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Abstract 
Based on the propagation theory of elastic wave under thermal effect, a model of S-wave incident bedrock-
saturated soil-unsaturated soil site is established to study the issue of seismic ground movement under the 
site. The analytical solution of the seismic ground motion of the bedrock - saturated soil - unsaturated soil site 
can be derived from the analysis of the wave field in the site under thermal influence. By numerical simulation, 
the influence of physical and mechanical parameters such as temperature, thermal conductivity, saturation 
and groundwater level on the ground motion of the site earthquake is analysed. The results show that the 
amplification coefficients of the horizontal and vertical displacement of the site are significantly differ 
between the thermal effect and isothermal condition models. The variation in the thermal expansion factor 
and the Kelvin temperature of the medium significantly influences on the amplification factor of the vertical 
ground motion, while the variation of the thermal conductivity factor and the phase delay time of the heat 
flow have little influence on the amplification factor of the surface ground motion. As the angle of incidence 
increases, the amplification factor of the horizontal surface displacement gradually decreases, and the 
amplification coefficient of the vertical displacement first increase and then decrease. The amplification 
parameter of horizontal displacement of surface decreases with increasing groundwater level and saturation, 
while the amplification parameter of vertical displacement grows. 
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1 INTRODUCTION 

The seismic ground motion response is significantly influenced by site conditions (FJ et al., 2015; Trifunac et al., 
2016; Yu et al., 2021), often manifesting as amplification or attenuation of seismic waves. The properties of near-surface 
soils and hydrological conditions in epicentral regions are recognized as critical factors affecting seismic wave 
propagation characteristics (Wang et al., 2024; Lu et al., 2023). In recent years, temperature variations induced by global 
warming have exerted considerable impacts on the behavior of geomaterials (Ma, 2023), prompting increased attention 
to the coupled thermo-mechanical mechanisms through which site conditions influence seismic wave propagation 
(Zhang et al., 2024; Huang et al., 2022; Ba et al., 2017; Ba et al., 2020). However, existing research has predominantly 
focused on wave propagation under isothermal conditions, leaving the seismic performance of complex sites in non-
isothermal environments inadequately explored. 

The development of soil layer models has evolved from single-phase elastic media to saturated and unsaturated 
porous media. Biot (1956) first established the dynamic governing equations for saturated porous media. Based on this 
foundation, Wei et al. (2002), Cai et al. (2006), and Xu et al. (2009) subsequently developed wave propagation equations 
for unsaturated porous media. When waves encounter interfaces, reflection and transmission occur, exciting different 
types of waves and thereby influencing seismic motion characteristics (Ye et al., 2005; Jiang et al., 2017). Among various 
factors, degree of saturation (Yang, 2001; Li, 2002; Li et al., 2018; Xia et al., 2006; Zhao et al., 2012; Chen et al., 2013; 
Yao, 2023) and groundwater level (Wang, 2016; Hu, 2017) are crucial, as they not only alter wave propagation 
characteristics but also affect the energy carried by elastic waves. Subsequently, research has been extended to two-
layer site models to investigate seismic response under oblique incident waves (Che, 2018; Hua et al., 2019; Dong, 2023). 
However, all the aforementioned studies are based on isothermal conditions and do not account for thermo-mechanical 
coupling effects. 

Heat transfer within soil layers is an inherent physical phenomenon. With the increasing prominence of global 
warming, the impact of temperature variations on soil layers and engineering structures has attracted growing atten-
tion. Phenomena such as glacier melting and sea-level rise exacerbate thermal disturbances in geotechnical environ-
ments, posing serious challenges to the reliability of engineering construction. This has prompted in-depth research in 
fields such as thermodynamics and geotechnical engineering (Wen et al., 2021; Li, 2023; Liu, 2020a; Kaur et al., 2023; 
Yang et al., 2024a; Yang et al., 2024b). Since Biot (1956) established the wave propagation theory for single-phase ther-
moelastic solid media, studies on the characteristics of thermoelastic wave propagation have gradually become sys-
tematic. Based on this, Pecker (1973) developed wave equations for saturated porous thermoelastic media, revealing 
the existence of thermal waves under non-isothermal conditions, similar to those in thermoelastic solids. This phenom-
enon was experimentally verified by Berryman (1980), Plona (1980), and Johnson et al. (1994). Liu et al. (2009) and Liu 
et al. (2016) further developed a fully coupled nonlinear thermo-hydro-elastodynamic response model for saturated 
porous media, accounting for the influence of temperature on fluid flow and other factors. Interfaces between media 
affect wave propagation, causing phenomena such as transmission and reflection. Zheng et al. (2013; 2014) and Liu et 
al. (2020b) investigated the reflection characteristics of SV-waves at interfaces and analyzed the influence of thermo-
physical parameters on wave velocity. However, research on the thermo-hydro-mechanical coupled wave theory for 
unsaturated soils—commonly encountered in engineering—remains relatively limited, particularly regarding the seis-
mic response characteristics of complex sites under thermo-hydro-mechanical coupling. Building on achievements in 
isothermal models, Liu et al. (2021) and Zhou et al. (2020) established thermoelastic wave equations for unsaturated 
soils and analyzed the influence of thermodynamic parameters on wave velocity and amplitude reflection ratio. Yang et 
al. (2023; 2024c) further developed models for SV-wave incidence in single-phase–unsaturated soil and homogeneous 
layered elastic foundations, studying the influence of physical parameters on surface displacement amplification fac-
tors under different angles of incidence. These works have advanced research on the seismic response of complex sites 
under thermoelastic wave incidence. 

Based on thermo-elastic wave theory, this study establishes a bedrock-saturated soil-unsaturated soil site model to 
investigate the characteristics of seismic wave propagation under non-isothermal conditions. Using the Helmholtz 
decomposition theorem and incorporating appropriate boundary conditions, an analytical solution for the seismic 
response of the site under SV-wave incidence at arbitrary angles is derived. Numerical simulations are conducted to 
systematically examine the influence of key parameters such as groundwater level, degree of saturation, and thermal 
conductivity coefficient on surface displacements. The results provide a theoretical basis for seismic response analysis of 
geo-structural sites under non-isothermal conditions. 



  

2 The fluctuation equations for the site 

In order to study the seismic response of bedrock-saturated soil-unsaturated site under thermal effect, this 
section will establish the wave equations of three media in turn. Although the governing equations of each medium are 
different, the wavenumber solving process follows a unified mathematical path. As a key parameter to characterize the 
wave propagation characteristics, the wave number directly affects the wave velocity and attenuation behavior, and 
plays an important role in accurately calculating the seismic ground motion response of the site. 

2.1 Equations of motion for monophase thermoelastic media 

The rock layer is simulated by monophase thermoelastic medium. According to the general theory of thermoelas-
ticity, the wave equation of a monophase thermoelastic medium is (Liu 2024a): 

( )u uu s2 s s
e e e e eee( ) 3 b TKm l m b f r &&   (1a) 

( ) ( ) ( )u us e 2
e e0 e e e e ee e e e

s
e3 b q s qTK T c K qb t r f t f f t f& &&& &&&  (1b) 

In the formula: the subscript e represents the single-phase elastic medium; e ebe ( 2 / 3)K l m= +  represents the 

bulk modulus; el  and em  are the lame constants of the elastic medium, respectively. The density of the elastic medium 

is expressed by er  ; the thermophysical parameters of solid phase heat, thermal conductivity, coefficient of thermal 

expansion, phase delay time of heat flow and phase delay time of temperature gradient are expressed by sec , eK , eTβ , 

eqτ , eθτ  respectively. eT  and e0T  represent the temperature of the Kelvin medium and the initial temperature, 

respectively. su  represents the displacement vector of the solid medium. 
Through Helmholtz vector decomposition, the displacement vector field is decomposed into scalar potential and 

vector potential, and the coupled vector equation is transformed into a scalar equation that is easier to solve. Its decom-
position form is: 
s

s su Hy   (2) 

To construct the general solution of the wave equation, the potential function of the wave is assumed to be:

s s peexp[i( )]A k x ty w= -   (3a) 
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T
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where sA , TA , sB  represent the amplitude coefficients of P-wave (including T-wave) and S-wave, respectively; pek  

and sek  represent the wave numbers of P-wave and S-wave; w  denotes the frequency.  

In order to solve the wave number of each wave, the formula (2) is substituted into the formula (1) and combined 
with the formula (3), and the dispersion characteristic equation of the body wave in the thermoelastic solid medium is 
derived as follows: 
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Eq. (4) represents the characteristic equation of a compression wave, which includes the T wave, and Eq. (5) 

represents the characteristic equation of a shear wave, which is also called an S wave. The expressions e11k , e12k , e21k , 

e22k  are described in Appendix A. 

2.2 Equations of motion for saturated porous thermoelastic media 

The wave equation of a saturated porous thermo-elastic medium is given by Liu (2020a) according to the generalised 
thermo-elastic theory: 
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The saturated porous medium is represented by v; vl  and vm  are the Lame constants of the saturated porous 

media, respectively. vtr  denotes the density of the saturated porous media; vsn  represents the porosity of the saturated 

porous media; the thermophysical parameters vqτ , vθτ , vK  and Tvb  represent the heat flow phase delay time, the 

temperature flux phase delay time, the thermal conductivity and the thermal expansion coefficient of the saturated 

porous media, respectively. vT  and v0T  represent the Kelvin medium temperature and the initial temperature. su  

represents the displacement vector of the solid medium; lu  denotes the relative displacement of the liquid phase with 
respect to the solid skeleton. Further expressions are given in reference (Liu 2020a).  

The Helmholtz potential function decomposition form of the displacement vector of the solid phase and the liquid 
phase medium is introduced. That is, through the Helmholtz vector decomposition, the displacement vector field is de-
composed into scalar potential and vector potential, and the coupled vector equation is transformed into a scalar 
equation that is easier to solve. Its decomposition form is: 
s

s su Hy   (7a) 

ll
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In order to construct the general solution of the thermoelastic wave equation of saturated porous media, the 
potential function of the wave is assumed as: 

pvexp[i( )]A k txa ay w= -   (8a) 

svexp[i( )]H B k x taa w= -   (8b) 

T
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where ( = s, l)αA α , TA , Ba  represent the amplitude coefficients of P-wave (including T-wave) and S-wave, 

respectively; pvk  and svk  denote the wave numbers of compressional and shear waves.  

Combined with the assumption of the potential function, it is substituted into the wave equation to obtain the 
dispersion characteristic equation of the thermoelastic wave in the saturated porous medium, which is used to obtain 
the wave number of each wave. 
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Equation (9) is the dispersion equation of the P-wave (including the T-wave), and equation (10) is the dispersion 

equation of the S-wave. The expressions v 11tb , v 12tb , v 13tb , v 21tb , v 22tb , v 23tb , v 31tb , v 32tb , v 33tb , v 11tc , v 12tc , v 21tc , v 22tc  

are described in Appendix A. 
By solving the characteristic equation, six different complex wave numbers can be derived from equation (9), and 

two different complex wave numbers can be derived from equation (10). Then the wave velocity of compressive wave 
and shear wave can be obtained. 

2.2 Equations of motion for unsaturated porous thermoelastic media 

The relative displacements lu  and gu  of the liquid and gas phases with respect to the solid skeleton are introduced. 
According to the thermoelastic theory of porous media, the wave equation of unsaturated porous thermoelastic media 
is obtained as (Liu 2020a): 

l g s l g2 s s
u u u 1 2 3 u u ul ug( ) ( ) ( ) ( )u u D u D u uD u um l m f r r r+ +&& && &&   (11a) 



  

l ll
l g s l ls

1 2 3 u u4 u u( ) ( ) ( )B u u uB u B u uB f r J n+ += && && &   (11b) 

g gg
l g s g gs

5 6 7 u u8 u u( ) ( ) ( )B u u uB u B u uB f r J n+ += && && &   (11c) 

s s l l g g 2
1 u 2 u 3 u 4 u u u u u u u( ) ( ) ( )( ) ( )q q q qC u u C u u C u u C K qt t t t tf f f f& && && & & && && &&   (11d) 

The expressions 1D , 2D , 3D , 1C , 2C , 3C , 4C  are described in Appendix A. 

Unsaturated porous media are represented by u, where ul  and um  are the Lame constants of unsaturated porous 

media. g  is the effective stress parameter, which represents the proportion of the contribution of matrix suction to the 

effective stress. ur  is the total density of unsaturated porous media, which is the synthesis of the apparent densities of 

the solid, liquid and gas phases. usn  represents the porosity of unsaturated porous media; The thermophysical 

parameters uK , qut , uqt  and uTb  represent the thermal conductivity, the heat flow phase delay time, the temperature 

gradient phase delay time and the thermal expansion coefficient of the unsaturated porous medium, respectively. u0T  

denotes the initial temperature; su , lu  and gu  represent solid, liquid and gas phase displacement vectors respectively. 
In addition, other expressions are given in the reference (Liu 2020a). 

In order to decouple the vector wave equation of solid-liquid-gas three-phase coupling, based on the Helmholtz 
vector decomposition principle, the displacement field of each phase is decomposed into scalar potential and vector 
potential, so that the original control equation is transformed into a scalar form which is easy to solve. Its decomposition 
form can be expressed as: 
s
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In order to construct the general solution of the thermoelastic wave equation of unsaturated porous media, the 
potential function of the wave is assumed as: 

puexp[(i )]A k txb by w= -   (13a) 

suexp[i( )]H B k x tbb w= -   (13b) 

T
puexp[i( )]A k x tf w= -   (13c) 

where ( = s, l, g)βA β , TA , Bb  represent the amplitude coefficients of P-wave (including T-wave) and S-wave, 

respectively; puk  and suk  denote the wave numbers of compressional and shear waves. 

In order to determine the wave number of each wave in unsaturated porous media, the potential function is intro-

duced into the wave equation, and then the corresponding thermoelastic dispersion characteristic equation is derived. 
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Eq. (14) is the P-wave dispersion equation (including T-wave), and Eq. (15) is the S-wave dispersion equation, where 
the elements are: 
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Eight different complex wave numbers can be solved from formula (14), and two different complex wave numbers 
can be solved from formula (15). Other expressions are also given in reference (Liu 2020a). 

3 Analysis of the wave field 

In order to solve the displacement amplification factor that characterizes the dynamic response of the site, this 
section will perform wave field analysis based on the aforementioned model. Firstly, the potential function of wave in 
each medium is established. Then, the Snell theorem is used to coordinate the wave vector, and the complete stress-
displacement boundary condition is used to construct the equation set for solving the amplitude coefficient. The solu-
tion of the equation set determines the surface displacement amplification factor of the site. 

Under the assumption that the plane S wave with a frequency of w  is incident at any angle isq  from the rock layer 

to the interface of the rock-saturated porous thermoelastic medium, As shown in Figure1, three kinds of reflected waves 
(reflected P wave, reflected S wave, reflected T wave) are generated in the rock layer, and four kinds of transmitted 
waves and four kinds of reflected waves are generated in the saturated soil layer. As the seismic wave propagates further 
in the soil layer, five kinds of transmitted waves and five kinds of reflected waves (reflected P1 wave, reflected P2 wave, 
reflected P3 wave, reflected T wave, reflected S wave) will be generated in the unsaturated porous thermoelastic medium. 

3.1 Solution in a homogeneous layer 

The wave field functions of single-phase medium, saturated porous medium and unsaturated porous medium are 
expressed as follows, which lays a foundation for the subsequent coupling solution of amplitude coefficient. 

Body wave potential function in monophase thermoelastic medium: 
2
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Body wave potential in saturated porous thermoelastic medium: 
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Body wave potential in unsaturated porous thermoelastic media: 
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where y , f  and H  represent the potential functions of P-wave, T-wave and S-wave respectively; the subscripts e, 

v and u represent single-phase thermoelastic media, saturated porous thermoelastic media and unsaturated porous 
thermoelastic media respectively. The subscripts i, r and t denote incident wave, reflected wave and transmitted wave, 
respectively. A  and B  represent the amplitude coefficients of P-wave (including T-wave) and S-wave, respectively. The 
solid-liquid two-phase in saturated porous media is represented by ( = s, l)α α . A three-dimensional representation of 

the solid-liquid-gas phase behavior in unsaturated porous media is given by the symbol s, l, g( )b b = . isk  and isc  

represent wave numbers and wave velocities of incident S-waves, respectively. erpnk , ersk , erpnc , ersc  represent wave 

numbers and corresponding wave velocities of reflected compression waves and reflected shear waves in single-phase 



  

media, respectively. vtpnk , vtsk , vtpnc , vtsc , vrpnk , vrsk , vrpnc , vrsc  represent the wave number and wave velocity of 

transmission compression wave and transmission shear wave in saturated porous media, and the wave number and wave 

velocity of reflection compression wave and reflection shear wave, respectively. utpnk , utsk , utpnc , utsc , urpnk , ursk , urpnc , 

ursc  represent the wave numbers and wave velocities of the transmissive compression wave and transmissive shear wave, 

and the wave numbers and wave velocities of the reflective compression wave and reflective shear wave in unsaturated 
porous materials, respectively. l and n are the directional vectors in the x and z direction, respectively.  

According to Snell 's theorem, at the interface of adjacent medium layers (single-phase and saturated soil layer, 

saturated soil and unsaturated soil layer), the horizontal wave number of each body wave must be equal to meet the 

condition of phase matching in the propagation process, that is: 
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  (25) 

In order to simplify the solution, the proportional relationship of potential function amplitude is introduced to 
greatly reduce the number of unknowns and reduce the computational complexity, which is the key prerequisite for 
constructing solvable equations. 

From formula (4) and formula (5) the ratio of the amplitude of the potential function of the P-wave and the T-wave 
in the single-phase thermoelastic medium is derived. 
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From formula (4), two meaningful solutions can be obtained, which are not the general solution of the dispersion 
characteristic equation, but the specific solution applicable to the site model, corresponding to n = 1,2 respectively. T-
wave and S-wave potential functions in a saturated porous thermoelastic medium can be derived from Eq. (9) and Eq. 
(10) as follows: 
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Three effective solutions are obtained from Equation (9). This solution is not the general solution of the dispersion 
characteristic equation, but the special solution under the site model, then n = 1, 2, 3. The ratio of the amplitude of the 
potential function of the P-wave and the T-wave in the unsaturated porous thermoelastic medium is derived from the 
equation (14) and the equation (15): 
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There are four meaningful solutions to the dispersion characteristic equation (14), which represent three kinds of 
body waves (three kinds of compression waves and thermal waves) in the model. Therefore, n = 1, 2, 3, 4. The expressions 

11nd , 12nd , 13nd , 14nd , 15nd , 16nd , 21nd , 22nd , 23nd , 24nd , 25nd , 26nd , 31nd , 32nd , 33nd , 34nd , 35nd , 36nd  are described in 

Appendix A. 

3.2 Boundary condition 

The incident S wave amplitude is set to 1, and the site contains 21 unknown wave amplitude coefficients (3 in bed-
rock layer, 7 in saturated soil layer and 11 in unsaturated soil layer). In order to solve all the unknowns, 21 independent 
equations need to be established. Through the stress-displacement continuous boundary conditions at each interface, 
the linear equations are established. Among them, the interface between the bedrock layer and the saturated soil layer 
is treated as impermeable, the interface between the saturated soil layer and the unsaturated soil layer is permeable, 
and the surface is a free permeable and adiabatic boundary. Through the boundary conditions of stress displacement 
continuity and temperature continuity, the amplitude coefficient of each wave can be determined, and then the seis-
mic ground motion response of the site can be analyzed. 

The boundary constraints at the junction between the single-phase thermoelastic and saturation thermoelastic 
media at z=H1 are as follows: 

s s s s s l s s s s
e v e v v v e v e v e v

e v
e v, , , , , ,xz xz zz zz zz zz xz xz zz zz K K
z z

u u u u u u
f f

s s s s f f= = = == ==   (29) 

The boundary constraints at the junction between a saturated porous thermoelastic medium and an unsaturated 
porous thermoelastic media at z=h1 are as follows: 

s s s s l l s s s s v u
v u v u v u

l
v

l
v u uv u v u v uu, 0,, , , ,, , zzzz zz xz xz zz zz zz zz xz xzu u u u u u K K

z z
P P Ps

f f
fs s fs= = = = = === = (30) 

The boundary conditions at the junction between the unsaturated porosity and the free surface at z=0 are as follows: 
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u
uu 0, 0, 00, 0,zz xz P P

z

f
s s= = = ==   (31) 

Expressing stress displacements in the footing 
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Expression of stress and deformation in the saturation layer of the soil 
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Expression of stress and deformation in the unsaturated soil layer 
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  (34) 

Substitution of the wave field function equations (22) - (24) into the boundary condition (31) and the stress 
displacement expression (34) gives the amplitude coefficients to solve, which can be expressed as the following linear 
equations: 



  

21 21 21 1 is 21 1A=F N G   (35) 

where serp1 serp2 ers svtp1 svtp2 svtp3 svrp1 svrp2 svrp3 svts svrs[ , , , , , , , , , , ,A A B A A A A A A B B=N  

T
sutp1 sutp2 sutp3 sutp4 surp1 surp2 surp3 surp4 suts surs, , , , , , , , , ]A A A A A A A A B B  

F  is a 21 × 21 matrix with the elements 1(1) 21(21)~f f  and the elements 1 21~a a  in matrix G  given in Appendix B. 

3.3 Displacement of free surface 

The displacement and stress of each point in the site can be determined once the wave field has been determined. 

Substitute the expressions (22) - (24) into the expressions of the free surface water displacement xu  and the vertical 

displacement zu  to obtain: 
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  (37) 

In this study, the 
0xu u  and 

0zu u  amplification factors are utilized to idenitify the horizontal and vertical 

displacement characteristics of the free site. The amplification factors reflect the displacement amplitude ratio of the 

site surface in the horizontal and vertical directions relative to the incident wave amplitude, 0u . 

4 Numerical examples 

4.1 Verification 

Yang et al. (Yang et al., 2023) investigated the wave motion of a plane S-wave incident from bedrock to unsaturated 
free site under thermal influence. In verification of the a posteriori solution processes described in this paper, the 

thickness of the saturated soil h → 0. This degeneres into a problem pertaining to seismological ground motion of plane 
S-wave incident bedrock-unsaturated free site under the thermal effect. In the verification calculation, physical 
parameters consistent with those presented in the aforementioned literature (Yang et al., 2023) are utilized. Figure 2 
illustrates that the calculus outcomes of this paper are in substantial alignment with the calculus results of the surface 
horizontal displacement amplification coefficient in relation to the incident angle in comparison to the literature 
solutions. This demonstrates the efficacy of the solution methodology presented herein. 

The cross-sectional model of the site, depicted in Figure 1, is established to serve as a simulacrum of the bedrock-
saturated soil-unsaturated soil site. The lowermost layer of the model is a homogeneous, infinitely deep bedrock stratum, 
which is considered to be a single-phase elastic medium. The total thickness of the overlying soil is H1 = 100 m, comprising 
the saturated soil layer with thickness h = 30 m and the unsaturated soil layer with thickness h1 = 70 m. The groundwater 
level height is denoted by h, while the groundwater depth is defined as (H1-h). In order to minimise the potential for 
calculation errors to be introduced by the thickness of the soil layer, this paper utilises the displacement amplification 
factor to investigate the displacement change occurring at the free surface. 

During the process of seismic wave propagation, it can be idenitifed that the velocity of the S wave is inferior to that 
of the P wave. In accordance with Snell’s Law, the incident angle of the S-wave is lower than the reflected P-wave angle 
and the transmitted P-wave angle. At this juncture, a critical angle emerges. Should the incident angle of the S-wave 
exceed the critical angle in question, then the phenomenon of reflection and transmission will cease to exist. The 

calculation formula 
cs is tparcsin( )c cq =  of the critical angle indicates that the critical angle is approximately 22°. 

Accordingly, the range of incident angle variations presented in the subsequent text is defined as 0° to 22°. 
Subsequently, the seismic ground motion response of S-wave incident bedrock-saturated soil-unsaturated soil site 

under thermal effect is studied by numerical calculation, and the influence of physical parameters such as thermal con-
ductivity, saturation and groundwater level on site ground motion is analyzed. The physical parameters used in the nu-
merical calculation are listed in Table 1, Table 2 and Table 3 (Liu 2020a) except for special instructions. The selection of 
the soil parameters was based on the work of Liu (2020a), and the layer thickness and boundary conditions were re-
ferred to the research setting of Hu (2017) to achieve a reasonable simplification of the actual site and reflection of its 



  

dynamic characteristics. In this paper, the typical silty sand is taken as the representative, which is widely distributed in 
natural and engineering environments. It can effectively characterize the thermodynamic behavior of unsaturated soil 
in the temperature change area, so as to simulate the thermal-hydro-mechanical coupling response of the actual infra-
structure site. 
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Figure 1 Cross section of bedrock-saturated soil-unsaturated soil site 
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Figure 2 Comparison with Yang et al. (2023) on the variation of the horizontal displacement amplification factor 

Table 1. Material parameters for single-phase thermoelastic media (Liu 2020a) 

Material  
parameters 

Lame  
constant 

Lame  
constant 

Density 
Solid phase 

heat 
Kelvin medium 
temperature 

Initial  
temperature 

Heat flux phase 
delay time 

Frequency 

Symbol 
(unit) 

e  

(KPa)  
e  

(KPa) 
e  

(kg/m3) 
esc  

(J/kg/K) 
eT  

(K) 
e0T  

(K) 

eq  

(s) 

f  

(Hz) 

Magnitude 12×106 8×106 2700 1046 293.2 300 2.0×10-7 10 
 

Material  
parameters 

Temperature gradient 
phase delay time 

Thermal expansion  
coefficient 

Coefficient of thermal  
conductivity 

 

Symbol 
(unit) 

e  

(s) 

eT  

(K-1) 

eK  

(J/s/m/K) 

 

Magnitude 1.5×10-7 3.0×10-4 2.5  

Table 2 Material parameters of saturated porous thermoelastic media (Liu 2020a) 

Material  
parameters 

Lame  
constant 

Lame  
constant 

Porosity 
Solid  

density 
Liquid  

density 
Compression modulus of 

solid particles 
Liquid phase compression  

coefficient 

Symbol  
(unit) 

v  
(KPa) 

v  
(KPa) 

vsn  
 

vs
 

(kg/m3) 

vl
 

(kg/m3) 

svK  
(KPa) 

vwp
 

(Pa-1) 

Magnitude 4.4×106 2.8×106 0.4 2650 1000 3.6×107 4.58×10-10 
 
Material  

parameters 
Solid phase thermal  

expansion coefficient 
Coefficient of thermal  

expansion of liquid phase 
Thermal expansion coefficient of  

saturated porous thermoelastic media 
Kelvin medium  
temperature 



  

Symbol  
(unit) 

vsT
 

(K-1)  
vwT

 
(K-1) 

vT  
(K-1) 

vT  
(K) 

Magnitude 7.8×10-6 2.1×10-4 1.0×10-4 293.2 
 
Material  

parameters 
Initial  

temperature 
Heat flux phase  

delay time 
Temperature gradient 

phase delay time 
Liquid phase 
specific heat 

Solid phase 
heat 

Coefficient of thermal  
conductivity 

Symbol  
(unit) 

v0T  
(K) 

vq  
(s) 

v  
(s) 

vlc  

(J/kg/K) 

vsc  

(J/kg/K) 
vK  

(J/s/m/K) 

Magnitude 300 2.0×10-7 1.5×10-7 4180 1000 2.5 
 

Material  
parameters 

Frequency 
 

Symbol  
(unit) 

f  

(Hz) 

 

Magnitude 10  

Table 3 Material parameters of unsaturated porous thermoelastic media (Liu 2020a) 

Material  
parameters 

Lame  
constant 

Lame  
constant 

Porosity 
Solid  

density 
Liquid  

densities 
Vapor  

density 
Compression modulus of 

solid particles 
Inherent  

permeability 

Symbol  
(unit) 

u  

(KPa)  

u  

(KPa) 

usn  

 

us  

(kg/m3) 

ul  

(kg/m3) 

ug  

(kg/m3) 

suK  

(KPa) 

uk  

(m2) 

Magnitude 4.4×106 2.8×106 0.4 2650 1000 1.3 3.6×107 1×10-10 
 
Material  

parameters 
liquid-phase  

saturation-degree 
Saturation 
saturation 

residual  
saturation 

Material parameters 
of V-G model 

Solid phase 
heat 

Pore air 
pressure 

Frequency 

Symbol  
(unit) 

ulS  

 
ulsatS  

 
ulresS  

 

  

(Pa-1) 
m 
 

d 
 

usc  

(J/kg/K) 

ugP  

(KPa) 

f  

(Hz) 

Magnitude 0.6 1.0 5% 0.0001 0.5 2 1000 101.3 10 
 
Material  

parameters 
Solid phase thermal  

expansion coefficient 
Coefficient of thermal  

expansion of liquid phase 
Thermal expansion coefficient of 

porous media 
Liquid phase compression  

coefficient 

Symbol  
(unit) 

usT  

(K-1) 
uwT  

(K-1) 
uT  

(K-1) 

uwp  

(Pa-1) 
Magnitude 7.8×10-6 2.1×10-4 1.0×10-4 4.58×10-10 
 
Material  

parameters 
Heat flux phase delay 

time 
Temperature gradient phase  

delay time 
Coefficient of thermal  

conductivity 
Liquid phase  
specific heat 

Gas compared 
to heat 

Symbol  
(unit) 

uq  

(s) 

u  

(s) 
uK  

(J/s/m/K) 
ulc  

(J/kg/K) 

ugc  

(J/kg/K) 
Magnitude 2.0×10-7 1.5×10-7 0.4 4180 1900 

 
Material  

parameters 
Kelvin medium  
temperature 

Initial temperature 
 

Symbol  
(unit) 

uT  

(K) 
u0T  

(K) 

 

Magnitude 293.2 300  

4.2 Effect of thermal conductivity on free field seismic ground motions under different incident angles 

Thermal conduction is the principal mechanism of heat transfer in the lithosphere. It plays a key role in the 
exploration of geothermal resources, the detection of high-temperature structures in the lithosphere, and the 
transmission of seismic waves in high-temperature mediums. Thermal conductance has a very diverse applications (Hou 
et al., 2021). As shown in Figure 3, before the critical angle is encountered, the vertical and horizontal displacement 
amplification factors alter with the variation in thermal conductivity. To investigate the influence of thermal conductivity 
of unsaturated soil on earthquake movement, three values of 0.3J/(m•s•K), 0.4J/(m•s•K) and 0.5J/(m•s•K) were 
selected to investigate the free field. The values of other related physical quantities are indicated in Table 1, Table 2 and 
Table 3. 

From the evaluation of the values in Figure3, it can be observed that when the S-wave is incidence vertical upward 
(the angle of incidence is 0°), the vertical dispersion amplification factor of the ground is null, and the horizontal 
dispersion amplification factor becomes maximum around that moment. With an increasing angle of incidence, the 
horizontal amplitude amplification coefficient of the site initially declines and then gradually rises, while the vertical 



  

amplitude amplification coefficient first grows and then decreases. In particular, Figure 3 illustrates that as the 
conductivity value increasing, the trend of the displacement enhancement coefficient of the free-field site is coherent, 
indicating that the variation of the conductivity has a minor impact on the seismic response of the field, which can be 
almost negligible. Nevertheless, when temperature variations and conditions of steady temperatures are accounted for, 
the ground motion response of the site exhibits distinct properties. In isothermal elastic wave analysis, the impact of 
changes in temperature is not considered, causing the elimination of the T-wave in the theoretical model. The 
consideration of the coupled impact of the variation in temperature is essential when investigating the propagation 
properties of elastic waves in porous multiphase media, as shown by the divergence of the elastic wave displacement 
amplification coefficients between isothermal and non-isothermal models. Based on the differences between the 
propagation coefficients of elastic waves in the isothermal and non-isothermal conditions, it can be inferred that the 
investigation of the propagation properties of elastic waves in multiphase porous medium is highly relevant to the 
observation of the coupled phenomenon of temperature variations in the isothermal and non-isothermal conditions. 
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Figure 3 The influence of thermal conductivity on (a) horizontal displacement amplification factor and (b) vertical 

displacement amplification factor at different incident angles 

4.3 Correlation research between coefficients of thermal expansion and deformation amplification under changing 
angle of incidence 

The coefficient of heat expansion is a crucial quantity for assessing the thermal expansion of a thermoelastic 
material. It represents the thermal stability of the media and holds a prominent position in the physics governing the 
stress-strain relation of bulk materials and heat transfer expression (Hou et al., 2021). Research has demonstrated that 
the coefficient of thermal expansion has a significant effect on the movement of the site. In this investigation, the 
variation ranges of thermal dilatation coefficients of unsaturated soil layers are examined, namely 1.0×10-4(K-1) ~ 3.0×10-
4(K-1), and the free-field condition is studied. Tables 1, 2 and 3 provide the figures for other relevant physical properties. 

Figure 4 shows the variation of the surface displacement amplification coefficient with the thermal expansion 
coefficient before the critical angle appears. When the S wave is incident vertically at 0°, it mainly produces shear 
deformation. Since the thermal expansion coefficient is essentially related to the volumetric stress-strain response, and 
the volumetric strain is negligible under this incident condition, the energy dissipation is minimized, and the seismic wave 
energy can be efficiently transmitted to the surface. The horizontal displacement amplification factor reaches the 
maximum (1.468 ~ 1.958), while the vertical displacement amplification factor is zero. With the increase of incident angle, 
according to Snell 's theorem, S-wave no longer propagates vertically, and wave mode conversion occurs at the interface, 
resulting in reflection and transmission P-wave, which in turn leads to pore pressure change and energy dissipation, 
resulting in a gradual decrease in the amplification coefficient of horizontal displacement. At the same time, the P-wave 
derived from the wave mode conversion increases with the increase of the incident angle, the conversion efficiency 
gradually increases, and the vertical displacement response increases. However, when the angle exceeds a certain angle, 
the energy dissipation is significantly enhanced, and the vertical displacement amplification factor gradually decreases. 
In addition, with the increase of thermal expansion coefficient, the mechanism of thermoelastic coupling and energy 
dissipation is strengthened, which leads to the increase of vertical displacement amplification coefficient in different 
degrees within the critical angle range, indicating that the change of thermal expansion coefficient has an important 
influence on the surface displacement response. It has important reference value for seismic design and seismic risk 
assessment of engineering sites with significant temperature change areas. 
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Figure 4 The influence of the coefficient of thermal expansion on (a) the horizontal displacement amplification coefficient 
and (b) the vertical displacement amplification coefficient under different angles of incidence 

4.4 Observation of the displacement amplification effect of the heat flux phase delay under different incident angles 

A modification of Fourier's law of thermal conductivity is the addition of the phase lag time of the heat flux. It 
represents the time-lag effect in the process of heat transfer and is used to determine the temporal characteristics in the 
process of heat conduction. It can precisely describe the non-time response properties in the dynamic processes of heat 
conduction, and provides a solid theoretical basis for the regulation and optimisation of heat transfer in the fields of 
thermodynamics and geotechnics. The magnification factors of the vertical and horizontal displacements as a function 
of the delay time of the heat flow phase up to the appearance of the critical angle are shown in Figure 5. The phase delay 
time of the heat flux varying from 2.0×10-7(s) to 6.0×10-7(s) and the free field is considered, constraining the scope of the 
examination to unsaturated soil layers. Other physical parameters are derived from Tables 1, 2 and 3.  

In Figure 5, when the S-wave is incident vertically upper (the incident angle is 0°), the vertical displacement 
enhancement factor of the field is null, whereas the horizontal displacement amplificates reached the optimum. The 
intrinsic fluctuation band is 1.498 ~ 1.958, which is mostly restricted to the incident angle interval of 0° ~ 8°. In comparison, 
the vertical displacement amplifying magnitude varied from 0 to 0.654, and its substantial transformation appears in the 
entrance angle interval of 10° ~ 20°. Meanwhile, as the angle of incidence increases, the amplification factor of the 
horizontal ground displacement shows a decreasing tendency, while the amplification coefficient of the vertical 
displacement presents the characteristics of first incrementing and then decrementing. It should be noted that as the 
phase delay time of the heat flux is increasing, the surface dislocation amplification maintains a steady trend within the 
marginal angle interval, which is attributed to the solid-liquid-gas three-phase wave formula. The varying phase delay 
time of the heat flux has no consequence on the governing equation, thus the contribution of P-wave and S-wave can be 
neglected. Nevertheless, it can be pointed out that in this situation, only the wave propagation speed of the T-wave is 
concerned to a specific level, and the wave propagation velocity of the T-wave is generally narrower than that of the P-
wave and the S-wave (Liu 2020a). Consequently, when the elastic wave is incidenced at an any angle, the modification 
of the phase delay time of the heat flux on the surface displacement magnification factor is comparatively restricted. In 
view of the low sensitivity of this parameter, it can be reasonably simplified according to the actual situation when 
constructing the numerical model. It is helpful to avoid the uncertainty caused by the complexity of the model, so as to 
improve the stability of numerical simulation, the reliability of risk assessment results and the practicality of engineering. 
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Figure 5 The influence of the coefficient of heat flux phase delay time on (a) the horizontal displacement amplification 

coefficient and (b) the vertical displacement amplification coefficient under different angles of incidence 

4.5 Quantitative effect of Kelvin medium temperature on displacement amplification at different incident angles 

In seismological research, the dynamical combination of stress-strain and temperature in crustic bedrock is 
considered to be a key feature in the formation and dispersion of seismic waves. This coupling directly impacts the 
physical characteristics of the bedrock, producing a dynamic development of the bedrock physical properties, which 
decisively determine the sophisticated dynamic features of seismic ground response. Figure 6 illustrates the variation of 
the amplification coefficients of the vertical and horizontal displacements with the temperature of the Kelvin medium 
before the occurrence of the critical angle. For the free site, the Kelvin medium temperature of the unsaturated soil layer, 
namely 273.2(K) ~ 313.2(K), is studied, and other associated property parameters are set according to Table 1, Table 2 
and Table 3. 

Judging from the observation data presented in Figure 6, when the S-wave is incident vertically upward (the incident 
angle is 0°), the vertical displacement intensifying factor of the field exhibits the null value, but horizontal displacement 
increasing coefficient becomes the peak value at this moment. The fluctuating range is 1.50 ~ 1.958, and the principal 
dynamical fluctuations are clustered in the angle of incidence of 0° ~ 8°. On the opposite, the vertical displacement 
amplifying factors fluctuate from 0 to 0.680, and its fluctuations are predominantly confined to the angle of incidence of 
11° ~ 19°. As the incidence angle progressed, the horizontal displacement enhancement coefficient of the field 
demonstrated a downward tendency, while the vertical displacement enhancement pattern initially ascended and then 
descended. It is noteworthy that as the Kelvin medium temperature is elevated, notably at 303.2K, there is an explicit 
and obvious temperature sensitivity to the vertical displacement gain of the site. From this occurrence it can be inferred 
that the temperature of the Kelvin medium has a significant effect on the seismic dynamic response. 
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Figure 6 The influence of the coefficient of kelvin medium temperature on (a) the horizontal displacement amplification 
coefficient and (b) the vertical displacement amplification coefficient under different angles of incidence 



  

4.6 Response analysis of saturation to surface fluctuation at different incident angles 

In the discipline of soil engineering, the saturation of the layer of soil is normally modified by numerous variables. 
These variables varying temperature considerably modulates the moisture saturation condition of the site by interfering 
with the migration movement of the moisture in the soil. Furthermore, some recent investigations have reported (Li et 
al., 2018) that the changing soil moisture saturation has a considerable contribution to the ground vibration generated 
by seismic events. As depicted in Figure 7, the vertical and horizontal displacement amplification coefficients of the soil 
are changed with saturation before the emergence of the critical angle. Assuming that the range of variation of the 
unsaturated saturation of the soils is 0.4, 0.6 and 0.8, the seismic site analysis is performed. Valuations of other physical 
characteristics are in Table 1, 2 and 3.  

The obtained figures indicate that when the S-wave is incident perpendicularly upwards (the angle of incidence is 
0°), the coefficient of amplification of the vertical displacement of the field is null, whereas the coefficient of amplification 
of the horizontal displacement attains the greatest extent at this instant. As the incident angle increases, the horizontal 
displacement factor of the site progressively declines, while the vertical displacement gain initially elevates and then 
declines. As the saturation rises, the horizontal displacement factor progressively declines, while the vertical 
displacement factor intensifies, and the angle of incidence corresponding to the peak point progressively decreases. It 
shows that in the heavy rainfall area, the saturation of unsaturated soil layer may change sharply in a short period of 
time, resulting in the enhancement of vertical displacement amplification effect. Therefore, in the seismic design, the 
change of soil saturation caused by extreme climate conditions must be fully considered, and the consideration of 
dynamic response of unsaturated soil must be strengthened, so as to improve the safety and adaptability of the structure 
under climate disturbance. 
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Figure 7 The influence of the saturation degree coefficient on (a) the horizontal displacement amplification coefficient and 
(b) the vertical displacement amplification coefficient under different angles of incidence 

4.7 Effect of increasing ground water level on free field seismic ground motions at varying incident angles 

As a ubiquitous and activity element in the terrestrial crust, the dynamic variations of groundwater can sensitively 
represent the signals of seismic and tectonic events. It is noteworthy that the alterations of groundwater level will trigger 
the modification of soil characteristics in many dimensions, and the impact of seismic wave can lead to the occurrence 
of the stage transition and slow change phenomenon of groundwater table (Wang et al. 2021), which will have an impact 
on the generation and transmission of resilient wave. With reference to the investigation reported by Hu (2017), the 
groundwater level elevation h is assumed to be 0.2H1, 0.3H1 and 0.4H1, respectively, in the numerical analysis to examine 
the effect of groundwater level fluctuation on the seismic ground movement of the site. The numerical simulation 
obtained is illustrated in Figure 8, and the figures for the other property parameters are derived from the values shown 
in Table 1, Table 2 and Table 3, respectively. 

By interpreting Figure 8, it can be found that when the S-wave is incident perpendicularly (the incident angle is 0°), 
the vertical displacement enhancement factor of the field is 0, and the amplification factor for the vertical displacement 
is not 0. When the depth of groundwater is 0.3H1 and 0.4H1, the displacement amplification factors of the groundwater 
level initially drops and then rises with the variation of the incident angle, and the inflexion point appears when the 
incident angle is 20°. Furthermore, the study indicates that when the groundwater level is 0.3H1 and 0.4H1, the 
amplification coefficient of horizontal displacement initially declines and then increases with increasing angle of 
incidence, and the inflection occurs when the angle of incidence exceeds 20°, at which the minimum amplification 



  

characteristic of horizontal displacement is achieved. Nevertheless, the horizontal displacement enhancement 
parameter rises monotonically with the increase of the incident angle when the water table level is 0.2H1. At 
approximately the equivalent time, the magnification factors of vertical displacement firstly grow and then decline with 
the increment of the angle of incidence, and the angle of incidence equivalent to the peak value progressively declines. 
In engineering design, dynamic and refined seismic analysis and design should be carried out according to different 
groundwater depth in dry season and rainy season, so that the seismic fortification standard of structures can be adjusted 
accordingly with the change of hydrological conditions. 
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Figure 8 The influence of the coefficient of ground water level on (a) the horizontal displacement amplification coefficient 

and (b) the vertical displacement amplification coefficient under different angles of incidence 

5 Conclusions 

In this paper, the numerical analysis of the plane S-wave incident on bedrock-saturated soil-unsaturated soil is 
performed utilizing the Helmholtz disintegration principle and interface delineations, taking the theory of wave 
propagation in thermoelastic medium as a basis. Considering the thermal effect as the starting point, the effects of 
physical parameters such as thermal conductivity, saturation and groundwater level on the displacement amplification 
factors are comprehensively investigated. The conclusions are as follows: 

(1) Using the field section model of this paper, numerical simulation analysis shows that the site displacement 
magnification factors are significantly distinct under thermal influences and isothermal conditions. In particular, the 
displacement characteristics of the vertical displacement magnification factors under isothermal effects are considerably 
inferior to those under thermal actions. This demonstrates that temperature variations have an essential effect on the 
field behavior during the propagation of seismic waves.  

(2) This paper examines the impact of thermophysical parameters on the propagation characteristics of elastic 
waves in thermoelastic media. The results of the analysis indicate that as the incident angle is increased, the amplification 
coefficient of the horizontal displacement of the surface exhibits a decreasing trend, whereas the amplification 
coefficient of the vertical displacement exhibits a nonlinear change pattern, initially increasing and subsequently 
decreasing. Further quantitative analysis indicates that the influence of thermal conductivity and phase delay time of 
heat flux on the amplification coefficient of surface displacement is relatively limited. In contrast, the influence of the 
thermal expansion coefficient and the Kelvin medium temperature fluctuation on the vertical displacement amplification 
coefficient is particularly significant. This finding provides a significant theoretical foundation for the intricate dynamic 
characteristics of elastic wave propagation in thermoelastic media. 

(3) The characteristics of the soil at a site have a significant influence on the formation and propagation of elastic 
waves, especially in relation to the role of groundwater level and unsaturated soil saturation in seismic ground 
movements. By conducting a systematic examination, it was idenitifed that there is a negatively correlated relationship 
between the amplification coefficient of surface horizontal displacement and groundwater level and saturation. This 
idenitifcation indicates that the amplification coefficient of horizontal displacement gradually decreases with its increase. 
Conversely, the vertical displacement shows an increasing trend as it increases. 

(4) In this paper, by exploring the influence of thermal-mechanical coupling on seismic wave propagation in bedrock-
saturated soil-unsaturated soil site, it provides theoretical basis and design support for seismic design of major projects, 
evaluation of high-risk areas of earthquakes and construction of climate-adapted infrastructure. However, when 



  

promoting and applying the conclusions of this study, it is necessary to fully consider its applicable boundary: for 
temperature-sensitive special soil types (such as saline soil, collapsible loess, frozen soil, etc.), due to the significant 
difference between its permeability and stress-strain relationship and the model in this paper, it is necessary to re-carry 
out wave theory research or calibrate relevant physical parameters in application; under extreme climatic and 
hydrological conditions (such as areas strongly affected by tides), the current model needs to be further extended to 
consider the interaction between dynamic hydrological processes and thermo-mechanical coupling mechanisms; in 
addition, for high-frequency or ultra-long-period ground motions, the thermal-mechanical coupling response mechanism 
may be different from the research results in this paper, and specific analysis needs to be carried out separately. 

It should be noted that this paper studies the seismic response of bedrock-saturated soil-unsaturated soil site 
based on the existing elastic theory, but does not take into account the influence of the nonlinear characteristics of the 
soil on the ground motion response after strong earthquakes. Therefore, there are some limitations in the prediction of 
the surface seismic response of the site. In this regard, the author will further carry out research on the nonlinear seis-
mic response of the site in the follow-up work. 
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Appendix A 
Coefficients ke11, ke12, ke21, ke22 in Eq. (4). 
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Coefficients bvt11, bvt12, bvt13, bvt21, bvt22, bvt23, bvt31, bvt32, bvt33, cvt11, cvt12, cvt21, cvt22 in Eq. (9). and Eq. (10). 
2 2 2 2

v 11 v v11 v pv v 12 v v12 pv
2 2 2

v 13 v13 v 21 vl v21 pv v 23 v23 v 12 vl
2 2 2 2

v 22 v v v22 pv v 31 v31 v pv
2 2 2 2

v 32 v32 v pv v 11 vl v sv v 2

( 2 ) ,

, , ,

i , (i )

(i ) , ,

t t t l

t t t t

t l l t q

t q t t

b b k b b k

b b b b k b b c

b b k b b k

b b k c k c

r w m r w

r w r w

J w n w w t w

w t w r w m

= - + = -

= = - = =

= + - = +

= + = - 2
1 vl

2 2 2
v 33 v v pv v33 v v 22 v v(1 i ) (i ), it q t l lb K k b cq

r w

t w w t w J w n w

=

= - - + = +

 

Coefficients D1, D2, D3, C1, C2, C3, C4 in Eq. (11). 
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Coefficients d11n, d12n, d13n, d14n, d15n, d16n, d21n, d22n, d23n, d24n, d25n, d26n, d31n, d32n, d33n, d34n, d35n, d36n in Eq. (28). 
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Appendix B 

The elements 1(1) 21(21)~f f  in equation (35) are expressed as follows: 
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vtp1 vtp1 1 vtp2 vtp2 1 vtp3 vtp3 1- H i - H i - H i
3(4) vlp1 vtp1 vtp1 3(5) vlp2 vtp2 vtp2 3(6) vlp3 vtp3 vtp3( 1) ie ; ( 1) ie ; ( 1) ie ;k n k n k nf n k f n k f n kd d d= - = - = -

vrp1 vrp1 1 vrp2 vrp2 1 vrp3 vrp3 1H i H i H i
3(7) vlp1 vrp1 vrp1 3(8) vlp2 vrp2 vrp2 3(9) vlp3 vrp3 vrp3( 1) ie ; ( 1) ie ; ( 1) ie ;k n k n k nf n k f n k f n kd d d= - - = - - = - -

vts vts 1 vrs vrs 1- H i H i
3(10) vls vts vts 3(11) vls vrs vrs 3(12) 3(13) 3(14) 3(15) 3(16) 3(17)( 1) ie ; ( 1) ie ; 0;k n k nf k l f k l f f f f f fd d= - - = - - = = = = = =

erp1 erp1 1 erp2 erp2 1H i H i2 2
3(18) 3(19) 3(20) 3(21) 4(1) e erp1 erp1 erp1 4(2) e erp2 erp2 erp2 4(12)0; 2 e ; 2 e ; 0;k n k nf f f f f k l n f k l n fm m= = = = = - = - =  

vtp1 vtp1 1 vtp vtp2 1ers ers 1
H i - H iH i2 2 2 2 2

4(3) e ers ers ers 4(4) v vtp1 vtp1 vtp1 4(5) v vtp2 vtp2 vtp2 4(13)( )e ; 2 ; 2 e ; 0;k n k nk nf k l n f k l n e f k l n fm m m-= - - = - = - =

vtp3 vtp3 1 vrp1 vrp1 1 vrp2 vrp2 1H i H i H i2 2 2
4(6) v vtp3 vtp3 vtp3 4(7) v vrp1 vrp1 vrp1 4(8) v vrp2 vrp2 vrp2 4(14)2 e ; 2 e ; 2 e ; 0;k n k n k nf k l n f k l n f k l n fm m m-= - = = =

vrp3 vrp3 1 vts vts 1 vrs vrs 1
H i H i H i2 2 2 2 2 2 2

4(9) v vrp3 vrp3 vrp3 4(10) v vts vts vts 4(11) v vrs vrs vrs 4(15)2 e ; ( ) ; ( )e ; 0;k n k n k nf k l n f k l n e f k l n fm m m-= = - = - =  

erp1 erp1 1 erp2 erp2 1H i H i2 2 2 2 2 2
5(1) e erp1 erp1 eTp1 Te be e erp1 5(2) e erp2 erp2 eTp2 Te be e erp2(2 3 )e ; (2 3 )e ;k n k nf k n K k f k n K km d b l m d b l= - + + = - + +

vtp1 vtp1 1ers ers 1
H iH i2 2 2 2 2

5(3) e ers ers ers 5(4) v vtp1 vtp1 v12 vlp1 vtp1 v11 vtp1 v13 vTp1 4(16) 4(17)2 e ; (2 )e ; 0;k nk nf k l n f k n b k b k b f fm m d d -= - = + + - = =

vtp2 vtp2 1 vts vts 1
H i H i2 2 2 2 2

5(5) v vtp2 vtp2 v12 vlp2 vtp2 v11 vtp2 v13 vTp2 5(10) v vts vts vts 4(18)(2 )e ; 2 e ; 0;k n k nf k n b k b k b f k l n fm d d m- -= + + - = - =

vrp1 vrp1 1H i2 2 2 2
5(7) v vrp1 vrp1 v12 vlp1 vrp1 v11 vrp1 v13 vTp1 4(19) 4(20) 4(21) 5(12) 5(13)(2 )e ; 0;k nf k n b k b k b f f f f fm d d= + + - = = = = =  

vrp2 vrp2 1H i2 2 2 2
5(8) v vrp2 vrp2 v12 vlp2 vrp2 v11 vrp2 v13 vTp2 5(14) 5(15) 5(16) 5(17) 5(18)(2 )e ; 0;k nf k n b k b k b f f f f fm d d= + + - = = = = =  

vtp3 vtp3 1 erp1 erp1 1 erp2 erp2 1H i H i H i2 2 2 2
5(6) v vtp3 vtp3 v12 vlp3 vtp3 v11 vtp3 v13 vTp3 6(1) eTp1 6(2) eTp2(2 )e ; e ; e ;k n k n k nf k n b k b k b f fm d d d d-= + + - = =



  

vrp3 vrp3 1 vtp1 vtp1 1 vtp2 vtp2 1H i - H i H i2 2 2 2
5(9) v vrp3 vrp3 v12 vlp3 vrp3 v11 vrp3 v13 vTp3 6(4) vTp1 6(5) vTp2(2 )e ; e ; e ;k n k n k nf k n b k b k b f fm d d d d -= + + - = - = -

vtp3 vtp3 1 vrp1 vrp1 1 vrp2 vrp2 1 vrp3 vrp3 1- H i H i H i H i
6(6) vTp3 6(7) vTp1 6(8) vTp2 6(9) vTp3 5(19) 5(20)e ; e ; e ; e ; 0;k n k n k n k nf f f f f fd d d d= - = - = - = - = =

5(21) 6(3) 6(10) 6(11) 6(12) 6(13) 6(14) 6(15) 6(16) 6(17) 6(18) 6(19) 6(20) 6(21)0 0;f f f f f f f f f f f f f f= = = = = = = = = = = = = =  

erp1 erp1 1 erp2 erp2 1 vtp1 vtp1 1H i H i H i
7(1) eTp1 erp1 erp1 e 7(2) eTp2 erp2 erp2 e 7(3) 7(4) vTp1 vtp1 vtp1 vie ; ie ; 0; ie ;k n k n k nf k n K f k n K f f k n Kd d d -= = = =  

vtp2 vtp2 1 vtp3 vtp3 1H i n H i
7(10) 7(11) 7(5) vTp2 vtp2 vtp2 v 7(6) vTp3 vtp3 vtp3 v 7(12) 7(13) 7(14)0; ie ; ie ; 0;k n kf f f k n K f k n K f f fd d- -= = = = = = =

vrp1 vrp1 1 vrp2 vrp2 1 vrp3 vrp3 1H i H i H i
7(7) vTp1 vrp1 vrp1 v 7(8) vTp2 vrp2 vrp2 v 7(9) vTp3 vrp3 vrp3 vie ; ie ; ie ;k n k n k nf k n K f k n K f k n Kd d d= - = - = -

vtp1 vtp1 1i
7(15) 7(16) 7(17) 7(18) 7(19) 7(20) 7(21) 8(1) 8(2) 8(3) 8(4) vtp1 vtp10; ie ;k n hf f f f f f f f f f f k n -= = = = = = = = = = = -

vtp2 vtp2 1 vtp3 vtp3 1 vrp1 vrp1 1 vrp2 vrp2 1i i i i
8(5) vtp2 vtp2 8(6) vtp3 vtp3 8(7) vrp1 vrp1 8(8) vrp2 vrp2ie ; ie ; ie ; ie ;k n h k n h k n h k n hf k n f k n f k n f k n- -= - = - = =

vrp3 vrp3 1 utp1 utp1 1vts vts 1 vrs vrs 1
i ii i

8(9) vrp3 vrp3 8(10) vts vts 8(11) vrs vrs 8(12) utp1 utp1ie ; ie ; ie ; ie ;k n h k n hk n h k n hf k n f k l f k l f k n --= = = =  

utp2 utp2 1 utp3 utp3 1 utp4 utp4 1 urp1 urp1 1i i n i i
8(13) utp2 utp2 8(14) utp3 utp3 8(15) utp4 utp4 8(16) urp1 urp1ie ; ie ; ie ; ie ;k n h k n h k h k n hf k n f k n f k n f k n- - -= = = = -  

urp2 urp2 1 urp3 urp3 1 urp4 urp4 1 uts uts 1
i k i i i

8(17) urp2 urp2 8(18) urp3 urp3 8(19) urp4 urp4 8(20) uts utsie ; ie ; ie ; ie ;k n h n h k n h k n hf k n f k n f k n f k l -= - = - = - = -  

vtp1 vtp1 1 vtp2 vtp2 1urs urs 1
i ii

8(21) urs urs 9(1) 9(2) 9(3) 9(4) vtp1 vtp1 9(5) vtp2 vtp2 10(1)ie ; 0; ie ; ie ; 0;k n h k n hk n hf k l f f f f k l f k l f- -= - = = = = = =

vtp3 vtp3 1 vrp1 vrp1 1 vrp2 vrp2 1 vrp3 vrp3 1i i i i
9(6) vtp3 vtp3 9(7) vrp1 vrp1 9(8) vrp2 vrp2 9(9) vrp3 vrp3 10(2)ie ; i ; ie ; ie ; 0;k n h k n h k n h k n hf k l f k l e f k l f k l f-= = = = =

utp1 utp1 1 utp2 utp2 1vts vts 1 vrs vrs 1
i ii i

9(10) vts vts 9(11) vrs vrs 9(12) utp1 utp1 9(13) utp2 utp2ie ; ie ; ie ; ie ;k n h k n hk n h k n hf k n f k n f k l f k l- --= = - = - = - s

urp3 urp3 1 urp4 urp4 1 uts uts 1 urs urs 1
i i i i

9(18) urp3 urp3 9(19) urp4 urp4 9(20) uts uts 9(21) urs urs 10(3)ie ; ie ; ie ; ie ; 0;k n h k n h k n h k n hf k l f k l f k n f k n f-= - = - = - = =

vtp1 vtp1 1 vtp2 vtp2 1 vtp3 vtp3 1i i i
10(4) vlp1 vtp1 vtp1 10(5) vlp2 vtp2 vtp2 10(6) vlp3 vtp3 vtp3ie ; ie ; ie ;k n h k n h k n hf k n f k n f k nd d d- - -= - = - = -  

vrp1 vrp1 1 vrp2 vrp2 1 vrp3 vrp3 1i i i
10(7) vlp1 vrp1 vrp1 10(8) vlp2 vrp2 vrp2 10(9) vlp3 vrp3 vrp3 11(1) 11(2)ie ; ie ; ie ; 0;k n h k n h k n hf k n f k n f k n f fd d d= = = = =  

utp1 utp1 1vts vts 1 vrs vrs 1
ii i

10(10) vls vts vts 10(11) vls vrs vrs 10(12) ulp1 utp1 utp1 11(3) 12(1)ie ; ie ; ie ; 0;k n hk n h k n hf k l f k l f k n f fd d d --= = = = =  

utp2 utp2 1 utp3 utp3 1 utp4 utp4 1i i i
10(13) ulp2 utp2 utp2 10(14) ulp3 utp3 utp3 10(15) ulp4 utp4 utp4 12(2)ie ; ie ; ie ; 0;k n h k n h k n hf k n f k n f k n fd d d- - -= = = =

urp1 urp1 1 urp2 urp2 1 urp3 urp3 1i i i
10(16) ulp1 urp1 urp1 10(17) ulp2 urp2 urp2 10(18) ulp3 urp3 urp3 12(3)ie ; ie ; ie ; 0;k n h k n h k n hf k n f k n f k n fd d d= - = - = - =  

urp4 urp4 1 uts uts 1 urs urs 1
i i i

10(19) ulp4 urp4 urp4 10(20) uls uts uts 10(21) uls urs urs 13(1) 13(2)ie ; ie ; ie ; 0;k n h k n h k n hf k n f k l f k l f fd d d-= - = - = - = =  

vtp1 vtp1 1 vts vts 1
i i2 2 2 2 2

11(4) v vtp1 vtp1 vlp1 v12 vtp1 v11 vtp1 v13 vTp1 11(10) v vts vts vts 13(3)( 2 )e ; 2 e ; 0;k n h k n hf k n b k b k b f k l n fm d d m- -= - - - + = =

vtp2 vtp2 1 vrs vrs 1
i i2 2 2 2 2

11(5) v vtp2 vtp2 vlp2 v12 vtp2 v11 vtp2 v13 vTp2 11(11) v vrs vrs vrs 13(4)( 2 )e ; 2 e ; 0;k n h k n hf k n b k b k b f k l n fm d d m-= - - - + = - =  

vtp3 vtp3 1 uts uts 1
i i2 2 2 2 2

11(6) v vtp3 vtp3 vlp3 v12 vtp3 v11 vtp3 v13 vTp3 11(20) u uts uts uts 13(5)( 2 )e ; 2 e ; 0;k n h k n hf k n b k b k b f k l n fm d d m- -= - - - + = - =

vrp1 vrp1 1 urs urs 1
i i2 2 2 2 2

11(7) v vrp1 vrp1 vlp1 v12 vrp1 v11 vrp1 v13 vTp1 11(21) u urs urs urs 13(6)( 2 )e ; 2 e ; 0;k n h k n hf k n b k b k b f k l n fm d d m= - - - + = =

ivrp2 vrp2 1 vtp1 vtp1 1i2 2 2 2 2
11(8) v vrp2 vrp2 vlp2 v12 vrp2 v11 vrp2 v13 vTp2 12(4) v vtp1 vtp1 vtp1 13(7)( 2 )e ; 2 e ; 0;k n h k n hf k n b k b k b f k l n fm d d m -= - - - + = =  

ivrp3 vrp3 1 vtp2 vtp2 1i2 2 2 2 2
11(9) v vrp3 vrp3 vlp3 v12 vrp3 v11 vrp3 v13 vTp3 12(5) v vtp2 vtp2 vtp2 13(8)( 2 )e ; 2 e ; 0;k n h k n hf k n b k b k b f k l n fm d d m -= - - - + = =  

utp1 utp1 1 utp1 utp1 1i i2 2 2 2 2
u11(12) u utp1 utp1 ulp1 utp1 1 ugp1 utp1 2 utp1 uTp1 3 13(9) 13(10)(2 )e ( )e ; 0;k n h k n hf k n k D k D k D f fm d d l d- -= + + + - = =  

utp2 utp2 1 utp2 utp2 1i i2 2 2 2 2
u11(13) u utp2 utp2 ulp2 utp2 1 ugp2 utp2 2 utp2 uTp2 3 13(11) 13(20)(2 )e ( )e ; 0;k n h k n hf k n k D k D k D f fm d d l d- -= + + + - = =

utp3 utp3 1 utp3 utp3 1i i2 2 2 2 2
u11(14) u utp3 utp3 ulp3 utp3 1 ugp3 utp3 2 utp3 uTp3 3 13(21) 14(1)(2 )e ( )e ; 0;k n h k n hf k n k D k D k D f fm d d l d- -= + + + - = =



  

utp4 utp4 1 utp4 utp4 1i i2 2 2 2 2
u11(15) u utp4 utp4 ulp4 utp4 1 ugp4 utp4 2 utp4 uTp4 3 14(2) 14(3)(2 )e ( )e ; 0;k n h k n hf k n k D k D k D f fm d d l d- -= + + + - = =

urp1 urp1 1 urp1 urp1 1i i2 2 2 2 2
u11(16) u urp1 urp1 ulp1 urp1 1 ugp1 urp1 2 urp1 uTp1 3 14(10) 14(11)(2 )e ( )e ; 0;k n h k n hf k n k D k D k D f fm d d l d= + + + - = =  

urp2 urp2 1 urp2 urp2 1i i2 2 2 2 2
u11(17) u urp2 urp2 ulp2 urp2 1 ugp2 urp2 2 urp2 uTp2 3 14(20) 14(21)(2 )e ( )e ; 0;k n h k n hf k n k D k D k D f fm d d l d= + + + - = =  

urp3 urp3 1 urp3 urp3 1i i2 2 2 2 2
u11(18) u urp3 urp3 ulp3 urp3 1 ugp3 urp3 2 urp3 uTp3 3 15(1) 15(2)(2 )e ( )e ; 0;k n h k n hf k n k D k D k D f fm d d l d= + + + - = =

urp4 urp4 1 urp4 urp4 1i i2 2 2 2 2
u11(19) u urp4 urp4 ulp4 urp4 1 ugp4 urp4 2 urp4 uTp4 3 15(3)(2 )e ( )e ; 0;k n h k n hf k n k D k D k D fm d d l d= + + + - =  

i i ivtp3 vtp3 1 vrp1 vrp1 1 vrp2 vrp2 12 2 2
12(6) v vtp3 vtp3 vtp3 12(7) v vrp1 vrp1 vrp1 12(8) v vrp2 vrp2 vrp22 e ; 2 e ; 2 ;k n h k n h k n hf k l n f k l n f k l n em m m-= = - = -  

i i ivrp3 vrp3 1 vts vts 1 vrs vrs 12 2 2 2 2 2 2
12(9) v vrp3 vrp3 vrp3 12(10) v vts vts vts 12(11) v vrs vrs vrs2 e ; ( )e ; ( )e ;k n h k n h k n hf k l n f k l n f k l nm m m-= - = - - = - -  

i i iutp1 utp1 1 utp2 utp2 1 utp3 utp3 12 2 2
12(12) u utp1 utp1 utp1 12(13) u utp2 utp2 utp2 12(14) u utp3 utp3 utp32 e ; 2 e ; 2 e ;k n h k n h k n hf k l n f k l n f k l nm m m- - -= - = - = -  

i i iutp4 utp4 1 urp1 urp1 1 urp2 urp2 12 2 2
12(15) u utp4 utp4 utp4 12(16) u urp1 urp1 urp1 12(17) u urp2 urp2 urp22 e ; 2 e ; 2 e ;k n h k n h k n hf k l n f k l n f k l nm m m-= - = =  

i i iurp3 urp3 1 urp4 urp4 1 uts uts 12 2 2 2 2
12(18) u urp3 urp3 urp3 12(19) u urp4 urp4 urp4 12(20) u uts uts uts2 e ; 2 e ; ( )e ;k n h k n h k n hf k l n f k l n f k n lm m m -= = = - -  

i utp1 utp1 1urs urs 1
i2 2 2 2 2 2

12(21) u urs urs urs 13(12) ulp1 utp1 6 ugp1 utp1 7 utp1 5 uTp1 8( )e ; ( )e ;k n hk n hf k n l f k B k B k B Bm d d d -= - - = + + -  

utp2 utp2 1 vtp1 vtp1 1 vtp2 vtp2 1i i i2 2 2
13(13) ulp2 utp2 6 ugp2 utp2 7 utp2 5 uTp2 8 15(4) vTp1 15(5) vTp2( )e ; e ; e ;k n h k n h k n hf k B k B k B B f fd d d d d- - -= + + - = =   

utp3 utp3 1 vtp3 vtp3 1 vrp1 vrp1 1i i i2 2 2
13(14) ulp3 utp3 6 ugp3 utp3 7 utp3 5 uTp3 8 15(6) vTp3 15(7) vTp1( )e ; e ; e ;k n h k n h k n hf k B k B k B B f fd d d d d- -= + + - = =

utp4 utp4 1 vrp2 vrp2 1 vrp3 vrp3 1i i i2 2 2
13(15) ulp4 utp4 6 ugp4 utp4 7 utp4 5 uTp4 8 15(8) vTp2 15(9) vTp3( )e ; e ; e ;k n h k n h k n hf k B k B k B B f fd d d d d-= + + - = =  

urp1 urp1 1 utp1 utp1 1 utp2 utp2 1i i i2 2 2
13(16) ulp1 urp1 6 ugp1 urp1 7 urp1 5 uTp1 8 15(12) uTp1 15(13) uTp2( )e ; e ; e ;k n h k n h k n hf k B k B k B B f fd d d d d- -= + + - = - = -

urp2 urp2 1 utp3 utp3 1 utp4 utp4 1i i i2 2 2
13(17) ulp2 urp2 6 ugp2 urp2 7 urp2 5 uTp2 8 15(14) uTp3 15(15) uTp4( )e ; e ; e ;k n h k n h k n hf k B k B k B B f fd d d d d- -= + + - = - = -  

urp3 urp3 1 urp1 urp1 1 urp2 urp2 1i i i2 2 2
13(18) ulp3 urp3 6 ugp3 urp3 7 urp3 5 uTp3 8 15(16) uTp1 15(17) uTp2( )e ; e ; e ;k n h k n h k n hf k B k B k B B f fd d d d d= + + - = - = -

urp4 urp4 1 urp3 urp3 1 urp4 urp4 1i i i2 2 2
13(19) ulp4 urp4 6 ugp4 urp4 7 urp4 5 uTp4 8 15(18) uTp3 15(19) uTp4( )e ; e ; e ;k n h k n h k n hf k B k B k B B f fd d d d d= + + - = - = -  

vtp1 vtp1 1i2 2
14(4) v23 vTp1 vlp1 v22 vtp1 v21 vtp1 15(10) 15(11) 15(20) 15(21) 16(1) 16(2) 16(3)( )e ; 0;k n hf b b k b k f f f f f f fd d -= - - = = = = = = =  

vtp2 vtp2 1 vtp1 vtp1 1i i2 2
14(5) v23 vTp2 vlp2 v22 vtp2 v21 vtp2 16(4) v vTp1 vtp1 vtp1 16(10) 16(11)( )e ; ie ; 0;k n h k n hf b b k b k f K k n f fd d d- -= - - = - = =  

vtp3 vtp3 1 vtp2 vtp2 1i i2 2
14(6) v23 vTp3 vlp3 v22 vtp3 v21 vtp3 16(5) v vTp2 vtp2 vtp2 16(20) 16(21)( )e ; ie ; 0;k n h k n hf b b k b k f K k n f fd d d- -= - - = - = =  

vrp1 vrp1 1 vtp3 vtp3 1i i2 2
14(7) v23 vTp1 vlp1 v22 vrp1 v21 vrp1 16(6) v vTp3 vtp3 vtp3 17(1) 17(2)( )e ; ie ; 0;k n h k n hf b b k b k f K k n f fd d d -= - - = - = =  

vrp2 vrp2 1 vrp1 vrp1 1i i2 2
14(8) v23 vTp2 vlp2 v22 vrp2 v21 vrp2 16(7) v vTp1 vrp1 vrp1 17(3) 17(4)( )e ; ie ; 0;k n h k n hf b b k b k f K k n f fd d d= - - = = =  

vrp3 vrp3 1 vrp2 vrp2 1i i2 2
14(9) v23 vTp3 vlp3 v22 vrp3 v21 vrp3 16(8) v vTp2 vrp2 vrp2 17(5) 17(6)( )e ; ie ; 0;k n h k n hf b b k b k f K k n f fd d d= - - = = =  

utp1 utp1 1 vrp3 vrp3 1i i2 2 2
14(12) uTp1 4 ulp1 utp1 2 ugp1 utp1 3 utp1 1 16(9) v vTp3 vrp3 vrp3 17(7)( )e ; ie ; 0;k n h k n hf B k B k B k B f K k n fd d d d-= - - - = =

utp2 utp2 1 utp1 utp1 1i i2 2 2
14(13) uTp2 4 ulp2 utp2 2 ugp2 utp2 3 utp2 1 16(12) u uTp1 utp1 utp1 17(8)( )e ; ie ; 0;k n h k n hf B k B k B k B f K k n fd d d d- -= - - - = =  

utp3 utp3 1 utp2 utp2 1i i2 2 2
14(14) uTp3 4 ulp3 utp3 2 ugp3 utp3 3 utp3 1 16(13) u uTp2 utp2 utp2 17(9)( )e ; ie ; 0;k n h k n hf B k B k B k B f K k n fd d d d- -= - - - = =

utp4 utp4 1 utp3 utp3 1i i2 2 2
14(15) uTp4 4 ulp4 utp4 2 ugp4 utp4 3 utp4 1 16(14) u uTp3 utp3 utp3 17(10)( )e ; ie ; 0;k n h k n hf B k B k B k B f K k n fd d d d- -= - - - = =  

urp1 urp1 1 utp4 utp4 1i i2 2 2
14(16) uTp1 4 ulp1 urp1 2 ugp1 urp1 3 urp1 1 16(15) u uTp4 utp4 utp4 17(11)( )e ; ie ; 0;k n h k n hf B k B k B k B f K k n fd d d d -= - - - = =

urp2 urp2 1 urp1 urp1 1i i2 2 2
14(17) uTp2 4 ulp2 urp2 2 ugp2 urp2 3 urp2 1 16(16) u uTp1 urp1 urp1 18(1)( )e ; ie ; 0;k n h k n hf B k B k B k B f K k n fd d d d= - - - = - =  



  

urp3 urp3 1 urp2 urp2 1i n i2 2 2
14(18) uTp3 4 ulp3 urp3 2 ugp3 urp3 3 urp3 1 16(17) u uTp2 urp2 urp2 18(2)( )e ; ie ; 0;k n h k hf B k B k B k B f K k n fd d d d= - - - = - =

urp4 urp4 1 urp3 urp3 1i i2 2 2
14(19) uTp4 4 ulp4 urp4 2 ugp4 urp4 3 urp4 1 16(18) u uTp3 urp3 urp3 18(3)( )e ; ie ; 0;k n h k n hf B k B k B k B f K k n fd d d d= - - - = - =  

urp4 urp4 1i2 2 2 2 2
u17(12) uTp1 3 u utp1 utp1 ulp1 1 utp1 ugp1 2 utp1 utp1 16(19) u uTp4 urp4 urp42 ; ie ;k n hf D k n D k D k k f K k nd m d d l d= - - - - = -  

2 2 2 2 2 2
u17(13) uTp2 3 u utp2 utp2 ulp2 1 utp2 ugp2 2 utp2 utp2 17(20) u uts uts uts 18(4) 18(5)2 ; 2 ; 0;f D k n D k D k k f k l n f fd m d d l m= - - - - = = =  

2 2 2 2 2 2
u17(14) uTp3 3 u utp3 utp3 ulp3 1 utp3 ugp3 2 utp3 utp3 17(21) u urs urs urs 18(6) 18(7)2 ; 2 ; 0;f D k n D k D k k f k l n f fd m d d l m= - - - - = - = =  

2 2 2 2 2 2
u17(15) uTp4 3 u utp4 utp4 ulp4 1 utp4 ugp4 2 utp4 utp4 18(14) u utp3 utp3 utp3 18(8) 18(9)2 ; 2 ; 0;f D k n D k D k k f k l n f fd m d d l m= - - - - = = =  

2 2 2 2 2 2
u17(16) uTp1 3 u urp1 urp1 ulp1 1 urp1 ugp1 2 urp1 urp1 18(15) u utp4 utp4 utp4 18(10) 18(11)2 ; 2 ; 0;f D k n D k D k k f k l n f fd m d d l m= - - - - = = =  

2 2 2 2 2 2
u17(17) uTp2 3 u urp2 urp2 ulp2 1 urp2 ugp2 2 urp2 urp2 18(16) u urp1 urp1 urp1 19(1) 19(2)2 ; 2 ; 0;f D k n D k D k k f k l n f fd m d d l m= - - - - = - = =  

2 2 2 2 2 2
u17(18) uTp3 3 u urp3 urp3 ulp3 1 urp3 ugp3 2 urp3 urp3 18(17) u urp2 urp2 urp2 19(3) 19(4)2 ; 2 ; 0;f D k n D k D k k f k l n f fd m d d l m= - - - - = - = =  

2 2 2 2 2 2
u17(19) uTp4 3 u urp4 urp4 ulp4 1 urp4 ugp4 2 urp4 urp4 18(18) u urp3 urp3 urp3 19(5) 19(6)2 ; 2 ; 0;f D k n D k D k k f k l n f fd m d d l m= - - - - = - = =  

2 2 2 2 2 2
18(12) u utp1 utp1 utp1 18(13) u utp2 utp2 utp2 18(19) u urp4 urp4 urp4 18(20) uts uts u uts 19(7)2 ; 2 ; 2 ; ( ) ; 0;f k l n f k l n f k l n f n l k fm m m m= = = - = - =

2 2 2
18(21) urs urs u urs 19(8) 19(9) 19(10) 19(11) 19(20) 19(21) 20(1) 20(2) 20(3) 20(4) 20(5)( ) ; 0;f n l k f f f f f f f f f f fm= - = = = = = = = = = = =

2 2 2 2 2 2
19(12) 2 ulp1 utp1 3 ugp1 utp1 1 utp1 4 uTp1 19(13) 2 ulp2 utp2 3 ugp2 utp2 1 utp2 4 uTp2; ;f B k B k B k B f B k B k B k Bd d d d d d= + + - = + + -  

2 2 2 2 2 2
19(14) 2 ulp3 utp3 3 ugp3 utp3 1 utp3 4 uTp3 19(15) 2 ulp4 utp4 3 ugp4 utp4 1 utp4 4 uTp4; ;f B k B k B k B f B k B k B k Bd d d d d d= + + - = + + -  

2 2 2 2 2 2
19(16) 2 ulp1 urp1 3 ugp1 urp1 1 urp1 4 uTp1 19(17) 2 ulp2 urp2 3 ugp2 urp2 1 urp2 4 uTp2; ;f B k B k B k B f B k B k B k Bd d d d d d= + + - = + + -  

2 2 2 2 2 2
19(18) 2 ulp3 urp3 3 ugp3 urp3 1 urp3 4 uTp3 19(19) 2 ulp4 urp4 3 ugp4 urp4 1 urp4 4 uTp4; ;f B k B k B k B f B k B k B k Bd d d d d d= + + - = + + -  

2 2 2 2 2 2
20(12) 6 ulp1 utp1 7 ugp1 utp1 5 utp1 8 uTp1 20(13) 6 ulp2 utp2 7 ugp2 utp2 5 utp2 8 uTp2; ;f B k B k B k B f B k B k B k Bd d d d d d= + + - = + + -

2 2 2 2 2 2
20(14) 6 ulp3 utp3 7 ugp3 utp3 5 utp3 8 uTp3 20(15) 6 ulp4 utp4 7 ugp4 utp4 5 utp4 8 uTp4; ;f B k B k B k B f B k B k B k Bd d d d d d= + + - = + + -

2 2 2 2 2 2
20(16) 6 ulp1 urp1 7 ugp1 urp1 5 urp1 8 uTp1 20(17) 6 ulp2 urp2 7 ugp2 urp2 5 urp2 8 uTp2; ;f B k B k B k B f B k B k B k Bd d d d d d= + + - = + + -

2 2 2 2 2 2
20(18) 6 ulp3 urp3 7 ugp3 urp3 5 urp3 8 uTp3 20(19) 6 ulp4 urp4 7 ugp4 urp4 5 urp4 8 uTp4; ;f B k B k B k B f B k B k B k Bd d d d d d= + + - = + + -

20(6) 20(7) 20(8) 20(9) 20(10) 20(11) 20(20) 20(21) 21(1) 21(2) 21(3) 21(12) uTp1 utp1 utp10; i;f f f f f f f f f f f f k nd= = = = = = = = = = = = -  

21(13) uTp2 utp2 utp2 21(14) uTp3 utp3 utp3 21(15) uTp4 utp4 utp4 21(16) uTp1 urp1 urp1 21(4) 21(5)i; i; i; i; 0;f k n f k n f k n f k n f fd d d d= - = - = - = = =  

21(17) uTp2 urp2 urp2 21(18) uTp3 urp3 urp3 21(19) uTp4 urp4 urp4 21(6) 21(7) 21(8) 21(9)i; i; i; 0;f k n f k n f k n f f f fd d d= = = = = = =  

21(10) 21(11) 21(20) 21(21) 0;f f f f= = = =  

The elements 1 21~g g  in equation (35) are expressed as follows: 

is is 1 is is 1 is is 1 is is- H i - H i H i Hi2 2 2 2
1 is is 2 is is 3 4 e is is is 5 e is is is 6 7ie ; ie ; 0; ( )e ; 2 e ; 0;k n k n k n k na k n a k l a a k l n a l n k a am m- -= - = - = = - = - = =  

8 9 10 11 12 13 14 15 16 17 18 19 20 21 0;a a a a a a a a a a a a a a= = = = = = = = = = = = = =  


