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Cidade Universitária, s/n, Centro de Tecnologia, Bloco B, Sala B 101 21945-970, Rio de Janeiro – RJ –

Brazil
bCivil Engineering Graduate Program – PROPEC

Department of Civil Engineering, Federal University of Ouro Preto – UFOP
Morro do Cruzeiro – Campus Universitário, s/n, 35400-000, Ouro Preto – MG – Brazil

Abstract

This work discusses numerical and computational strategies for nonlinear analysis of
frames with semi-rigid connections. Initially, the formation of the nonlinear problem is an-
alyzed, followed by the necessary computational approaching for its solution. After that,
the matricial formulations and the mathematical modeling of flexible connections, as well as
the insertion of the nonlinear process, are presented. Moreover, the necessary procedures for
characterization of semi-rigid beam-column elements, the modified stiffness matrix, the inter-
nal forces vector and the updating of the connection stiffness along the incremental-iterative
process are approached and illustrated through the text. In order to verify the success of
the implementations and the considered algorithms, the results for some types of frames
considering semi-rigid joints are compared with those supplied by literature. Some consid-
erations and conclusions about the computational implementations and results obtained are
presented at the end of this work.

Keywords: frames, semi-rigid connections, finite element method, hybrid element, nonlinear
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1 Introduction

The purpose of structural analysis is to determine stresses, deformations, resultant forces and
displacements for a given structure under determined load and boundary conditions. Based on
the results of this analysis, structural engineers are apt to verify whether a considered project
has adequate resistance and displacement requirements for a combination of load conditions
and, if necessary, to review it until all the requirements are met. A more realistic evaluation
of structure resistance against failure conditions can be reached only by analyses that take
into account several nonlinear effects. In projects of peculiar or special importance structure
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types, it is commonly recommended, due to the advance in solution methods, the expansion
of computational memory, and, more directly, the drastic decline in computation costs, that
nonlinear analyses are taken into account to investigate the behavior of structures under unusual
load conditions.

Another recurrent fact in conventional projects and structural analysis is the consideration
that the connections between beam and column are perfectly rigid or ideally pinned. The
first hypothesis implies that the angle between adjoining members remains unchanged, what
results in the assumption that the relative stiffness of connections between such elements is very
large. Otherwise, the second hypothesis results in the condition that no moment is transmitted
from beam to column, in which it is assumed that joint stiffness is very small when compared
with one of the connected members. However, such hypotheses are practically unrealizable.
Several experiments have demonstrated that, in fact, the connections are in an intermediate level
between the extreme conditions of totally rigid and ideally pinned, what means the joints have a
finite degree of flexibility. Therefore, the connections are, in practice, semi-rigid. Moreover, they
have a nonlinear behavior that can be one of the most significant sources of nonlinearity in the
structural behavior of steel frames under static or dynamic loading. Recently, the influence of
semi-rigid connections on a more realistic structural response has been recognized and provided
by some national steel design codes [1, 4, 23].

In the last few decades, some researchers have studied or developed nonlinear geometric
formulations for finite elements whose purpose is to examine the nonlinear behavior of frames
with semi-rigid connections. Lui and Chen [21], King [16], Simões [33], Chui and Chan [11],
Xu [36], Sekulovic and Salatic [31], Pinheiro [25], and Kruger et al. [19] have presented FEM
formulations, computational strategies and/or algorithms for the study of framed structures with
flexible joints. Moreover, broad studies of this subject are in the writings of Chen and Lui [7],
Chen and Toma [9], Chen and Sohal [8], and Chan and Chui [6]. Also in the last few decades,
some researchers have proposed ways to approach the moment-rotation behavior of semi-rigid
connections by finite element modeling (Lima et al. [20]), data base contending moment and
rotation values came from experimental results (Chen and Kishi [10]; Abdalla and Chen [2]) or
mathematical models (Richard and Abbott [28]; Frye and Morris [13]; Ang and Morris [3]; Lui
and Chen [21,22]; Kishi and Chen [17,18]; Zhu et al. [38]).

This work deals with detailed investigations and computational procedures concerning anal-
ysis of framed structures with semi-rigid connections. Such procedures have been integrated
into the methodology of numerical solution implemented initially by Silveira [32] and expanded
by Rocha [29] and Galvão [14]. The main objective, therefore, is to explain the necessary stages
for the computational calculus process about the analyses under study. As such, the following
section will approach, in a general way, the nonlinear problem formation. Section 3 will discuss,
succinctly, some of the formulations used in analysis of frames with flexible joints, including
some models used for behavior representation of these connections. After that, the characteriza-
tion of data structures and some of the algorithms used in the formation of the stiffness matrix
and internal force vector are presented, as well as the computational strategies for nonlinear

Latin American Journal of Solids and Structures 2 (2005)



Procedures for analysis of frames with semi-rigid connections 341

solutions and updating joint stiffness. In section 5, results are presented from the analysis of
various examples of semi-rigid frames. Finally, in section 6 some conclusions and considerations
about the computational implementations and reached results are detailed.

2 The nonlinear problem

The equilibrium and stability analysis of slender structural systems via the finite element method
(FEM) involve, invariably, the solution of a nonlinear algebraic equation system. In a nonlinear
incremental analysis that incorporates iterative procedures in each incremental step for attain-
ment of the structure equilibrium, two different stages can be identified. The first of them,
called Predictor Step, involves the attainment of incremental displacements through structure
equilibrium equations from a determined load addition. The second step, called Corrector, seeks
to correct the incremental internal forces obtained from displacement additions by use of an it-
erative process. Then, such internal forces are compared with external loads, achieving the
quantification of the unbalance existing between internal and external forces. The corrective
process is remade until the structure, by a convergence criterion, is in equilibrium. In other
words,

Fi
∼= Fe, or Fi(d) ∼= λFr, (1)

where the internal force vector Fi is a function of the displacements d in the nodal points
of the structure, Fe is the external force vector and λ is the load parameter responsible for the
Fr scaling, which is a reference vector whose magnitude is arbitrary, that is, only its direction
is important.

The methodology used in the present work is based primordially on the Eq. (1) solution in an
incremental-iterative form, or, for a sequence of load parameter increments ∆λ1, ∆λ2, ∆λ3....,
∆λNINC , where NINC denotes the desired number of load steps, calculating the respective
sequences ∆d1, ∆d2, ∆d3, ..., ∆dNINC of nodal displacement increments. However, as Fi is a
nonlinear function of the displacements, the solution to the problem (∆λ, ∆d) does not satisfy,
a priori, the Eq. (1). After the choice of an initial increment of the load parameter (∆λ0), the
initial increment of the nodal displacements ∆d0 is determined. Then, it is necessary, using an
iteration strategy, to correct the incremental solution initially proposed with the objective to
restore the balance of the structure by most efficient way possible. Incremental and iterative
strategies have been widely discussed and analyzed in the works of Rocha [29] and Clark and
Hancock [12]. In a computational context, for a given load step, this process can be summarized
in two stages:

1. Starting from the last configuration of equilibrium of the structure, a load increment is
selected, defined here as initial increment of the load parameter – ∆λ0 –, trying to satisfy
some constraint equation (arc-length equation, for example) imposed to the problem. After
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the selection of ∆λ0, the initial increment of the nodal displacements ∆d0 is determined.
∆λ0 and ∆d0 characterize what is called predicted incremental solution;

2. In the second solution stage, using a given iteration strategy, the correction of the incre-
mental solution initially proposed in the previous stage is sought, with the goal to restore
the equilibrium of the structural system as efficiently as possible. If the resulting itera-
tions involve not only the nodal displacements d, but also the load parameter λ, then an
additional constraint equation is required. The form of this constraint equation is what
distinguishes the several iteration strategies.

3 Semi-rigid element formulation

A semi-rigid connection can be modeled as a spring element inserted in the intersection point
between the beam and the column. For the great majority of the steel structures, the effects of
the axial and shear forces in the deformation of the connection are small if compared with those
caused by the bending moment. For this reason, only the rotational deformation of the spring
element is considered in practical analyses. To simplify the calculation, the spring element of the
connection has, for hypothesis, a lowest size, although some authors already take into account
an eccentricity value relative to the connection element length, as described by Sekulovic and
Salatic [31].

Starting from the connection modeling of springs with rotation stiffness, the presence of these
last ones will introduce, as illustrated in Fig. 1, φci and φcj relative rotation values in i and j
nodes of the member, respectively. Then, the equations that describe the nonlinear behavior of
a structural system ideally rigid are modified. In Pinheiro [25], modifications were analyzed in
two nonlinear formulations: that described by Torkamani et al. [34] and Yang and Kuo in its
linearized form [37]. A simple way to obtain the stiffness matrix takes into account the final
relationship of force-displacement of the beam-column member in the local coordinate system
(see Fig. 2).

Among the several procedures used to modify the matricial equations of frame members for
consideration of semi-rigid connections, three stand out: the methodologies described by Chan
and Chui [6], Sekulovic and Salatic [31], and Chen and Lui [7]. All of them were also discussed
and analyzed in Pinheiro [25]. Moreover, also in this last reference, the resulting matricial
equations for the proposed procedures are detailed.

In a nonlinear analysis context, the resultant matricial equations are expressed in an incre-
mental way (Fig. 2). The force and displacement vectors represent the load and displacement
increments, respectively, preferably their total values. The analysis is executed in small linear
steps, using, for instance, some of the techniques described in Rocha [29]. The stiffness matrix
is now a function of the axial force, the bending moments in the extremities, and the connection
stiffness, which is constantly updated throughout the whole analysis. In the case of the con-
nection stiffness, its value is updated in each load step, and it depends on the behavior of the
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(a) Undeformated shape.

 

 

(b) Deformated shape.

Figure 1: Beam-column element with semi-rigid connections.

connection modeled in an analytical or mathematical way. Such procedures will be approached
with more details in the following section, having also been treated in Pinheiro [25] and Pinheiro
and Silveira [26].

3.1 Mathematical modeling of the semi-rigid connection

For a frame analysis with semi-rigid connections, the first procedure to be accomplished by a
computational program is the reading of the parameters that characterize the behavior of each
semi-rigid connection. Among the existent mathematical models used toward this end, there
are the linear and nonlinear types. For a linear model, only one parameter defining the stiffness
of a connection is required. The moment-rotation expression can be written as

M = So
cφc, (2a)
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 Figure 2: Force-displacement relation used by Yang and Kuo [37] and its modification for con-
sideration of semi-rigid connections.

where So
c is a constant value of the initial stiffness of a connection, which can be expressed

in terms of the beam stiffness and of a rigidity index proposed to indicate the degree of joint
flexibility. This index is the fixity factor γ of both nodes of the hybrid element. The fixity factor
varies from zero, for the ideally pinned case, to 1, for the perfectly rigid case, and supplies the
initial stiffness of the connection by expression

So
c =

γ

1− γ

3EI

L
, (2b)

which EI and L are the flexural rigidity and the length of the beam, respectively. The So
c

value remains constant along the analysis procedure, without the requirement for updating the
connection stiffness. This is the simplest connection model and it was widely used in the early
stages of developing analysis methods in semi-rigid joints. However, it is not accurate for large
deflections but can be used in linear, vibration and bifurcation analysis where the deflections
are small [6].
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In the case of a nonlinear model, usually a larger number of parameters are necessary. Such a
model should be able to supply updated values of stiffness at each incremental-iterative step. A
method commonly used to determine the moment-rotation relationship of connections is to fit a
curve for experimental data using simple expressions. These expressions are called mathematical
models, relating the moment and the rotation of the joints directly by mathematical functions,
using some values of curve-fitting parameters. Since extensive tests in several types of connec-
tions have been made in the last decades, much data, for various joint types, is accessible for
obtaining the necessary parameters for the mathematical models. A good mathematical model
should be simple, having physical meaning and requiring few parameters. Besides, it should
always guarantee the generation of a smooth curve, with a positive first derivate, and to cover
a wide range of connection types [6]. Among the several models that exist in the literature,
three will be discussed here. The first of them is the exponential model, proposed by Lui and
Chen [21,22], whose mathematical expression of the moment-rotation curve is given by

M = Mo +
n∑

j=1

Cj

[
1− exp

(− |φc|
2jα

)]
+ Rkf |φc| , (3a)

and its tangent connection stiffness has the form of

Sc =
dM

dφc

∣∣∣∣
|φc|=|φc|

=
n∑

j=1

Cj

2jα
exp

(− |φc|
2jα

)
+ Rkf , (3b)

in which M is the moment value in the connection, Mo the initial moment, | φc | the abso-
lute value of the rotational deformation of the joint; Rkf the strain–hardening stiffness of the
connection, α a scaling factor, n is the number of terms considered, and Cj is the curve-fitting
coefficients.

In general, the Chen-Lui exponential model gives a good representation of nonlinear connec-
tion behavior [6], in spite of requiring a large number of parameters for curve fitting. However,
if there is an abrupt change in the moment-rotation curve sharp, this model could not represent
it correctly. Consequently, Kishi and Chen [17, 18] modified the Chen-Lui model, so that this
one could accomodate any accentuated change in M-φc curve. Under the loading condition, the
function proposed by these researchers is written as

M = Mo +
m∑

j=1

Cj

[
1− exp

(− |φc|
2jα

)]
+

n∑

k=1

Dk (|φc| − |φk|) H [|φc| − |φk|], (4a)

and its tangent connection stiffness has the form of

Sc =
dM

dφc

∣∣∣∣
|φc|=|φc|

=
m∑

j=1

Cj

2jα
exp

(− |φc|
2jα

)
+

n∑

k=1

DkH [|φc| − |φk|], (4b)
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where the values of M , Mo, α, and Cj are the same as those defined by Eq. (3), φk is the starting
rotations of linear components, Dk are curve-fitting constants for adjustment of the linear part
of the curve, and H [φ] is the Heaviside step function defined as

H [φ] = 1 when φ ≥ 0, (5a)

H [φ] = 0 when φ < 0. (5b)

Among the several existing models for representation of semi-rigid connections behavior, one
proposed by Richard-Abbott [28] describes the moment-rotation relationship as

M =
(k − kp) |φc|[

1 +
∣∣∣ (k−kp)|φc|

Mo

∣∣∣
n]1/n

+ kp |φc| , (6a)

and the corresponding tangent stiffness by

Sc =
dM

dφc

∣∣∣∣
|φc|=|φc|

=
(k − kp)[

1 +
∣∣∣ (k−kp)|φc|

Mo

∣∣∣
n](n+1)/n

+ kp, (6b)

where k is the initial stiffness, kp is the strain-hardening stiffness, n is a parameter defin-
ing the sharpness of the curve, and M0 is a reference moment. Since this model needs only
four parameters to characterize the joint behavior and always supplies a positive stiffness, it
is an effective computational model, and one of the most used models to represent semi-rigid
connections [6, 7, 30].

4 Computational procedures

The general procedure for nonlinear solutions used in this work is illustrated in Fig. 3. After
the reading of the general data of the structural system, accomplished in DATA 1, the next step
is the reading of the second data file (DATA 2). In this last one is the information regarding
the nonlinear solution strategy, such as the element nonlinear formulation to be used, the incre-
ment and iteration strategies, the maximum number of iterations by increment, the convergence
criterion, among other parameters relative to the chosen solution strategy. More details about
the elaboration of this file can be found in the dissertations of Rocha [29] and Galvão [14].
Following, some of the stages shown in Fig. 3 will be approached.

4.1 Initialization parameters

The first procedure to be accomplished by the program for nonlinear solution is the reading of
the first file of input data (according to Fig. 3), which has data concerning to the structure
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geometry, finite element discretization, conectivities between elements, material properties, etc.
Additionally, this file also will have all of the necessary parameters for the characterization of
the stiffness-rotation behavior of each semi-rigid connection inserted in the structure.

 
 

 Figure 3: Flowchart of the general nonlinear solution.

If a linear model to characterize a flexible joint has been used, only the information about
which finite elements have semi-rigid nodes, which node is semi-rigid, and its respective fixity
factor given by Eq. (2) are necessary. Fig. 4 illustrates the input data of a frame with four
semi-rigid connections modeled by the Chen-Lui exponential function presented in the previous
section. The pertinent data for this characterization are the following ones:

a) STIF: it initializes the reading of the data concerning the semi-rigid connections;
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b) SRFOR: it indicates which modification procedure of the stiffness matrix to the flexible
connections will be used. This variable can be 1, what takes to the sequence of Chen and
Lui calculations [7]; 2, takes the Chan and Chui procedure [6]; or 3, signaling the use of
the Sekulovic and Salatic calculations [31];

c) NMODEL: it indicates the number of models that will represent the nonlinearity of the
semi-rigid connections used in the analysis. Since there are three options (exponential,
modified exponential, and Richard-Abbott models), only one model can be chosen to
represent the flexible connections of the structure, any associations two by two of those
models, or even all of them. The last two cases can be useful in situations where not
all of the existent connections in the structure can, or ought to, be represented by the
same mathematical model, needing to use a certain model for a group of connections and
another model, or even more than one, for another group(s). Then, NMODEL assumes
values varying from 1 to 3. For the example in Fig. 4, since only the exponential model is
used, NMODEL is equal to 1;

d) CTYPE: it indicates which model will be used for representation of the behavior of the
connections, assuming a value of 1 for the use of the Chen-Lui exponential, 2 for the
modified exponential, or 3 for the Richard-Abbott model. From now on, all of the following
data are for the model chosen here. In the case of NMODEL to be equal to 2 or 3 (in other
words, more than one mathematical model is being used to characterize the joints), after
all the necessary data to this CTYPE were inserted, the new CTYPE value(s) should be
entered and, since then, the corresponding data;

e) NGELM: it measures the number of hybrid element groups that have the same parameters
strictly, in both nodes, to be used in the chosen model in CTYPE. In the example shown
in Fig. 4, this value is 2, because there are only two groups of existent hybrid elements,
although all the connections are represented by the same mathematical model: those with
semi-rigid parameters only in the i node, and those with semi-rigid parameters only in the
j node.

If the model used in the analysis is the exponential, in case of CTYPE equal to 1, after
the data previously described it should be inserted the parameters of this mathematical model,
which are RKF (the strain-hardening stiffness of the connection); ALPHA (scaling factor); and
J (number of terms in the sum of Eq. (3)). Then, the J values that will be used in Cj for the
formation of the Eq. (3) should be inserted. If the modified exponential model (CTYPE equal
to 2) has been used, after the same necessary data to the Chen-Lui expression, the value of M
should also be introduced, defining the number of terms of the linear components and, soon
after, the M values of DK and PHIK, which denote the curve-fitting constants and the initial
rotations of the linear components, respectively. Finally, using the Richard-Abbott model, with
CTYPE equal to 3, instead of the parameters of the exponential models, the values of K, KP, M0
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 Figure 4: Input data example for a frame with single web angle joints.

and N should be inserted in order, to indicate the initial stiffness, the strain-hardening stiffness
of the connection, the reference moment, and the parameter defining the sharpness of the curve,
respectively. Soon afterwards, the finite elements that will receive these semi-rigid connections
should be identified, what is made by the following data:

f) NG: represents the number of sub-groups of elements that have the same modeling pa-
rameters;

g) NOSR: indicates which node has a stiffness variation. If NOSR is equal to 1, only the
stiffness of i node will have nonlinear behavior, in other words, modeling by Eqs. (3), (4),
or (6) for the connections located in the i node. If it is equal to 2, only the stiffness value
of the connection located in the j node will be updated by the chosen model (modeling
also by Eqs. (3), (4), or (6) for the connections located in the j node). Besides, if NOSR
is equal to 3, both stiffnesses of the element nodes will be updated from the same model
and parameters. However, if the connections of both nodes are represented by different
mathematical models, or by the same model but with different parameters, first should be
entered the first model and the data regarding the i node, with NOSR assuming a value
of 41, and then, for the second model and for the same hybrid elements, entered the data
regarding the j node, with NOSR equal to 42;

h) KEL1, KEL2: delimits the interval, in other words, in which element begins and finalizes
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each one of NG sub-groups of elements described by the same modeling parameters.

4.2 Stiffness matrix assembling

For the stiffness matrix assembling of semi-rigid frames, three formulations can be chosen: Chan
and Chui [6], Sekulovic and Salatic [31], and Chen and Lui [7]. Each one of these can act
to modify the formulation originally described for frames with rigid connections described by
Torkamani et al. [34] or Yang and Kuo in its linearized form [37]. For each element, the following
steps are executed:

1. Evaluation of the rotation matrix;

2. Evaluation of the stiffness matrix for each finite element. If the element have not flexible
connections, the formation of the stiffness matrix will be made by the nonlinear formulation
described in the second input data file, it can be chosen as proposed by [34] or [37].
Otherwise, if the element is semi-rigid, the stiffness matrix will be calculated using the semi-
rigid formulation selected in the first input data file by the SRFOR variable, presented in
the subsection 4.1. Then, the methodology of [34] or [37] will be modified by the procedure
proposed by [31], [7] or [6]. The descriptions of the respective matricial procedures are
detailed in [25];

3. The stiffness matrix will be taken to the global system;

4. Finally, the element stiffness matrix will be stored in the global stiffness matrix of the
structure.

4.3 Internal force vector assembling

In this stage of the nonlinear process, it is necessary to obtain the internal force vector for the
hybrid element. The sequence of calculations to be accomplished for obtaining this vector is the
following:

1. Obtaining the incremental natural displacements vector;

2. Calculation of the stiffness matrix of the hybrid element, followed by the steps 1 to 3
discussed in the procedure of the subsection 4.2;

3. Obtaining the incremental internal force vector by multiplication between the stiffness
matrix of the hybrid element and the incremental natural displacement vector;

4. Identification of the internal forces that cause deformation in the element, in other words,
nodal moments and axial force;

5. Calculation of the total internal force vector by sum of the accumulated values until the
reference configuration with the incremental values;
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6. Transformation of the vector to the global system;

7. Finally, storage of the internal force vector of the element in the global internal force vector
of the structure.

4.4 Iterative process

The initialization of the incremental-iterative process is accomplished by considering that the
field of displacements and the structure tension state are already known for the last load step
t, from where it wishes to determine the equilibrium configuration for the load step t + ∆t.
Figure 5 illustrates, consequently, the basic steps for a nonlinear solution from an incremental-
iterative process based on the Newton-Raphson method, using, in that case, an arch-length type
constraint equation [29].

 
 

 Figure 5: Basic steps for iterative solution based on Newton-Raphson method coupled with
arc-length technique [29].

In this process, it is necessary to say that:

• k is referred as an iteration number counter;

• k = 0, defines the predict incremental solution;

• k = 1, 2, ... defines the Newton-Raphson iterative cycle;

• λ and d define the load parameter and the total nodal displacements, respectively;
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• ∆λ and ∆d characterize the load parameter and nodal displacement increments, measured
in the last equilibrium configuration;

• δλ and δd are the load parameter and nodal displacements corrections obtained during
the iterative process.

4.5 Updating of the flexible connection stiffness

In structures where the connection stiffness also has a nonlinear behavior, it becomes necessary,
therefore, to update this value at each load step. Then, it is necessary to intercede in the
sub-routine (NEXINC) that updates the parameters used in the nonlinear analysis for the next
increment. The updating of the semi-rigid values of the hybrid element follows the next steps:

1. Identification of the semi-rigid elements to be updated;

2. Evaluation of the relative rotation increment obtained during the last load step by divi-
sion of the nodal incremental moment by the connection stiffness value in the reference
configuration t;

3. Calculation of the total relative rotation by sum of the incremental value with the accu-
mulated until the reference configuration t;

4. Assembling of the equation that describes the connection nonlinear behavior using a matrix
that stores the data of the chosen model in CTYPE;

5. Obtaining the updated connection stiffness value by substitution of the total relative ro-
tation in the expression obtained in the previous step.

Then, the new connection stiffness value from step 5 is used in the assembling of the stiffness
matrix and internal force vector in the next load step. Besides, the accumulated relative rotation
is updated to be used again in the following load step, where the procedures from 1 to 5 will
be repeated after the convergence of the iterative process. More details about the necessary
computational implementations for the analysis of frames with semi-rigid connections are in
Pinheiro [25] and Pinheiro and Silveira [26].

5 Numerical examples

5.1 Nonlinear analysis of frames with floor variation

Numeric analyses of simple storey frames with different numbers of floors will be used to illus-
trate the theoretical observations presented in the previous sections. Figure 6 displays the first
example, regarding a simple portal frame. The geometric data of the structure, as well as the
properties of their members, are in the same illustration. Results obtained from two typical cases
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will be analyzed and compared: ideal connections (rigid and pinned) and semi-rigid. For this
last one, two types of connections were considered, namely, double web angle (DWA) and top
and seat double web angle (TSDWA). The data regarding these two connections were obtained
from Sekulovic and Salatic [31] and Chen and Kishi [10] works.

The characteristic values for the horizontal displacement on the top of this frame regarding
the first and second order analyses, both achieved for ideal and semi-rigid connections, are in
Table 1. In addition, the bending moment values in the base of the structural system for linear
and nonlinear analyses, as well as the critical loads, achieved following the semi-rigid element
formulation proposed by Chan and Chui [6], are in Table 2.

Figures 7 and 8 show the horizontal displacement on node 3 and the bending moment in
node 1 as a function of the fixity factors between beam and column for different load levels.
The division of these values with those obtained from the same frame with pinned connections
normalizes the results.

 
 

 Figure 6: Simple portal frame.

A variation of this example is presented in Fig. 9, in which a two-storey frame is shown. The
dimensions of this structural system are in the same illustration, as well as the properties of their
members. Tables 3 and 4 exhibit the results of linear and nonlinear analyses, both obtained for
the ideal (rigid and pinned) and semi-rigid cases, using the same types of connections for simple
portal frame.

The two tables previously mentioned show the difference among the results achieved for first
and second order solutions. It can also be observed that the methodology of Chan and Chui [6]
used in the nonlinear analysis produced, for most of the examined cases, similar results to those
supplied by Sekulovic and Salatic [31].

Finally, Fig. 10 exhibits the value of the normalized critical load P for semi-rigid frames
with different numbers of floors as a function of the fixity factor. The value of P is obtained by
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Table 1: Horizontal displacements of node 3 in the simple portal frame, obtained using first and
second order analyses (P = 450 kN, H = 0,005P).

Connection
type

Horizontal displacement in the node 3 (×10−4m)
1st Order 2nd Order

Ref. [31]* Present Error Ref. [31]* Present Error
Rigid 25.79 25.788 0.01% 36.38 36.335 0.12%
TSDWA 28.70 28.693 0.02% 42.34 42.298 0.10%
DWA 30.95 30.971 0.07% 47.41 47.440 0.06%
Pinned 75.73 75.723 0.01% 868.69 923.792 6.34%
* Theoretical results supplied by Sekulovic and Salatic [31].

Table 2: Bending moment values for node 1 in the simple portal frame, obtained by first and
second order analyses (P = 450 kN, H = 0,005P).

Connection
type

Bending Moment in the node 1 (kN.m)
Critical load (kN)

1st Order 2nd Order
Ref. [31]* Present Error Ref. [31]* Present Error Ref. [31]* Present Error

Rigid 2.524 2.5238 0.01% 3.377 3.3720 0.15% 1530 1533 0.20%
TSDWA 2.639 2.6388 0.01% 3.665 3.6588 0.17% 1395 1385 0.72%
DWA 2.728 2.7291 0.04% 3.910 3.9062 0.10% 1289 1283 0.47%
Pinned 4.503 4.5022 0.02% 43.591 46.067 5.68% 489 489 0.00%
* Theoretical results supplied by Sekulovic and Salatic [31].
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 Figure 7: Influence of the connection flexibility for horizontal displacement on node 3.

 
 

 Figure 8: Influence of the connection flexibility for bending moment on node 1.
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 Figure 9: Two-storey frame.

division of the critical load value for each one of the semi-rigid frames by that one achieved for
ideally rigid connections case.

Table 3: Horizontal displacements of node 5 in the two-storey frame, obtained using first and
second order analyses (P = 100 kN, H = 0,005P).

Connection
type

Horizontal displacement in the node 5 (×10−4m)
1st Order 2nd Order

Ref. [31]* Present Error Ref. [31]* Present Error
Rigid 23.35 23.258 0.39% 25.45 25.429 0.08%
TSDWA 27.85 27.867 0.06% 31.10 31.101 0.00%
DWA 31.51 31.575 0.21% 35.78 35.834 0.15%
Pinned 176.61 176.609 0.00% 925.41 946.002 2.23%
* Theoretical results supplied by Sekulovic and Salatic [31].
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Table 4: Bending moment values for node 1 in the two-storey frame, obtained by first and second
order analyses (P = 100 kN, H = 0,005P).

Connection
type

Bending Moment in the node 1 (kN.m)
Critical load (kN)

1st Order 2nd Order
Ref. [31]* Present Error Ref. [31]* Present Error Ref. [31]* Present Error

Rigid 1.171 1.1709 0.01% 1.248 1.2468 0.10% 1115 1115 0.00%
TSDWA 1.239 1.2392 0.02% 1.335 1.3346 0.03% 921 921 0.00%
DWA 1.292 1.2923 0.02% 1.405 1.4051 0.01% 806 804 0.25%
Pinned 3.001 3.0007 0.01% 12.457 12.4600 0.02% 122 122 0.00%
* Theoretical results supplied by Sekulovic and Salatic [31].

 

 
 

 
Figure 10: Influence of the connection flexibility in the critical load value.
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5.2 Non-linear behavior of portal frames with semi-rigid connections

Now, the structure to be analyzed is a simple bay two-storey frame with nonlinear connections
and different support conditions. Figure 11 shows the three situations considered for the sup-
ports. For the case (b), an elastic support modeled by a spring with linear behavior, whose
stiffness constant value is 0.1(EI/L)c, where the subscript “c” refers to the column. The value
corresponds to, in the discretization carried out, a fixity factor equal to 0.032258064. The beams
are wide flange shaped section W14×48 and were modeled with two finite elements, while the
columns are wide flange shaped section W12×96 and were modeled by one element in the struc-
tural model. Just like in the previous example, small lateral forces were applied to the frame to
induce an imperfection to the structure. The magnitudes of those lateral forces are 0.001P on
the top of the second floor and 0.002P on the top of the first floor.

 
 

 Figure 11: Simple bay two-storey frame with different support conditions: (a) pinned; (b) semi-
rigid; (c) fixed.

A more realistic representation of the connections behavior was used in this example. For
such, four types of connections were modeled using the Chen-Lui exponential model: single web
angle, top and seated angle with double web cleats, flush and plate connection, and extended end
plate connection, named, respectively, by A, B, C and D, whose respective parameters, based on
experimental researches, are related in [21] and [6]. The characteristic moment-rotation curves
of each connection are plotted in Fig. 12. Also according to [21] and [6], connection A was tested
by Richard et al. [27], while B was rehearsed by Azizinamini et al. [5]; connections C and D
were tested by Ostrander [24] and Johnson and Walpole [15], respectively. Beyond of these four
connection models, the results achieved for a fifth type, the ideally rigid, will also be presented.

Figures 13, 14 and 15 exhibit the results obtained to the frame with pinned, elastic (or semi-
rigid) and rigid supports, respectively, using the four connection models mentioned previously.
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In these graphs the values of the present work were obtained from the computational imple-
mentation accomplished using the semi-rigid element formulation proposed by [6]. Therefore,
such values were compared with those supplied by these authors, with the exception done to the
example in Fig. 11b, whose results are in Chen and Lui [21] (Fig. 14).

 
 

 Figure 12: Moment-rotation curves represented by the Chen-Lui exponential model for the tested
connections.

 
 

 
Figure 13: Load-deflection curves for pinned support.
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 Figure 14: Load-deflection curves for semi-rigid support.

 
 

 Figure 15: Load-deflection curves for fixed supports.
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5.3 Six-Storey Frame (Vogel Frame)

The two bay six-storey frame with rigid connections shown in Fig. 16 was proposed by Vogel [35]
as a calibration example to verify the accuracy of analyses and formulations of frames. Here,
the structure will be used to compare results obtained among rigid and semi-rigid connection
considerations in a nonlinear solution, while still having to investigate the constant and variable
semi-rigid situations.

The total height of the frame is of 22.5 m and its total width is 12 m. The sections used
for the members are presented in Fig. 16a and their properties are in Tab. 5. The uniformly
distributed load was modeled as a group of equivalent nodal loads, as shown in Fig. 16b. Four
finite elements were used to model each beam and one element was used for each column. Fig.
16b displays this discretization, including the numbering of the nodes and the equivalent nodal
loads.

For the nonlinear solution, three situations were considered for the connections: ideally
rigid, linear stiffness, and nonlinear stiffness. In order to obtain a more realistic behavior of the
frame, the four types of connections used are presented in Fig. 12. In this analysis, as in the
previous example, the Chen-Lui exponential model was used for the moment-rotation behavior,
whose parameters used in the mathematical expression is described in Chan and Chui [6] and
Pinheiro [25]. For the hypothesis of the connection to have a linear behavior, only the initial
value of stiffness, also achieved in the Chen-Lui model, is taken into account.

Table 5: Geometrical properties of the steel sections used in the Vogel frame.

Perfil d b tw tf k A Ix Iy Zx
(mm) (mm) (mm) (mm) (mm) (cm2) (cm4) (cm4) (cm3)

IPE240 240 120 6.2 9.8 15 39.1 3892 284 367
IPE300 300 150 7.1 9.8 15 53.8 8356 604 628
IPE330 330 160 7.5 10.7 18 62.6 11770 788 804
IPE360 360 170 8.0 11.5 18 72.7 16270 1043 1019
IPE400 400 180 8.6 12.7 21 84.5 23130 1318 1307
HEB160 160 160 8.0 13.5 15 54.3 2492 889 354
HEB200 200 200 9.0 15.0 18 78.1 5692 2003 643
HEB220 220 220 9.5 16.0 18 91.0 8091 2843 827
HEB240 240 240 10.0 17.0 21 106.0 11260 3923 1053
HEB260 260 260 10.0 17.5 24 118.0 14920 5135 1283

Illustration 17a displays the load-displacement curves to the Vogel frame for hypotheses of
rigid and linear semi-rigid connections. As expected, for the same load values, the frame with
rigid connections has smaller displacements than that with semi-rigid connections. In Fig. 17b
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 Figure 16: Vogel frame: (a) original model; (b) discretized model with equivalent nodal loads.
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are the equilibrium paths for the same structure, but with considerations for the connection
stiffness varying nonlinearly according to the exponential model. For a better comparison of the
results, Fig. 18 exhibits all the paths found by the accomplished computational implementation,
considering the four initial assumptions of the connection stiffness.

 

(a)

 
 

(b)

Figure 17: Vogel frame analysis: (a) linear connections; (b) nonlinear connections.

6 Conclusions and comments

This article had a main objective: to illustrate some of the computational details necessary for
the nonlinear analysis of steel structured frames with semi-rigid connections. Computational
aspects related to a strategy of incremental-iterative solution, connection stiffness and moment-
rotation curves were discussed.

Based on a comparison of the results, it can be concluded that nonlinear analysis procedures
of semi-rigid structural systems were implemented with success in the methodology of nonlinear
equations system solution proposed initially by Silveira [32]. The processes investigated for the
stiffness matrix modification of a semi-rigid element subjected to a nonlinear analysis produced
extremely accurate results when compared with those found in the literature, as can be noted
in the previous examples. Such results demonstrate not only the validity of the procedures
suggested by the authors, but also the computational implementation for connections with linear
behaviors, as well as those that behave in a nonlinear way. This last observation emphasized that
the adopted form to update the connection stiffness for each load step produced quite accurate
results as well. The use of an incremental procedure for the calculation of the total angle of
rotation, whose value will be inserted in the mathematical equation that models the behavior
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Figure 18: Comparison between the various joint types for the Vogel frame.

of the connection, supplying a new stiffness, was decisive for the obtaining of the accuracy
demonstrated in the results.

Additionally, it can be concluded that the nonlinear formulation proposed by Yang and Kuo
[37] for frames without flexible joints can be adapted and adjusted perfectly when the presence of
them, producing identical results to those presented by Chan and Chui [6]. This methodology,
likewise, demonstrates an equivalency to that proposed by Sekulovic and Salatic [31], as the
results obtained for the first example of the section 5 demonstrate.

In the examples provided, it is clear from the final results that there is a significant difference
between the results obtained from frames with ideal connections and those with semi-rigid
connections. Besides, the influence of the second order theory can be seen, in the first example,
by difference between the results obtained for linear and nonlinear analyses. It is necessary to
point out that in those analyses the stiffness values of the connections DWA and TSDWA were
worked in terms of the fixity factor values, which were given by Sekulovic and Salatic [31].

Still, it is noted that in the elastic analysis the behavior of an unbracing frame is strongly
controlled by the flexibility effect of the connection, as can be observed in the results of examples
5.2 and 5.3. In the case of connection D, for instance, the beginning of the load-displacement
curve is identical in both linear and nonlinear cases. However, the effect of the joint nonlinearity
does make such connection reaches out very inferior load when compared with a constant semi-
rigid situation. For small displacements the considerations for linear and nonlinear semi-rigid
connections, mainly for more rigid connections, are almost indistinguishable.
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