented in figure 5
for different values of k, k=10 and k=50. As shown, increasing the intermolecular force leads to a
decrease in the pull-in voltage of the CNT probe. Note that the intersection point of the curves
and the horizontal axis corresponds to the critical value of the molecular force. This reveals when
the gap between CNT and ground is sufficiently small, the van der Waals force can induce
stiction even without any electrostatic force.

Influence of vdW force on the pull-in deflection of the CNT is presented in figure 6(a) and 6(b)
for k=10 and k=50, respectively. Figure 6 shows that increasing the van der Waals force reduces
the pull-in deflection of the CNT.

max

4.3. Effect of geometrical parameter on pull-in behavior

The geometrical parameter k corresponds to the ratio of gap distance to CNT diameter.
Comparison between figures 5(a) and 5(b) reveals that increasing the values of k results in
increasing the pull-in voltage of CNT. This physically reveals that increasing the initial gap
between CNT and ground results in increasing the instability voltage of the system. However, k
parameter has no significant effect on the pull-in deflection of the system. Comparison between
figures 5(a) and 6(b) reveals no substantial change in the pull-in deflection of the system due to
increasing the values of £.
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4.4. Comparison with experiment

In order to verify the computed values, the pull-in voltage of a typical cantilever CNT-based
nano-probe with the following parameters was compared to experimental data in Table 1. The
length of the nanotube is L= 6.8 um, the initial gap between the nanotube and electrode is D = 3
um, and the radius and modulus of CNT are R,=5 nm and F=1 TPa, respectively. As shown, the
theoretical results are in good agreement with the experimental data. Interestingly, neglecting the
vdW force provides only 1 % change in the pull in voltage of the system. This shows that vdW
force might be omitted in real cases. However, in the case of freestanding cases or when the initial
gap is very small, vdW has a significant effect on pull-in behavior of the system.

0.6 0.6

s Numerical; k=50 Pl

05 S e e a MAD; k=50
—_——————— Lumped; k=50

Numerical

04k

0.3

~.
~.
~

021

01F 01

0 10 20 30 40 f 50 0 2 4 6 8 f 10

(a) (b)
Figure 6:Effect of the van der Waals forcefonup;: (a) k= 10 b) k = 50.

Table 1. Pull-in voltage obtained from different methods

/ Experimental . ) .
Method (Ke et al., 2005) MAD Lumped Numerical
Pull-in Voltage (volte) 48 50.39 42.03 48.79

Finally, in orderto determine the van der Waals interactionbetweendifferentmaterials (forexample
CNT actuatorover a goldsubstrate), one can utilizetheHamakerconstant, A, thatisdetermined as:

A =7°p p,C, (14)
whereg, and ¢, are thenumber of atoms per unitvolume in twointeractingbodies and
Cjisthecoefficient in theparticle-particlepairinteraction (see Lee and Sigmund, 2002).

5 Conclusions

In this work, the pull-in behavior of a cantilever CNT actuator has been investigated using a
nano-scale continuum model. It is observed that when the applied voltage increase to its critical
value (pull-in voltage), the CNT deflection reaches to its final stable value (pull-in deflection).
The presence of the vdW force reduces the pull-in deflection and voltage of the CNT
probe/actuator. Moreover, when the gap between CNT and ground is sufficiently small, the vdW
force can induce instability even without any electrostatic force. It is found that increasing the
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initial gap to radius ratios (k) of the system increases its pull-in voltage. However, variation of k
parameter has no significant effect on the pull-in deflection of the system. Results of this study
reveal that the analytical MAD is a reliable method for analyzing the pull-in behavior of CNT-
based probe/actuators. The MAD results are very close to the numerical solution as well as
experiments in literature. While lumped parameter model is useful to simplify simulations of the
physical behavior of the nanostructure for predicting trends, it cannot accurately predict the pull-
in parameters of the system. The proposed continuum model avoids time-consuming molecular
dynamics computations and makes parametric studies possible.

Appendix A: The Modified Adomian Decomposition Method (MAD)

In order to solve equation (11) by the MAD analytical method, consider a nonlinear differential
equation of a fourth-order boundary-value problem (Wazwaz, 2001),

y4 x =fzy, 0<z<L, (A1)

With boundary conditions

— / —
Equation (A.1) can be represented as
L'y z]=f ay (A.3)

Where LY is a differential operator, which is defined as

4
rt =4 (A.4)
dz
The corresponding inverse operator LY is defined as a 4-fold integral operator, that is
—4 T T
L _fo fo dz...dx (A.5)

4-fold

Employing the Adomin decomposition method (Nayfeh et al., 2005), the dependent variable in
Equation (A.1) can be written as

yx = Zyn T (A.6)

Referring to the modified Adomian decomposition method from (Nayfeh et al., 2005), the
recursive relations of Equation (A.6) can be provided as

Latin American Journal of Solids and Structures 11 (2014) 1315-1328
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Yo T = &,

A.
yn+1 z :L74 [f}c] ( 7>

If f(g) is a nonlinear function, then the nonlinear term N/f(g)]/ can be represented as a series of
Adomian polynomials tailored to the particular nonlinearity (Adomian, 1983).

00

N[fg|=324,. (A8)

n=0

where the individual A,are determined from the following formula:

4 =14 RN (A.9)
n! d\" A=0

Referring to ( Adomian, 1983; Rach, 1984), it can further be presented as the following
convenient equations

n
A, =>2Cmh(g,) (A.10)
v=1
Where
v 1 g . _
C(v,n)zzplnizlggg, Zkipi =nn>0, 0<i<nforl<p <n—v+1 (A1l
: i=1

and k; is the number of repetitions in the g,, the values of p are selected from the above range by
combination without repetition, h,(g,) is calculated by differentiating the nonlinear terms f (g), v
times with respect to g at A = 0, and can be represented as

dU

v

h,(90) = —[f(g(M)]\=o (A.12)

Hence, it is convenient to obtain the Adomian polynomials as

4 = (o)
A = C1,1)h(g0) = 91 (90)
A = L2 (00) + C2.2(g0) = gh(90) + 5 7 50) (A13)

Ay = C ) + .3y (a0) + CC. 3hs(a0) = 95ha(90) + 919:8m(00) + 900

Substituting relations (A.12) in equation (A.13), we obtain the solution components as
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=1
y = %Clﬁ + %Cﬂﬁ - %(% + 1n2’?2k))f4

b= é(%f ’ 1n2f2k) 1n32 ék))clx6 ' %(% ' lnzf%) %)Cﬂ?

7%% * 1n2f2k))(% 1n;(32k) ! 1n32 ’ék))cﬂ8

b = *é % * mfgk) L+ ln(32k) ’ 1n2?2k>)1012x8 ) ﬁ% ln%(zgk) e ln(g?k) " ln%k))}clcﬂg A
+1%)!{60[(% ’ 21115(21@)01 - %22} {% * ln2’f2k) - 1n(32k) ’ 1n2?2k))] (ikf ﬁ ln32 ék))2}$lo
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7i{(£ ’ 1n2f2k))<% 1n;(32k) ' 1n32 (ﬂ%))2 i 840[% : 1n2f2k) <H 1n(3;k) 1n2?2k))](% i 111;(92’6) lngg’@ i

12!

Appendix B: Considerations Concern with Pull-In Behavior

It should be noted that the pull-in instability is actually a Hopf bifurcation problem. Pull-in
occurs when any perturbation from the equilibrium produces electrical force/moment that cannot
be balanced with resistive elastic force/moment. When applied voltage is less than instability
voltage, the stability of solution should be considered to capture stable equilibrium point. MAD
solution can successfully predict not only the stable (lower) branch but also the unstable (upper)
branch, as shown in figure B.1. The upper and lower branches of equilibrium converge at a
saddle-like bifurcation point, where the pull-in voltage can be determined.

0.8

lJtip

0.6

04l Stable branchT

Unstable branchl

0.2
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Figure B.1:The variation of tip displacement of CNT versus the applied voltage parameter for
k=10 and f=5

Moreover, when the rate of voltage variation is not negligible i.e suddenly electrostatic loading,
the effect of inertia should be considered. The pull-in instability related to this situation is called
dynamic pull-in instability and the critical value of voltage, corresponding to the dynamic
instability, is referred to as the dynamic pull-in voltage (Lin and Zhao 2003; Moghimi Zand and
Ahmadian, 2009; Sedighi, 2014). In this paper we assume the rate of voltage variation is negligible
but when the rate of voltage variation is not negligible, the effect of inertia should to be
considered. Investigation of dynamic pull-in is beyond the scope of present work.
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