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Abstract 
In this paper, a new numerical technique, the differential quadra-
ture method (DQM) has been developed for dynamic analysis of 
the nanobeams in the polar coordinate system. DQ approximation 
of the required partial derivatives is given by a weighted linear 
sum of the function values at all grid points. A semicircular arch 
with small-scale effects is investigated by the nonlocal continuum 
theory with simply supported boundary conditions. The governing 
equations for Euler-Bernoulli nonlocal beam models are derived. 
The expressions of the bending displacement are presented analyt-
ically. The convergence properties and the accuracy of the DQM 
for bending of curved nanobeams are investigated through a num-
ber of numerical computations. It can be observed that use of 
DQM, which is independent of domain discretization to be effi-
cient. 
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1 INTRODUCTION 

DQM is a proper method in solving mathematic and engineering equations straightly. This method 
estimates a partial derivative of a variable function with respect to a coordinate at a grid point as a 
weighted linear sum of the function values at all grid points along that coordinate direction. DQ 
method was introduced for the first time by Bellman and Casti (1971), and was applied in solving 
partial differential equations by Bellman et al.(1972). The mentioned method is an efficient one in 
partial derivative estimations as well as in solving differential equations (Bellman and Adomin 1985, 
Bellman and Roth 1986). DQ method application in solving dynamic equations is fairly hard to 
cope with due to the simultaneous existence of boundary and initial conditions. Wu and Liu (2000) 
utilized DQM with generalized boundary condition to solve the sixth-order differential equations 
related to a ring deformation excited by a static load. Recently, dynamic analysis of curved beams 
are mentioned for various boundary conditions by Nikkhoo et al. (2012). 
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2 GOVERNING EQUATIONS 

The beam is assumed as a plane circular arch of constant cross section and an incompressible cen-
terline. It is essential to utilize the polar coordinates with the origin at the center of the arch, and 
denotes by r the radius of the arch, ϕ the variable angle, s the arch length equal to ϕr and ds the 
variations along the arch equal to rdϕ. One element is taken out of the arch and the element equi-
librium conditions in the tangential and normal direction as well as the moment conditions are 
written. Neglecting the effect of shear, element rotation and infinitely small quantities of higher 
orders, the following equation would be obtained (Fryba 1999). 
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where u(ϕ,t) represents tangential displacement, pn(ϕ,t) normal load per unit length of arch, pt(ϕ,t) 
tangential load per unit length of arch, pm(ϕ,t) bending load per unit length of arch, E is the 
Young’s modulus and I is moment of inertia at the beam sections and µ constant mass per unit 
length of arch. Taking the solution of this non-homogeneous equation, though possible, would be 
very time-consuming and laborious. Therefore, the approximate estimations as numerical methods 
are required to be employed. 
 
3 DIFFERENTIAL QUADRATURE METHOD 

Differential Quadrature (DQ) is capable of calculating derivative orders of the field variable up to 
N-1 order in the case of N grid points. DQ equations based on polynomial or Fourier series expan-
sion are computable; in this paper, DQ based on polynomials, which provides fine compatibility in 
analyzing high-order differential equations, is employed. The value derived for the function w(x) in 
the ith grid point is calculated via summing weighting-linear function values in the other nodes (Eq. 
(2)). Besides, nth order derivative (n=2, 3, …, N-1) in the ith grid point can be calculated in the 
same way (Eq. (3))  
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where N is the number of grid points in the x-direction, 
(1)
ikc  and 

( )n
ikc  are the weighting coefficient 

associated with the first and nth-order derivative, respectively, and w(xk) are field variables at the 
point xk (k=1,2,…,N). 
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Weighting coefficients for the first and nth-order derivatives are obtained from the following re-
currence equations 
 

    
cik

(1) =
R(1)(xi)

(xi − xk )R
(1)(xk )

i ≠ k, i,k = 1,2,…,N
 

 

(4) 
 

    
cik

(n) = n(cii
(n−1)cik

(1) −
cik

(n−1)

xi − xk

) i ≠ k, n = 2,3,…,N −1, i,k = 1,2,…,N
 

 

(5) 
 

    
cii

(n) = − cik
(n)

k=1,k≠i

N

∑ n = 1,2,…,N −1, i = 1,2,…,N  (6) 

 
where R(x) and R(1)(x) are defined as 
 

    R(x) = (x − x1).(x − x2)(x − xN )
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x1, x2, …, xN  are coordinates of the grid points that might be selected as desired. Obviously, 
weighting coefficients of the second and higher-order derivatives is computable via weighting coeffi-
cients of the first-order derivative (Eqs. (4-6)). 
 
4 RESULTS AND DISCUSSION 

The curved nanobeam was assumed as a semicircular arch with the opening angle of the arch Φ=π 
radian. Eq. (1) would be solved via DQM for a simply supported curved nanobeam. Chebyshev grid 
point distribution model is chosen as the grid point distribution model along the domain since it 
corresponds well with the interpolation of polynomials 
 

     
xi =

1− cos(
i −1
N −1

π)

2
, i = 1,2,…N ,  (9) 

 
In order to apply boundary and initial conditions separately, the Generalized Differential Quad-

rature Method was utilized since it provides acceptable convergence in obtaining analysis results of 
high-order differential equations (Wang et al. 2005). 

According to the nonlocal continuum theory (Eringen 1972), the stress at a reference point de-
pends on strain at all points in the body. The nonlocal constitutive equations can be simplified to 
 

  
(1− (e0a)2∇2 )σ ij = Cijklε kl ,  (9) 
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where σij, Cijkl and εkl are the nonlocal elasticity stress tensor, fourth order local stress tensor and 
strain tensor, respectively. The parameter e0 is estimated nonlocal elasticity constant suitable to 
each material, and a is the internal characteristic length (e.g. the C-C bond length, lattice parame-
ter and granular size). e0a is nonlocal parameter or distinctive length that means the scale coeffi-
cient which denotes the small-scale effect on the mechanical characteristics. Choice of the value of a 
parameter e0 is crucial to calibrate the nonlocal model with experimental results. In the limit when 
e0a goes to zero, nonlocal elasticity will be reduced to the classical local mode. Generally, for the 
analysis of carbon nanobeams, the nonlocal scale coefficients e0a are taken in the range 0–2 nm. Still 
contemporary research is going on to find the exact values of nonlocal parameters for various 
nanolevel structural problems. Furthermore,  ∇

2  is the Laplacian operator and is given by 

  ∇
2 = (∂2 ∂x2 +∂2 ∂y2 ) . 
The results are normalized. The tangential displacements, radial displacements and bending 

moments of the numerical solutions for the curved nanobeam under a moving load are divided by 
the tangential displacement, radial displacement and bending moment of the analytical solution 
same prismatic circular arch, subjected to a concentrated unit force, P, at the middle of the nano-
beam, respectively (Tsumura 1956). 

The results of the mentioned beam and nanobeam dynamic analysis solved via DQM are indi-
cated in Table 1 for 11, 15, and 19 nodes along ϕ and in t domain. The dynamic amplification fac-
tors for the normalized maximum bending moments (DAF1), maximum radial displacements 
(DAF2) and maximum tangential displacements (DAF3) are assumed. 

 
Table 1   The numerical analysis results for curved beam and curved nanobeam via DQ method. 

 

Number 
of grid 
points 

DAF1 DAF2 DAF3 

Local 

Nonlocal 

Local 

Nonlocal 

Local 

Nonlocal 

e0a=0 e0a=1 e0a=0 e0a=1 e0a=1 e0a=1 

11 3.33 3.33 3.32 1109 1109 1108 2498 2498 2493 

15 2.28 2.28 2.27 759 759 750 1711 1711 1708 

19 2.24 2.24 2.24 748 748 744 1685 1685 1681 
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Figure 1   The maximum radial displacement and maximum bending moment of an simply supported curved nanobeam excited by a 
moving load. 

 
According to Figure 1, maximum radial displacement and bending moment of the curved beam 

with simple boundary conditions decrease as the load moves at higher speeds. The structure defor-
mations were investigated logarithmically in the time range during the load moves over the beam. 
 

 
 

Figure 2   Convergence of the maximum radial displacement of a curved beam and curved nanobeam. 
 

In Figure. 2, the DQM convergence rate in local and nonlocal elasticity has been compared to 
the finite element method (FEM) in local elasticity. The rate of convergence for the DQM increased 
when the number of grid points increases. The FEM convergence is constant by increasing the 
number of elements. 
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5 CONCLUSIONS 

Considering the mentioned issues and the curved nanobeam dynamic analysis excited by a moving 
load, it would be concluded that: 
1- The numerical examples revealed DQM provides acceptable convergence in solving high-order 
differential equations compared to other numerical methods. DQ method was assessed in the dy-
namic in-plane deflection analysis model of curved nanobeams with different boundary conditions, 
and it was illustrated that this numerical method is adequately efficient in these problems. 
2- In DQM, convergence rate augments quadratically as the number of grid points increases and 
almost complete convergence would be achieved by assuming 20 grid points in the whole domain. 
However, when the number of grid points exceeds a certain limit, DQM leads to an ill-conditioned 
problem. In the FEM, convergence rate is constant. 
3- Initial conditions and boundary conditions of the displacement field derivative were applied sim-
ultaneously in the start/end grid points of the domain. It was revealed that DQM provides suitable 
compatibility with applying initial conditions, rigid boundary conditions, slopes and bending mo-
ments. 
4-DQ method is of relative superiority compared to the other numerical methods given its inde-
pendence from domain discretization in the structural problems with particular geometry. 
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