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Abstract

A simple way to obtain numerically the lateral load capacity curve of a masonry wall is to consider it as a one-
dimensional element and perform a finite element incremental analysis. Based on some assumptions
concerning the normal stress distribution, the panel can be discretized into frame elements whose
geometrical properties are evaluated from the portion of the cross-section subjected to compression. In the
case of employing finite elements of constant cross-sections, satisfactory results are obtained only if the mesh
is dense enough to accurately represent the change in the geometrical properties of the resisting portion of
the panel cross-section. In this work, a finite element with a variable cross-section is employed, so the number
of elements required for a reliable solution can be reduced. The proposed model is tested against some
experimental results available in the literature. Results are in good agreement with reference curves, showing
that the proposed model may be employed to assess the load capacity of masonry shear walls in a pre-design
phase.
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1 INTRODUCTION

Masonry constructions make up an important part of buildings in the world and represent a singular cultural
heritage for many countries. It consists of an anisotropic composite material with asymmetry in tension and compression,
high nonlinearity in compression, and near-fragile rupture. Despite having a complex mechanical behavior, which makes
numerical modeling difficult (Gurel et al., 2006), it is widely used due to its high compressive strength, ease of
implementation and material availability, low maintenance cost, durability, and good sound and fire protection (Lu et al.,
2005).

It is interesting to point out that, despite the relevance of axial loads in the design of masonry buildings, the
deformation capacity of the whole structure under lateral load is required to assess its response to natural events such
as winds or earthquakes (Gurel et al., 2012). In this sense, an in-plane pushover/cyclic analysis may be performed by
macro-element modeling, in which each masonry wall is idealized as a set of piers and spandrels that are discretized into
appropriate nonlinear three-dimensional elements (Asikoglu et al., 2020). In this approach, discrete models of large
masonry structures may be built and simulated with time and computational efficiency (Roca et al., 2010, and Lourenco,
2013), while reasonably describing the shear and flexural response.

In the case of peers, the nonlinear frame elements employed should be able to simulate the following failure
mechanisms of masonry panels due to lateral loads: flexural (rocking) failure, diagonal crack shear failure, and shear
sliding failure (Salmanpour et al., 2013). For this purpose, several elements have been proposed in literature: equivalent
beam-based elements to be applied in the equivalent frame model (Roca et al., 2005), and elements with nonlinear
spring elements, as described in D’Altri et al. (2020).

Galasco et al. (2004) and Lagomarsino et al. (2013) implemented in the TREMURI program a macro-element that
considers the shear-sliding damage evolution by means of internal variables and makes use of ultimate shear and bending
strength values from analytical expressions. Later, this macro-element has been refined in the failure models for the use
in cyclic analysis by Penna et al. (2014). In addition, Penna et al. (2015) included second-order effects in the formulation.
Sabatino and Rizzano (2010) developed the software FREMA with the spread plasticity approach, in which structural
elements are discretized into several slices that are modeled in terms of moment-rotation and shear-displacement
curves. Addessi et al. (2014) and Liberatore and Addessi (2015) formulated a macro-element with no tension and a
lumped nonlinear shear arranged in series. Raka et al. (2015) employed nonlinear constitutive laws at the fiber section
level with bending and axial responses decoupled from shear response to propose a fiber element in a force-based
formulation.

Since only a few computational programs include these specialized elements for masonry structural modeling,
recently many studies have been carried out in literature on the viability of using commercial finite element programs
that are adopted by practicing engineers (Salonikios et al., 2003, Pasticier et al., 2008, and Petrovcic and Kilar, 2013). In
these studies, shear capacity curves and critical shear values of each masonry panel are employed to evaluate
constitutive relations of lumped plastic hinges. In this sense, the lateral load versus displacement curve for each
comprising wall under a certain normal load provides essential information for modeling the structure’s overall behavior
(Salmanpour et al., 2013).

As pointed out in Simdes et al. (2015), in addition to the global in-plane behavior assessed by means of macro-
element modeling, the out-of-plane response of individual elements should be addressed for a complete assessment of
the building response to lateral loads. The work of Mura (2008) presents the analytical expressions of each equilibrated
stress state of a panel section under combined load for the stability analysis comprehensively. A good review on beam
elements for modeling stability may be found in Addessi et al. (2020).

In literature, several studies on analytical shear limits and capacity curves have been conducted, such as the pioneer
works of Heyman (1966) and Di Pasquale (1992), who presented useful solutions for unreinforced masonry under the
assumptions that the material does not withstand tensile stresses, and the compression response has perfect
elastoplastic behavior. Magenes and Calvi (1997) and Roca (2006) developed a simple and efficient equilibrium model
for determining the ultimate load-carrying capacity of masonry shear walls. Benedetti and Steli (2008) improved the
analytical response curves by satisfying the axis-wise equilibrium conditions. Three states of normal stress distribution
are considered: fully elastic, cracked elastic, and elastic-plastic, by assuming a no-tension and elastic-plastic behavior in
compression constitutive law. Displacements and rotations are obtained by integration of the curvature diagram in each
equilibrium configuration of the masonry panel under compression and shear.

Similarly, under the same constitutive laws for masonry, Grande et al. (2013) proposed a simple approach to obtain
the capacity curve of panels by means of a nonlinear finite element analysis. For each lateral load increment, the masonry
panel is divided according to the normal stress state, and each segment is discretized into a one-dimensional frame
element, which considers both bending and shear deformation (Timoshenko beam theory), considering a constant cross-



section. Geometrical properties are evaluated from the portion of the cross-section subjected to compression and
averaged along each segment. This approach was validated numerically and tested against experimental results for
masonry shear panels with and without reinforcements. Although a mesh of only one to three elements has been used
in the examples, an investigation on mesh refinement performed in the present study shows that more elements might
be required for achieving accurate results.

This work proposes a modification to Grande et al. (2013) by employing a Timoshenko frame finite element with
variable cross-section by taking the width as varying linearly along the axis (Gesteira et al., 2020). Therefore, geometrical
properties are better approximated along each segment and exactly evaluated at nodal extremities. As a result, the
number of elements required for an accurate solution can be reduced, since the compressed portion of the cross-section
along the masonry panel is better represented. Although the present formulation is derived for unreinforced masonry,
it may be easily adapted to include reinforcements. It should be noticed that this formulation disregards the sliding along
bed mortars, and it is appropriate to simulate the panel displacement curve under flexural/rocking failure, similarly to
the approach presented in Grande et al. (2013). In addition, a homogenized isotropic behavior is assumed for the
masonry composite material, in which stresses at units and mortars are taken in an average manner, a common practice
in macro-element modeling.

2 MASONRY SHEAR WALL BEHAVIOR

This work proposes a one-dimensional analysis of a masonry panel through the Finite Element Method (FEM). In
this context, Grande et al. (2013) approach is investigated and improved by using finite elements with variable cross-
sections and by discretizing the segments with variable width using more than one constant cross-section finite element.
In this study, the masonry is considered as a homogeneous material, i.e., endowed with average elastic properties, which
were obtained by laboratory tests. It is assumed that the masonry does not withstand tensile stresses and the
compression response follows a perfect elastoplastic behavior, i.e., the masonry compressive strength f,,; is never
exceeded. When f,,, is reached, it is kept constant and any additional deformation is exclusively of a plastic nature,
between limit elastic strain &, and ultimate strain &, as depicted in Fig 1. The modulus of elasticity E is the slope of the
elastic portion of the curve and can be obtained by the ratio between f,,,, and ¢, i.e., E = fy /€.
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Figure 1 Stress-strain curve used in this study.

As shown in Fig 2, for a lateral force value V, the panel with height H, width B, and depth t can be considered as
composed of different segments along the structure height. Thus, each section has a characteristic stress-strain state and
a certain height. The number of segments and their extensions depend on parameters such as the masonry properties,
the applied load value, and the geometry of the panel. Adopting &,,5, as the maximum strain value when the material is
subjected to compression, €, as the limit elastic strain value for the masonry, and x as the position of the neutral axis at
the base of the panel, the following segments can be determined as:

(a) Segment 1: Whole cross-section is compressed (x = B), the material is in the elastic state (Sméx < sy);

(b) Segment 2: Part of the cross-section is compressed (x < B), the material remains in the elastic state

(gméx < gy);
(c) Segment 3: Part of the cross-section is compressed (x < B), but the material behaves in the plastic state

(Eméx > €y).
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Figure 2 (a) Three-zone masonry panel and (b) corresponding stress-strain states (adapted from Grande et al., 2013).
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The lateral load curve vs. lateral deflection at the top of the panel (V vs. D) is obtained by an incremental nonlinear
analysis. Each curve point is determined in two steps. First, for a lateral force value V, the number of segments in the
panel is determined, as are the corresponding stress-strain states. Then, the displacement D is calculated by the finite
element method. In this work, the second step is performed in three different ways. The first stage is the reproduction
of the numeric analysis used by Grande et al. (2013), i.e., discretization of one constant cross-section finite element to
calculate displacement using the Finite Element Method. In this case, the width of the constant cross-section is obtained
by the average of the segment’s top and bottom values. The second way consists of discretizing the model into 10
constant cross-section finite elements per segment. The number of elements (10) was reached after performing a mesh
study, as shown in section 3. Finally, the third way consists of discretizing each segment using one finite element with a
variable cross-section. The formulations were implemented in MATLAB (MathWorks, 2018) and assessed on examples
obtained in the literature. Considering all the limitations that arise from modeling an orthotropic 2D structure using one-
dimensional frame elements, the main contribution of this study is the possibility of performing a finite element analysis
with minimal discretization. For this task, this work takes advantage of the implementation of a variable cross-section
finite element, whose stiffness coefficients come from the analytical expressions for this condition.

3 PANEL CROSS-SECTION EQUILIBRIUM

From panel cross-section equilibrium at the base, considering a clamped-free boundary condition, it is possible to
obtain the expressions that relate the cross-section width and stress conditions with the acting forces N and V, normal
and lateral forces, respectively. The lateral load V is explicitly incremented, the neutral axis position is evaluated at each
step, and the displacement increment is then obtained, giving the next point of the Vvs. D curve. It is interesting to notice
that there are two possibilities for the stress state at the base of the structure: the whole cross-section is compressed
X, = B; part of the cross-section is compressed x,, < B. Therefore, for each situation (segment), €y4x (OF Opnay) Must
be calculated.

3.1 Entire cross-section is compressed (Segment 1)

From Fig 3, it is possible to obtain some relations between acting forces, bending moments, and strains as expressed
in Equation (1):
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Figure 3 Masonry panel segment 1 characteristics (adapted from Grande et al., 2013).

For the case when x=B, which means &min=0min=0, the base of the panel is still under a compression-only state. Thus:
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3.2 Part of the cross-section is compressed in the elastic regime (Segment 2)

As shown in Fig 4, imposing the equilibrium conditions, the following relations are obtained according to:
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Figure 4 Masonry panel segment 2 characteristics (adapted from Grande et al., 2013).

For the limit case when 0,4 = fmk, the following value for V load is obtained:
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The height H; can be calculated considering that at (H — H,) the situation is the same as when the panel starts to
be tensioned, according to Equation (5):
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3.3 Part of the cross-section is compressed in the plastic regime (Segment 3)
From Fig. 5, after imposing the equilibrium conditions, the following relations are obtained according to Eq. (6).
F=F +F,
Tt
Fa=Jw =y (6)
Fy = mk(m —x8>t
B 2x B z—=x
M=F —— 2——" +F;, —— =
2 3 2 2
N
Vv —2Xx o
& 1 - T Xg
Emax = €y [ I['
h\‘A‘H_"JUtJEL | .y I
e B 1! LU [Emax 2 €y
i 8)’ aal
~<TITTITTTTTT H ) -
— X ‘ —I H, {Iu“\ Omax = fmk
i’ Y H,
3 I . T N
)

ee® x./3
M7
o (x—x)/2
o B2 o

Figure 5 Masonry panel segment 3 characteristics (adapted from Grande et al., 2013).

The limit case happens when the panel is completely plasticized, in which there is no more possibility of equilibrium.
This condition allows us to obtain the maximum value that load V can reach. The panel collapses when the ultimate load
Vis applied, or the ultimate strain g, is reached, whichever happens first. These conditions are shown in Equation (7).
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The height H, can be calculated considering that at (H — H,) the situation is the same when the panel starts in the
plastic regime, according to Equation (8):
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3.4 Finite element modeling

The finite element analysis developed in this work relies on the fact that each of the segments shown can be
modeled using an element whose cross-section is based on the portion of the panel withstanding compression. Figure 6
shows each segment according to its stress state. Segment 1 is entirely under compression (marked in red) and can be
modeled as a constant cross-section element with length given by (H-H1). Segment 2 (marked in green) is compressed
at the top, but its bottom is partially ruptured due to tension, so only the compressed portion of the cross-section is
considered; its length is given by (Hi—Hz). For segment 3 (blue), a similar situation occurs, but in this case, the bottom is
already experiencing plastic deformation. The portion of the panel marked in yellow does not contribute to the strength
of the wall and is therefore neglected. The proposed methodology consists of determining the number of segments for
a specific value of the lateral load V, considering all other parameters as constant (material and geometric characteristics,
axial load N). After the number of segments is determined, the stress state (maximum and minimum stresses and strains),
width, and length of each segment can be calculated according to Equations (1) to (8).
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Figure 6 Masonry panel finite elements for each segment.

If constant cross-section finite elements are used, an accurate result can only be achieved if each segment is divided
into several elements, i.e., if discretization is performed. In this work, one and 10 elements per segment were tested. On
the other hand, if variable cross-section elements are employed, there is no need for discretization, and only one element
per segment can be used.

4 FINITE ELEMENTS USED

Developed initially in Grande et al. (2013), the main approach adopted in this work is the use of a one-dimensional
finite element analysis to obtain the nonlinear response of a masonry panel, namely its capacity curve. For this purpose,
two types of finite element formulations were used in this paper: constant and variable cross-section finite elements.
From the expressions in section 2, it is possible to obtain the stress state in any section of the panel for a specific lateral
load V. According to the stress state, the panel can be divided into one, two, or three segments, each with its own
behavior, as explained in section 2. For the segments in which tension exists, part of the cross-section is neglected, and
therefore a variable width becomes present, as shown in Fig 6. These variable cross-section segments can be analyzed
either by discretizing them into several constant cross-section finite elements (the usual approach) or by using a finite

element whose stiffness coefficients were specifically obtained for dealing with variable cross-sections. In this case, there
is no need for discretization.

4.1 Constant cross-section finite element (CS)

Easily found in the literature, this finite element is based on cubic (Hermitian) shape functions, which are calculated
from infinitesimal element equilibrium in the undeformed configuration. In this approach, the geometric nonlinearity at
an infinitesimal level is disregarded, and discretization (subdivision) of the analyzed region is required for reliable results.
In this work, for the constant cross-sectional finite element, all numerical applications were discretized in one (CS1) and
10 elements (CS10). The CS1 approach is the one proposed by Grande et al. (2013). Fig 7 shows a convergence study



performed in one of the panels taken from the literature. For 10 or more elements, the relative change in the result
becomes a straight line in the log-log plot, showing that the error and the element size follow a power-law relationship.
For that reason, 10 was taken as the number of elements per segment used as the discretization pattern for constant
cross-section elements.
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Figure 7 Convergence study for CS element.

Since the length/width ratio of shear walls is typically low, the shear deformation plays a preponderant role in the
masonry panel analysis. Thus, Timoshenko’s beam theory is employed, and the stiffness matrix of the constant cross-
sectional finite element can be obtained using straightforward techniques for solving a fourth-order differential equation
(typically Hermitian polynomials). The result is shown in Equation (9):
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where L is the length of the element, G is the transverse modulus of elasticity, and y=5/6 is the shear shape factor for a
rectangular section.

Since constant cross-section elements are used to model variable-width segments of the panels, the criterion used
in this study was to calculate the geometric properties (namely area and inertia) using the average width between top
and bottom values. When using one element per segment, these widths are taken directly from the calculated neutral



axis values; when more than one element is used, there is a need to interpolate these values to obtain the characteristic
widths for each subdivision.

4.2 Variable cross-section finite element (VS)

To reduce the discretization in finite element numerical modeling, the element with variable cross-section for each
masonry panel segment is used, considering that the width B varies linearly along the element as shown in Fig 8.
Therefore, B was written as a function of the known values of the beginning (B,) and end (B; = aB,) of each element
of length L.
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Figure 8 Variable cross-section element.

According to the following, the stiffness matrix of the variable cross-sectional element using Timoshenko’s beam
theory is:
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5 NUMERICAL EXAMPLES

The following panels were modeled using three approaches: (1) one constant cross-section element per segment,
named CS1, as proposed by Grande et al. (2013); (2) ten (10) constant cross-section elements per segment, named CS10,
i.e., a more refined mesh using the same element proposed by Grande et al. (2013); (3) one variable cross-section
element per segment, named VS. As mentioned in section 3.1, for constant cross-section elements, geometric properties
were calculated using the average width value between top and bottom for each subdivision. Results were tested against
experimental values from the references. Table 1 shows the parameters for these panels. For all panels, Poisson’s ratio
v = 0.15 and ultimate strain & = 0.1. The usual value for ultimate strain is lower than the one used, in this study the
values were chosen as to force the collapse by flexure mechanism (total plastification).

Table 1 Parameters of the tested panels.

Ref. (Fig) B(mm) H(mm) t(mm) E(MPa) fu(MPa) N (kN)
Fantoni, 1981 (7a) 1250 1820 500 1118 6.0 343
Fantoni, 1981 (7b) 1250 1850 500 1290 3.7 358
Fantoni, 1981 (7c) 1250 1830 500 1125 6.0 355
Giambanco et al., 1996 (7d) 1200 2400 500 726 4.5 311
Giuffre and Grimaldi, 1985 (7e) 980 980 290 4880 3.4 242

Callerio, 1998 (7f) 1000 2000 250 1910 6.2 150



Some of the panels, namely references Fantoni (1981) and Callerio (1998), had different boundary conditions than
clamped-free. Those tests were performed using a fixed rotation support on the top of the panel, allowing only lateral
displacement but with no rotation. The same FEM model can be used for these boundary conditions, with the following
adaptations: the panel is modeled using half the height, and the displacement measured at the top of this new panel
should be doubled to account for the symmetry in the deformed configuration, as shown in Fig 9. To satisfy equilibrium,
the moment reaction M at the top and bottom of the panel must be equal to VH/2. That value is the same as that
obtained for a clamped-free element with half the length of the clamped-roller panel, as shown in the right part of the
figure. This adaptation allows the use of the displacement at the top of the clamped-free half-length panel.
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Figure 9 Clamped-roller boundary condition and the required adaptations.

It is clear from the curves in Fig 10 that the variable cross-section element provides good agreement with
experimental values and reduces the need for discretization, allowing the use of only one finite element per segment,
which is computationally less expensive and more intuitive. The agreement in terms of ultimate load is far more
satisfactory than for ultimate displacement. That is due probably to experimental failure modes (diagonal shear and/or
horizontal sliding), different from those modeled in this study. Another source of inaccuracy is the lack of proper
management of the region in which plastic deformation occurs.

Table 2 shows the relative errors calculated in terms of ultimate loads and displacements for each panel and each
of the studied approaches. In bold font is the average result for VS (variable cross-section elements), which presented
the best performance.

Table 2 Parameters of the tested panels.

¢ (Fi Experimental Error CS1 Error CS10 Error VS (present)

Ref. (Fie) VokN) Du(mm) A6 4o(%) M%) Aol Av(%)  Ao(%)
Fantoni, 1981 (7a) 222.4 8.91 3.8 51.8 3.8 21.1 3.8 19.4
Fantoni, 1981 (7b) 190.6 5.98 7.2 45.2 7.2 304 7.2 30.0
Fantoni, 1981 (7c) 238.0 9.38 7.8 53.1 7.8 24.5 7.8 23.0
Giambanco et al., 1996 (7d) 65.0 21.66 5.9 37.8 5.9 5.2 5.9 6.9
Giuffre and Grimaldi, 1985 (7e) 83.8 1.28 8.3 55.5 8.3 50.9 8.3 50.8
Callerio, 1998 (7f) 75.9 12.67 10.8 86.9 10.8 77.6 10.8 54.2

Average = = 7.3 55.1 7.3 35.0 7.3 30.7
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Figure 10 Results for load vs. lateral displacement.



4 CONCLUSIONS

This work investigates a simple approach to evaluate the nonlinear response of masonry shear walls based on a
formulation that employs Timoshenko frame elements with constant and variable cross-sections. At each load increment,
force and moment equilibrium relations are used to identify the current normal stress distribution along the cross-
sections for each frame element, based on the no-tension assumption and an elastic—perfectly plastic behavior in
compression. The geometrical and mechanical properties of each frame element are estimated from the cross-section
portions under compression.

For the evaluation of load capacity curves, it was found that simulations that use frame elements with constant
cross-sections to discretize a shear wall along its length provide accurate results only if relatively dense meshes are
employed. On the other hand, in the case of elements with linearly varying cross-sections, only one element per segment
is required to accurately represent the change, along the panel axis, of the section width that is under compression. The
performed numerical simulations show that these proposed models are in good agreement with experimental results
and may be employed to assess the load capacity of masonry shear walls in a pre-design phase. Considering the high
complexity of the behavior of masonry panels (orthotropy, nonlinearity, modes of collapse), the results are satisfactory.
Literature shows several sophisticated numerical models that are unable to accurately grasp the lateral load vs.
displacement behavior of masonry panels, so this simple model can be considered a good contribution in the field.

Future works include: (i) the consideration of out-of-plane behavior, with the inclusion of distributed lateral load
and the possibility of buckling; (ii) modeling of the panel’s nonlinear behavior using plasticity theory; (iii) inclusion of
reinforcement; (iv) modeling of the masonry material with tension strength value instead of no tension.

Author’s Contributions: Conceptualization, RB Burgos and MFF Oliveira; Methodology, ASA Gesteira, MFF Oliveira and
RB Burgos; Investigation, ASA Gesteira and LE Silva; Writing - original draft, MFF Oliveira and RB Burgos; Writing - review
& editing, MFF Oliveira and RB Burgos; Funding acquisition, RB Burgos; Supervision, MFF Oliveira and RB Burgos;
Validation, MFF Oliveira and LE Silva.
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